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ABSTRACT: In this research work, frustrations arising from the
geometries of triangular lattices have been studied with the aid of
Ising and Heisenberg models. The study reveals that geometrical
frustrations can generate multiple degeneracies in the ground
state. The quantum spin flip terms in the Heisenberg model are
observed to play a vital role in the partial lifting up of these
degeneracies. Hence, multiple degeneracies as consequence of
frustrations are more pronounced for the Ising systems, which are
devoid of quantum fluctuations. The observed six- and four-fold
ground state degeneracies at zero field for three spins Ising and
Heisenberg systems respectively are broken down to half at finite
longitudinal fields. For this three-spin system, quantum phase
transitions (QPT) are observed at critical longitudinal fields of J
and 1.5J respectively for the Ising and Heisenberg models. At
these critical fields, the ground states are observed to shift from
quasi-antiferromagnet to ferromagnet. However, for the
Heisenberg three-spin system in the presence of a transverse field,
no transition is observed.
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INTRODUCTION
Background to the Study

Generally, frustration in solid state Physics refers to a situation where the contributions to the
potential energy of a many-body system cannot be simultaneously minimized. Magnetic
systems are frustrated if a spin cannot arrange its orientation such that it profits from the
interaction with its neighbors. (Huse & Rutenberg, 1992; Diep, 2016). Since the degrees of
freedom of a spin is two and cannot configure itself to fully satisfy all the pairwise interactions
with its neighbors, the spin is said to be “confused and unhappy’’. The question we need to
address is this: why is it that the possible spin alignment cannot put the system in its minimal
energy level? The reasons for this behavior are due to system geometries and the presence of
competing interactions.

In order to have an insight and a deep perception of frustrated systems, it will be worthwhile
to recall the behavior of an unfrustrated system. To be definite, consider the Ising model spins
(0=%1) on a square lattice with nearest neighbor (NN) coupling J> 0 as shown in Fig. 1a. When
J > 0 (antiferromagnetic ground state), one may naively expect that the ground state would
correspond to all NN pairs being antiparallel. However, in contrast to a ferromagnet, such an
antiferromagnetic state may not exist for a given lattice. The existence of such a state in a
lattice, with all pairwise interactions satisfied, is possible only when the lattice sites can be
divided into two disjoint subsets (or sub-lattices) such that all neighbors of a site in one set
belong to the other set (Tiwari,2013). This is a geometric property of the lattice, and when it is
satisfied we call the lattice bipartite. The nearest neighbors of a given site in such a lattice are
not themselves nearest neighbors of each other. Therefore, a spin arrangement exists in which
all NN pairs are anti-parallel. This state is the Neel antiferromagnet and it is a property of
unfrustrated system. It can occur, for example, on a square lattice (Fig. 1a), and simple cubic
lattices. A contrast is provided by the triangular lattice (Fig.1b), where the nearest neighbors
of a given site are also themselves nearest neighbors.

A

Fig. 1(a) In the unfrustrated antiferromagnet on the square lattice, each spin can be anti-aligned
with all its neighbors. (b) On a triangular lattice, such a configuration is impossible: Three
neighboring spins cannot be pair wise anti aligned, and the system is frustrated. (c) Frustrated
four-site system with competing interactions Ji and Jz. Ji is coupling strength for nearest
neighbour interactions (NN), while J2 is the coupling strength for next nearest neighbor
interactions (NNN). The system is frustrated because there is no possible orientation of the
spins coupled by J2 that will anti-align them.
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Geometric frustration arises when lattice structure precludes simultaneous minimization of
local interaction energies (Han et al., 2008; Moessner & Ramirez, 2006). Geometric frustration
in magnetism is best understood in the context of the nearest neighbor Ising antiferromagnetic
on atriangular lattice as shown in Fig. 1b. Variants of this, involving triangular motifs in higher
dimensions, quantum spins, and more complex interactions, define this well explored field. All
these systems are “insulators', with no relevant charge degrees of freedom, and the nature of
spin-spin interaction is predefined (otherwise the concept of frustration itself becomes
ambiguous). In this frustrated triangular system, if two neighboring spins can minimize their
energy by aligning in opposite directions, the third spin becomes frustrated. This is because no
possible configuration of the third spin can simultaneously give an antiferromagnetic alignment
with the two neighboring spins. The antiferromagnetic triangle is the simplest case in which a
conflict arises between the geometry of the space inhabited by a set of degrees of freedom and
the local correlations favored by their interactions. This phenomenon is one aspect of a
powerful paradigm for discovery over the past few decades—namely, our ability to
experimentally manipulate the space in which magnetic, charge, or vibrational degrees of
freedom interact. A central reason for the interest in geometrically frustrated magnets is that
they hold out the possibility of evading Neel order. Other examples of lattices with geometric
frustration include Face-centered cubic (FCC), Kagome, checkerboard, and pyrochlore lattices.

Frustration can also arise as a result of competition between two coupling parameters in a
lattice. Frustration of this type has been studied extensively in models with competing nearest
neighbor and further neighbor interactions, notably the Ji -J2 model on the square lattice
(Chandra & Doucot, 1988). The classical ground state of this model depends on the ratio Ji/J2.
Depending on the system being studied, in some regime, say, J2> Ji, neighbouring spins are
antiparallel, enforcing ferromagnetic alignment of second neighbors and frustration of the
interaction Jz2. This type of frustration is captured in Fig. 1c. An important advantage of this
type of frustrated system is the possibility of varying the degree of frustration by tuning
individual exchange couplings. Hence, the formation of different ground states within one
model and the access to quantum critical points are possible (Nath et al., 2008). While models
of this kind provide an attractive starting point for theoretical work, there are likely to be
difficulties in finding experimental realizations with interaction strengths that place them close
to the degeneracy point. Nevertheless, a number of frustrated chain systems with J2 /J1=0 have
been studied, and even the vicinity of the quantum critical point at J2 /J1=—0.25 was accessed
experimentally (Drechsler et al., 2007).

Objectives of the Study

The overall aim of this work is to investigate the effects of frustration induced by  geometry.
The objectives of this research work are:

a) to study both Ising and Heisenberg models on one dimensional and quasi-two
dimensional triangular geometries and compare and contrast the nature of multiple
degeneracies in the Ising and Heisenberg models;

b) to study the effect of quantum spin fluctuation in the isotropic Heisenberg model on
frustrated triangular systems;

c)  to use the exact diagonalization method to reproduce the dominant results as obtained by
other theoretical and experimental results; and

d) to account for the phenomenon of quantum phase transition in these frustrated systems.
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RESEARCH METHODS

In this research work, the following two models, namely the Ising and Heisenberg models will
be used to study triangular frustrated spin systems.

I. THE HEISENBERG MODEL

This model simply reads

) (1)
where J is the super exchange coupling parameter between spins on site I and J which decay

rapidly with the distance between these sites and S are the spin operators . The symbol (i)
means that the interaction is restricted to nearest neighbors. In vector notation, the spin operator
is given by

The Heisenberg model will be used to stimulate the dynamics of the electron’s spin in the
frustrated triangular systems. Due to the presence of quantum flip terms in this model, it can

initiate quantum spin fluctuation between nearest antiferromagnetically aligned spins. In
second quantized form, the spin operators take the form

S = %(CiTTCN +c/cy)

Siy = _%(C:Tcii - CiTiciT)

z 1 T
S = E(CiTTCiT - Ciicii)
3)

Where (c)) is the annihilation operator, () s the creator operator.

L3 (eheqe! )
_ i i i i i i i i
H= Zz CiTCiTCjTCjT _CiTCiTCNCw _CiiciichCjT +Ci¢Ci¢Cj¢Cj¢

(i.§)

J
T E Z(CiTTCNCLCJT + CiTiCiTC}rTCjJ/ )
) 4)

At this juncture, G , the spin raising (lowering) operators which effectively flip the spin
of the electron residing on ithsite are introduced. These operators are given by

+ _ AT
5 —Cmcu}
- _ T
Si =CuCir

()
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In terms of the spin lowering and raising operators the Heisenberg model in a more compact
form gives

H, = JZ[Sfo + (sS4 s;s;)}

ii. ISING MODEL

This model is achieved by switching off the spin of fluctuation term in the Heisenberg model

S'S; +8,S; =

(ie™ O). Under this consideration, the Ising model gives

N
H, = stizsizﬂ

i=1 (7)
The ising model allows the classical treatment of dynamics of the spins, since it is devoid of
quantum spin fluctuations. In otherwords, only diagonal spin interactions are considered. This
model makes it possible to observe the enhancement or otherwise of the multiple degeneracies
in the ground state.

In second quantized form it gives
H —iZ(c*c ch.c.—-chc.cic., —clc cl.c,+clc cic )
| = 44 i1CirCirCir —CipCinCy Gy =€ Gy CaCyp + 6, €50 Cy
1] (8)

iii. These models will be used to operate on the electronic states or (Hilbert space) of the
frustrated system.

iv. The Hamiltonian matrix arising from these operations takes the form

CUH[L) - )|
H; =

(HL . {nlH]n) o
Subject to the condition
<i|H|j>:5ij (20)
V. This Hamiltonian matrix in (9) be diagonalized using the eigenvalue equation
(H-A1)=0 (11)
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Where A is the eigenvalue.

vi.Finally, quantum phase transition (QPT) induced by frustration will be investigated by
perturbing the system with the external magnetic field given by

H,=-h> S’ -h > s (12)

The first term and second term on the right hand side of (12) will henceforth be denoted by H,

and Hx respectively. The symbols S and Si are the diagonal and off diagonal spin operators
respectively. These operators act in the reduced Hilbert space of no doubly occupied sites. The

longitudinal and transverse fields are respectively denoted by and N and h, .

PRESENTATION AND DISCUSSION OF RESULTS
This section presents and discusses the results obtained in three site triangular systems
FRUSTRATED ISING THREE-SITE TRIANGULAR GEOMETRY AT ZERO FIELD

Exact diagonalization of the three-site triangular geometry at zero field using the Ising model
gives six-fold degenerate ground states with energy-J/4, and only two-fold degeneracy in the
excited state, with energy 3J/4. The schematic diagram for these six-fold degeneracies in the
ground state is shown in Fig.1. These multiple degeneracies in the ground state are due to the
presence of a frustrated spin in these systems.

A A
A A
A A

Figure 2: Six possible representations of the spin configuration in the ground state. Each of this
representation has the same energy of -J/4
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FRUSTRATED THREE-SITE ISING TRIANGULAR GEOMETRY AT FINITE
LONGITUDINAL FIELD AND THE EMERGENCE OF QPT

In the presence of a finite longitudinal field, the six-fold degenerate ground state splits into 3
folds as shown in Table 1. This implies that the longitudinal field could not effectively lift up
all the degeneracies caused by frustration. These three degenerate states begin to compete with
other states for the ground state of the system. These competing states are depicted
schematically in Figure 2.

Table 1: Eigenvalues and eigenvectors of the 3-site triangular Ising system at zero temperature
and finite longitudinal fields

Eigenvectors Eigenvectors at h=0 | Eigenvalues at h=0 S*tot
|111> 3J/4 3 3h, 32
4 2
|110> -J/4 J h Yo
4 2
| 101> -J/4 Jh Ya
4 2
jo11) i 3h, Z
4 2
|()1()> -J/4 J h, -1/2
—_—— + —_
4 2
|001> -J/4 J h, -1/2
—_— + —_—
4 2
|1oo> -J/4 J h, -1/2
R + —_—
4 2
|ooo> 3J/4 3J % -3/2
4 2
|1 ; }

Figure 2: Three possible representations of the spin configuration in the ground state. Each of

this representation has the same energy of —ﬁ —
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In order to investigate the presence of QPT, and hence the emergence of a new ground state in
this system, we shall vary the external longitudinal field across the entire energy spectrum. The
response of the competing states and the other energy spectrum to these variations are shown

in Table 2. As the field is varied, a critical field of hye =J is reached at which the system

makes a transition from Stot = 1/2 to Swt = 3/2. Hence, the system undergoes a QPT from a

quasi-antiferromagnetic state (insulator) to a ferromagnetic state (metallic). This crossover in
energy level from E4 to E1 athzc /J :1.

Table 2: Investigation of quantum Phase transition in the 3-site triangular Ising system in the
presence of longitudinal field

h,/J Ei/Jd Eo/J Ea/Jd EalJd Es/J Ee/J E//J Es/J
0 0.75 -0.25 -0.25 -0.25 -0.25 -0.25 -0.25 0.75
0.25 0.375 -0.375 -0.375 -0.375 -0.125 -0.125 -0.125 1.125
0.5 0 -0.5 -0.5 -0.5 0 0 0 15
0.75 -0.375 -0.625 -0.625 -0.625 0.125 0.125 0.125 1.875
1.0 -0.75 -0.75 -0.75 -0.75 0.25 0.25 0.25 2.25
1.25 -1.125 -0.875 -0.875 -0.875 0.375 0.375 0.375 2.625
15 -1.5 -1 -1 -1 0.5 0.5 0.5 3
4 )

Energy levels vs external longitudinal field

—E1/)

—_ E7/)
<
\ E8/)
—F4/)
—_— \
\\
hz/)
- %

Figure 3: A crossover in ground state configuration from S =1/2 to St = 3/Zat h/J=1
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1@FRUSTRATED THREE-SITE ISING TRIANGULAR GEOMETRY AT FINITE
TRANSVERSE FIELD AND THE EMERGENCE OF QPT

An investigation of the effect of the transverse field with the entire spectrum of this system is
presented in Table 3. The six-fold degenerate ground state observed at zero field is now broken
down to two-fold degenerate competing ground states. As the transverse field is varied, a sharp
QPT is observed at an infinitesimal field. Hence, there is a transition from quasi-
antiferromagnetic state to quasi-ferromagnetic state. For instance, at hx/J=1, the new ground
state with energy E7/J is given by,

[ p,[110)+ p,[101) + p,[011) + p,|010) + p,[001) + p,|100) +|000) ~|010)]

3 1
‘Wg>_ J2+3p’ +3p’

where the symbol P: and P2 are given by

P, :—%+%(3+2\/§)

p2:%+%(—3—2\/§)

The other two degenerate competing quasi-antiferromagnetic ground states with energy
1

_[_ 2hx_J]

4 is given by

|z//1>:%UlOl}—|011>—|010>+|1OO>]

lw,) = %ﬂ101> ~[110)-{010)+|001)]

The quantum phase transition from either|‘//1> or|'//2> to ‘l//9> was spontaneous, and hence the
actual critical field could not be detected. Fig.4 also shows the spontaneous quantum phase
transition from Ex to Ev.
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Table 3: Investigation of quantum Phase transition in the 3-site triangular Ising system
in the presence of transverse field

hy/J E/J E2/Jd Ea/J E4/J Es/J Ee/J E7/J Es/J

0.0 -0.25000 | -0.25000 | -0.25000 | -0.25000 | -0.25000 | 0.75000 | -0.25000 | 0.75000
0.1 -0.30000 | -0.30000 | -0.20000 | - -0.15826 | 0.75826 | -0.35678 | 0.75678

0.2.0000
0.2 -0.35000 | -0.35000 | -0.15000 | -0.15000 | -0.08589 | 0.78589 | -0.47450 | 0.77450
0.3 -0.40000 | -0.40000 | -0.10000 | -0.10000 | -0.03589 | 0.83589 | -0.60000 | 0.80000
0.4 -0.45000 | -0.45000 | -0.05000 | -0.05000 | -0.00826 | 0.90825 | -0.73106 | 0.83103
8

0.5 -0.50000 | -0.50000 | 0.00000 | 0.00000 | 0.00000 | 1.00000 | -0.86603 | 0.86603
0.6 -0.55000 | -0.55000 | 0.05000 | 0.05000 | -0.00678 | 1.10678 | -1.00374 | 0.90394
0.7 -0.60000 | -0.60000 | 0.10000 | 0.10000 | -0.02500 | 1.22450 | -1.14403 | 0.94403
0.8 -0.65000 | -0.65000 | 0.15000 | 0.15000 | -0.05000 | 1.35000 | -1.28578 | 0.98578
1.0 -0.75000 | -0.75000 | 0.25000 | 0.25000 |-0.11603 | 1.61603 | -1.57288 | 1.07288
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p
Energy levels external transverse field for 3 spins Ising system

—FE1/)

—_—E7/)

—E8/)

hx/J

Figure 4: Spontaneous quantum phase transition from E; to E7

FRUSTRATED HEISENBERG THREE-SITE TRIANGULAR GEOMETRY AT
ZERO FIELD

Exact diagonalization of the three-site triangular geometry using the Heisenberg model gives
four-fold degenerate ground states with energy -3J/4 and four-fold degeneracy in the excited
state, with energy 3J/4 which is due to the presence of a frustrated spin in the three-site
frustrated triangle. Despite the presence of quantum fluctuations in the Heisenberg model, it is
surprising to observe that multiple degeneracies still persist in both the ground and excited
states.

FRUSTRATED HEISENBERG THREE-SITE TRIANGULAR GEOMETRY AT
FINITE LONGITUDINAL FIELD AND THE EMERGENCE OF QPT

In the presence of a finite longitudinal field, the four-fold degenerate ground state at zero field
splits into two-fold degenerate states with energy u 4(_ 2h, _3‘]) and two-fold excited

degenerate states with energy U 4(2hz -3 )as shown in Table 4. This implies that the
longitudinal field could not effectively remove all the degeneracies caused by frustration. These
degenerate states begin to compete with other states for the ground state of the system as h; is

varied. At critical field of h, =3J/2 as shown in Table 5, the system is observed to quantum
transit from a quasi-antiferromagnetic state to ferromagnetic state. Hence, the competing states

1/‘/§U011> B |110>] and 1/‘/5[110” - |110>] with energy1/4(_ 2h, -3J) loses the ground state
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o [111)

S =312 . This indicates that the triangular geometry protects the zero-field St

state more efficiently.

i, =1/2

=1/2

with energy 1/4(_6hz +3J). Hence, there is a cross over from to

ground

Table 4: Eigenvalues and eigenvectors of the 3-site triangular Heisenberg system at zero
and finite longitudinal fields

Eigenvectors at h =0 Eigenvalues at h=0 Iﬁiie(r)\values at | Shot
%U011>—|110>] s %(— 2h-33) ”
%U101> ~|110)] 3 %(— 2h-3J) ”
+hooj-jorg] | Leh-30) i
Flooy-jor)) | Len-2) 2
|111) 3J/4 % (6h+3J) 312
|000) 30/4 % (6h+30) 312
%U110>+|101>+|011>] 3 %(— 2h +3J) ”
%Uom) +|001) +]200)] | > %(2h +3J) 2

Table 5: Investigation of quantum Phase transition in the 3-site triangular Heisenberg
system in the presence of a longitudinal field

hx/J | E1/d E2/J Es/Jd E4/Jd Es/J Ee/J E7/J Es/J

00 |-0.750 |-0.750 |-0.750 -0.750 | 0.7500 | 0.750 0.750 0.750

0.1 |-0.800 |-0.800 |-0.700 -0.700 | 0.600 0.900 0.700 0.800

0.5 |-1.000 |-1.000 |-0.500 -0.500 | 0.000 1.500 0.500 1.000

15 |-1500 |-1.500 |0.000 0.000 -1.500 3.000 0.000 1.500

20 |-1.750 |-1.750 | 0.250 0.250 -2.250 3.750 -0.250 | 1.750

25 |-2.000 |-2.000 |0.500 0.500 -3.000 4.500 -0.500 | 2.000

3.0 |-2250 |-2.250 |0.750 0.750 -3.750 5.250 -0.750 | 2.250

3.5 |-2500 |-2.500 |1.000 1.000 -4.500 6.000 -1.000 | 2.500

4 -2.750 | -2.750 | 1.250 1.250 -5.250 6.75 -1.250 | -1.250
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FRUSTRATED HEISENBERG THREE-SITE TRIANGULAR GEOMETRY AT
FINITE TRANSVERSE FIELD AND THE EMERGENCE OF QPT

In the presence of a finite transverse field, the four-fold degenerate ground state at zero

1/4(-2h, -37J)

field splits into two-fold degenerate states with energy and two-fold excited

degenerate states with energy Y 4(2hx _3‘]) as shown from the exact diagonalization result.
This implies that the transverse field could not effectively remove all the degeneracies caused
by frustration. These degenerate states begin to compete with other states for the ground state
of the system as h; is varied. However, as shown in Table 6 below, no visible phase transition
occurred as hx/J is varied across the energy spectrum. The two-fold degenerate states that
survive the fluctuating transverse field finally emerge as the two-fold degenerate ground states

1/4(-2h, -3J)

with energy . These states are given by the following equation

Wy = %U101>—|011>—|01o>+|1oo>]

Wy, = %ﬂlOl) —[110) - |010) +|001)]

Si =112 OrSZ =-1/2

indicates that the triangular geometry could not protect the zero-field “tt tot
ground states efficiently.

The ground states are linear combination of states from

Table 6: Investigation of quantum Phase transition in the three-site triangular Heisenberg
system in the presence of a transverse field

hx/J | Ei/J E»/J Es/Jd E4/J Es/J Es/J E-/J Es/Jd

0.0 |-0.750 |-0.750 | -0.750 -0.750 |0.7500 | 0.750 0.750 0.750

0.1 |-0.800 |-0.800 |-0.700 -0.700 | -0.600 0.900 0.700 0.800

0.5 |-1.000 |-1.000 |-0.500 -0.500 | 0.000 1.500 0.500 1.000

1.5 |-1500 |-1.500 |0.000 0.000 1.500 3.000 0.000 1.500

20 |-1.750 |-1.750 | 0.250 0.250 2.250 3.750 -0.250 | 1.750

2.5 |-2.000 |-2.000 |0.500 0.500 3.000 4.500 -0.500 | 2.000

3.0 |-2250 |-2.250 |0.750 0.750 3.750 5.250 -0.750 | 2.250

3.5 |-2500 |-2.500 |1.000 1.000 4.500 6.000 -1.000 | 2.500

40 |-2.750 |-2.750 | 1.250 1.250 5.250 6.750 -1.250 | 2.75

45 |-3.000 |-3.000 |1.500 1.500 6.000 7.500 -1.500 | 3.000
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SUMMARY, FINDINGS AND CONCLUSION
SUMMARY

In this work, frustration arising from geometry of a system has been studied. The study reveals
that geometrical frustration can generate multiple degeneracies in the ground state energy.
These degeneracies are a consequence of the inability of the spins in a triangular geometry
system to anti-align with their nearest neighbors. Hence, the system finds it difficult to have a
perfect antiferromagnetic ordering that will minimize its energy.

These multiple degeneracies are more pronounced in the Ising model than the Heisenberg
model. This is because of the presence of the quantum spin fluctuations in the Heisenberg
model which are not present in the Ising model. For example, for the case of the three-site
system studied in this work, a six-fold degeneracy in the ground state energy is observed for
the Ising model, whereas it is four-degenerate for the Heisenberg model. However, this
guantum spin fluctuation present in the Heisenberg model is not able to remove all
degeneracies arising from geometrical frustration in the ground state.

FINDINGS
The following findings are made from this research work:

a) The eight-fold degenerate ground state observed at zero field for three Ising spins is
partially broken down to three-fold and two-fold degenerate states in the presence of
longitudinal and transverse fields respectively.

b)  The four-fold degenerate ground state observed at zero field for three Heisenberg spins
is partially broken down to two-fold degenerate state in the presence of both longitudinal
and transverse fields.

c) Quantum phase transition from quasi antiferromagnetic to ferromagnetic state is observed

J

at a critical longitudinal field of h,, = and h,, =J for Ising systems of three site spins.

d)  Quantum phase transition from quasi antiferromagnetic to ferromagnetic state is observed

=33/2 44 e

at a critical longitudinal field of e =5J/2 for Heisenberg of three site

spin.

e) A sharp and spontaneous quantum phase transition from quasi-antiferromagnet to
ferromagnetic is observed at infinitesimal field for the Ising three spin systems.

f)  Quantum phase transition from quasi antiferromagnetic to ferromagnetic state for Ising
three spins is observed at a critical longitudinal field of he=J

g) In the presence of varying transverse fields, the two degenerate states for the three
Heisenberg spins emerge as the ground states, hence no QPT occurs.
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CONTRIBUTION TO KNOWLEDGE
This research contributed to knowledge in the following areas:

a)  This study has been able to establish a firm correlation between multiple degeneracies in
the ground state and system topology or geometry.

b)  This study has shown that multiple degeneracies in ground state of any system can be
partially lifted by quantum spin fluctuations present in the Heisenberg model.

c)  This study has also shown that the exact diagonalization method is able to reproduce the
dominant result obtained by theoretical and experimental methods.

d) This current work has been able to show in a very robust way that quantum phase transition
Is enhanced by frustration.

RECOMMENDATION AND CONCLUSION

The introductory field into the system has shown us how degenerate ground states split, the
presence of competing states, crossing over of energies level from one point to another, system
transit from quasi-antiferromagnet to ferromagnet, tables shows how quantum phase transition
is observed. Further research can be done to determine how fields can induce ising and
Heisenberg six and seven site geometry. This work is recommended for researchers who are
currently working in this area.
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