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ABSTRACT: Several authors have researched the phenomenon 

of sleep deprivation among students. In their studies, we 

discovered that they did not consider morning fatigue. So, we 

decided to fill the gap in the literature by using mathematical 

models to study the impact of morning fatigue. The aim is to 

develop mathematical modelling for the impact of morning 

fatigues on the academic performances of the students, a case 

study of the Federal University Wukari in Taraba State. In this 

project work, we formulated a mathematical model based on a 

system of ordinary differential equations to study the impact of 

morning fatigue on academic performance. We tested the model 

for existence and uniqueness and discovered that the model exists 

and that it is unique. The basic reproduction number was 

computed using the next-generation matrix approach. 

Questionnaires were distributed to 400 students and the data for 

this research were collected from the responses of the students. The 

result of the basic reproduction number shows that morning 

fatigue can be controlled. Using the Routh-Hurwitz criterion for 

local stability, the fatigue-free equilibrium (FFE) states of the 

model were established and proved to be locally asymptotically 

stable.  Sensitivity analysis was then carried out to determine 

which parameters should be targeted by control intervention 

strategies of which the result shows that an increase in the 

acceptance of the control measure rate leads to a reduction in the 

prevalence of fatigue. Finally, a numerical simulation of the model 

was carried out and the result shows that Morning fatigue has a 

great impact on the academic performance of students. This means 

that there is a need for students to avoid reading till daybreak 

which in turn brings morning fatigue. 

KEYWORDS: Morning fatigue, Simulation, Basic reproduction 

number, Locally asymptotically stable, parameters. 
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INTRODUCTION 

Fatigue is a feeling of tiredness that may also occur with other symptoms, such as lack of 

motivation and energy. Tired all the time is a popular complaint, tiredness and fatigue are 

common problems often, it is not a medical issue but one that can be reversed by a change of 

lifestyle and Tiredness is also known as fatigue. Fatigue and workplace sleepiness are 

consequences of modern industrial society. Fatigue is a complex biological phenomenon that 

occurs as a function of time awake, time of day, workload, health, and off-duty lifestyle. Fatigue 

is a function of two major biological factors – the homeostatic drive for sleep and the circadian 

rhythm of sleepiness (Caldwell et al., 2019). 

Fatigue is the state of feeling very tired, weary or sleepy resulting from insufficient sleep, 

prolonged mental or physical work, or extended periods of stress or anxiety. Boring or 

repetitive tasks can intensify feelings of fatigue. Fatigue can be described as either acute or 

chronic.” (Canadian Centre for Occupational Health and Safety, 2017). Fatigue from lack of 

sleep will be the focus of this review. Fatigue can also result from intense or monotonous 

cognitive activities or physical demands; however, these issues will not be addressed here. 

Krausman et al. (2002) provide a detailed account of the effects of physical fatigue on 

cognition. Mental and physical fatigue result from different conditions and have different 

symptoms, and it is important to distinguish between the two (Lieberman, 2011). 

Okano et al. (2019) observed that better quality, longer duration, and greater consistency of 

sleep are strongly associated with better academic performance in college. 

Morning fatigue has been an important topic of research for decades within psychology. 

Behavioural studies of the impact of fatigue have a long history and have documented the 

negative effects associated with lack of sleep across a broad range of tasks and domains (Lim 

and Dinges, 2010). As technological advancement enabled more sophisticated neuroimaging 

research, investigations of fatigues focused more extensively on neurophysiologic and 

neuropsychological data, uncovering a variety of changes in brain functioning associated with 

fatigue circadian rhythms (Drummond, 2004). Most recently some efforts have been invested 

in using the extension of empirical literature to develop a computational account of fatigue and 

circadian rhythms and the impact of those factors on cognitive functioning (Wesenten 2012). 

Inadequate sleep often results in impaired cognition which negatively affects health and well-

being (Rupp, 2010). Satisfactory sleep is essential to fulfilling social and job-related duties. 

Sleep deprivation may result in reduced performance and an increased level of anxiety (Gilbert 

2010).  

Heuer (2003) emphasized that one night of total sleep deprivation decreases the chance of 

obtaining and storing account information. 

Several studies have pointed out the possible challenges to optimal functioning when people 

experience sleep deprivation for example, Jovanovski (2007) conducted a study that 

investigated the relationship between the function of sleep as they related to morning fatigue 

in the Academic performance of students. In this study, the head dressed the gap in the literature 

for several reasons. First, no researchers had identified the impact of morning fatigue on the 

academic performance of students, primarily because of the relative novelty of online education 

(Becker, 2008).  
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Gilbert and Weaver (2010) acknowledge that sleep loss was due to late bedtime more generally 

which corresponded to a consistent worsening of morning fatigues. A total of 557 male and 

female psychology students participated in the Gilbert and Weaver quantitative study by 

completing a demographic survey, the Gilbert depression inventory, and the Pittsburg sleep 

quality index. 

Gilbert and Weaver (2010) found that adequate sleep is essential to support satisfactory 

awareness and performance of cognitive function, however, dynamics such as family 

distractions and ambition temperature within the online. Students' surroundings may contribute 

to poor sleep quality.  

The function of sleep, at least so far as the brain is concerned, has to do with learning and 

memory (Abel et al., 2013; Ribeiro,  2012; Wang et al., 2011). 

Ming et al. (2018). Asserted that individuals spend a third of their lives sleeping, as such, sleep 

deprivation may contribute to concerns such as daytime sleepiness and reduced mental 

awareness. The social change implications of the results from this study will be used by online 

universities to create programs that may improve sleep patterns for students.  The outcome can 

also be used to revive the approach of diagnosing and analyzing students' sleep patterns and 

provide information to reduce and prevent sleep deprivation. 

Fatigue is a feeling of tiredness that may also occur with other symptoms, such as lack of 

motivation and energy. It can be the result of various conditions. Daniel (2017). Tired all the 

time is a popular complaint, tiredness and fatigue are common problems often, it is not a 

medical issue but one that can be reversed by a change of lifestyle and Tiredness is also known 

as fatigue. Daniel (2017). Tiredness can negatively impact performance at work, family life, 

academic, and social relationships. Dinges (2005). 

Fatigue and workplace sleepiness are consequences of modern industrial society. Fatigue is a 

complex biological phenomenon that occurs as a function of time awake, time of the day, 

workload, health, and off-duty lifestyle. Fatigue is a function of two major biological factors – 

the homeostatic drive for sleep and the circadian rhythm of sleepiness Caldwell et al. (2019). 

Krausman et al. (2002) provide a detailed account of the effects of physical fatigue on 

cognition. Mental and physical fatigue result from different conditions and have different 

symptoms, and it is important to distinguish between the two (Lieberman, 2011). 

Laura et al. (2023) stated that fatigue and sleep deprivation undermined the benefits of shift at 

work,  as it impacted the ability to enjoy social and family events by the workers. 

Giulio and Chiara (2013) stated that sleep is the price the brain pays for plasticity and without 

sleep, the body becomes tired and irritable, and the brain functions less well. 

Total sleep deprivation and chronic sleep restriction increase the homeostatic sleep drive and 

diminish waking neurobehavioral functioning, producing deficits in attention, memory and 

cognitive speed, increases in sleepiness and fatigue, and unstable wakefulness (Goel, 2017). 

Weiss and Donlea (2022); stated that while the precise functions of sleep remain poorly 

understood, a large body of research has examined the negative consequences of sleep loss on 

neural and behavioral plasticity. While sleep disruption generally results in degraded neural 
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plasticity and cognitive function, the impact of sleep loss can vary widely with age, between 

individuals, and across physiological contexts. 

 

METHODOLOGY 

Model Formulation 

In this research, we consider five (5) compartmental models for morning fatigue which include: 

(B, D, F, P, E) where; 

B = population of the students who go to bed 

D = population of the students who delay in going to bed. 

F = population of the students who wake up tired as a result of sleeping late. 

P = population of the students who perform poorly as a result of morning fatigue. 

E = population of students who sleep early, wake up strong and perform excellently 

N = Total population 

μ = The rate at which students who experience morning fatigue die. 

λ: proportion of the population who sleep at night. 

α: the rate at which individuals who go to bed are exposed to late sleep (Delay). 

γ: the rate at which individuals who sleep late wake up tired. 

β = rate at which tired students perform poorly academically. 

𝛧 = rate at which students who perform excellently drawback. 

𝜏 = rate at which poorly performed students recovered and began to perform excellently. 

θ: the rate at which students who initially gain strength lose it. 

1. In this research, we assumed that the students who go to bed are recruited by birth at a 

level of λ. 

2. We assume that the students who go to bed sometimes delay going to bed and become 

exposed to late sleep at level α. The population of students who go to bed is also increased 

due to the coming in of the students who sleep early, wake up strong, and perform 

excellently at the level of θ. This class is decreased by natural death denoted by μ and 

also as a result of progression of the students who go to bed (B) become delayed (D) 

because of failure to hearken to control measures to avoid being delayed and lastly as a 

result of the acceptance of the enlightenment control measure to go to bed earlier. 

3. The students who delay (D) in going to bed increase in population by the progression of 

students from those who go to bed and by the progression of some individuals who 
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through carelessness fail to go to bed in time; hence become delayed at a level α. This 

population reduces as a result of the progression of the students who delay going to bed 

to the students who wake up tired as a result of sleeping late at the rate γ and as a result 

of natural death at the rate of μ. 

4. The number of students who wake up tired as a result of sleeping late (F) increases due 

to the progression of the natural death (μ). Also, as a result of those that are being 

corrected which is subject to the rate at which the students who wake up tired as a result 

of sleeping late accept the control measure to go to bed on time. 

5. The population of students who perform poorly as a result of morning fatigue reduces 

due to the progression of students who wake up tired as a result of sleeping late at the 

rate (β). This class also increased due to the coming in of the students who at first 

performed excellently but later drawback at the rate 𝛧, it reduces by the natural death (μ). 

Finally, this class reduces as a result of the students who were performing poorly as a 

result of morning fatigue becomes excellent as the control measure is being accepted and 

practiced at the rate 𝜏. 

6. The population of students who sleep early, wake up strong, and perform excellently (E) 

increases as a result of the progression of students who perform poorly at first but later 

accept the control measure to become excellent at the rate 𝜏. This class reduces due to 

the progress of students who go to bed early, wake up strong and perform excellently to 

the population of student who goes to bed at a rate θ and finally, it reduces by the natural 

death (μ). 

Model Assumptions 

The development of the model is based on the following assumptions; 

1. We assume that morning fatigue is attributed to late-night sleep or inability to sleep at 

all. 

2. We also assume that students who perform poorly as a result of morning fatigue do not 

possess lasting immunity against morning fatigue, this is because the moment the 

students who are performing poorly due to morning fatigue stop delaying going to bed 

and having enough sleep, he/she goes back to the population of students who sleep early, 

wake up strong and perform excellently.  

3. We assume that unchecked morning fatigue can lead to mental illness or even death. 

4. We also assume that natural death can occur in all the compartments. 

5. All the variables and parameters are assumed to be positive. 

Putting these assumptions together we have a model flow diagram as shown in the diagram 

above. 
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Mathematical Model Equations 

The model equation for the impact of morning fatigue on academic performance is shown 

below: 

𝑑𝐵

𝑑𝑡
=  𝜆 − (1 − 𝛿)𝜋𝛽𝐹 − 𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸     (1) 

𝑑𝐷

𝑑𝑡
=  𝛼𝐵 −  𝛾𝐷 −  𝜇𝐷       (2) 

𝑑𝐹

𝑑𝑡
= 𝛾𝐷 + (1 − 𝛿)𝜋𝛽𝐹 −  𝛽𝐹 −  𝜇𝐹     (3) 

𝑑𝑃

𝑑𝑡
= 𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃       (4) 

𝑑𝐸

𝑑𝑡
= 𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸       (5) 

          

Figure 1: Flow chart of the formulated model 

 

EXISTENCE AND UNIQUENESS 

Theorem 1: (As used by Ogwumu and Ibrahim, 2017) 

Model Equation from the flow Diagram 

With the parameters in the table retaining their meanings as defined the corresponding model 

equation is as given above: 

Considering the system of equations, 
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,),,(' 00 xtxtfx =
 

If 'D denotes the region 
).,,(),,,(,, 0201002100 nn xxxxxxxxbxxatt  ==−−

And 

suppose that ),( 1xtf satisfies the Lipshitz Condition 2121 ),(),( xxkxtfxtf −−
whenever 

the pair ),( 1xtf and ),( 2xtf belong to 'D where k is a positive constant, then there exists a 

constant 0 such that there exists a unique continuous vector solution X(t) of the system x' 

= f(t, x), as defined above, in the interval 
− 0tt

. It is important to note that the condition 

is satisfied by the requirement that 

,2,1,, =



ji

x

f

j

i

 be continuous and bonded in '.D  

Considering our model defined in equation (*) below, we are interested in the region 

.0 R   We look for a bounded solution in the region whose partial derivatives satisfy 

,0 f  where   and   are positive constants. 

Theorem 2 

Let D denote the region ,0 R  then each of the equations of the system (*) has a unique 

solution which is bounded in D.  

We are saddled with the responsibility to show that 

, , 1,2,3,4,5i

j

f
i j

x


=


 are continuous and 

bounded in D in order to be able to prove the existence and uniqueness of the solution for the 

system of equations obtainable in our model. 

From our model formulation above, we recall that, from (*) setting: 

𝑑𝐵

𝑑𝑡
=  𝜆 – (1 − 𝛿)𝜋𝐵𝐹 − 𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸                        𝐵(0)  = 𝐵0 

𝑑𝐷

𝑑𝑡
=  𝛼𝐵 −  𝛾𝐷 −  𝜇𝐷                                                       𝐷(0)  =  𝐷0 

𝑑𝐹

𝑑𝑡
= 𝛾𝐷 – (1 − 𝛿)𝜋𝐵𝐹 −  𝛽𝐹 −  𝜇𝐹                                              𝐹(0)  =    𝐹0              …….(*) 

𝑑𝑃

𝑑𝑡
= 𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃                                                         𝑃(0)  =    𝑃0 

𝑑𝐸

𝑑𝑡
= 𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸                                                           𝐸(0)  =   𝐸0 

Let M = {(𝐵, 𝐷, 𝐹, 𝑃, 𝐸), |𝐵 − 𝐵0| ≤  𝑎, |𝐷 − 𝐷0| < 𝑏, |𝐹 − 𝐹0| ≤ 𝑐, |𝑃 − 𝑃0| ≤ 𝑑, |𝐸 − 𝐸0| ≤
𝑒. |𝑡| ≤ 𝑓} 

The problem (*) has a unique solution. 
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Proof: 

𝑑𝐵

𝑑𝑡
=  𝑓1 (𝐵, 𝐷, 𝐹, 𝑃, 𝐸) = 𝜆 − ((1 − 𝛿)𝜋𝐹 − (𝛼 + 𝜇))𝐵 + 𝜃𝐸 ≡ 𝜆 − 𝐾𝐵 + 𝜃𝐸 

𝑑𝐷

𝑑𝑡
=  𝑓2(𝐵, 𝐷, 𝐹, 𝑃, 𝐸) = 𝛼𝐵 − (𝛾 + 𝜇)𝐷 = 𝛼𝐵 − 𝑁𝐷 

𝑑𝐹

𝑑𝑡
=  𝑓3(𝐵, 𝐷, 𝐹, 𝑃, 𝐸) = 𝛾𝐷 − (𝐵 + 𝜇 − 𝜋𝐵 + 𝜋𝛿𝐵)𝐹 = 𝛾𝐷 − 𝑄𝐹 

𝑑𝑃

𝑑𝑡
=  𝑍𝐸 + 𝛽𝐹 − (𝜏 + 𝜇)𝑃 = 𝑍𝐸 + 𝛽𝐹 − 𝑅𝑃 

𝑑𝐸

𝑑𝑡
= 𝜏𝑃 − (𝛧 + 𝜃 + 𝜇)𝐸 =  𝜏𝑃 − 𝑊𝐸 

𝛿𝑓1

𝛿𝐵
|𝐵,𝐷,𝐹,𝑃,𝐸 =  −(1 − 𝛿)𝜋𝐹 + 𝜇) , |

𝛿𝑓1

𝛿𝐵
| =  (1 − 𝛿)𝜋𝐹 + 𝜇) 

𝛿𝑓2

𝛿𝐷
|𝐵,𝐷,𝐹,𝑃,𝐸 =  −𝛾 − 𝜇, |

𝛿𝑓2

𝛿𝐷
| =  𝛾 + 𝜇 

𝛿𝑓3

𝛿𝐹
|𝐵,𝐷,𝐹,𝑃,𝐸 =  −(𝛽 + 𝜇 − 𝜋𝐵 + 𝜋𝛿𝐵) , |

𝛿𝑓3

𝛿𝐹
| =  𝛽 + 𝜇 

𝛿𝑓4

𝛿𝑃
|𝐵,𝐷,𝐹,𝑃,𝐸 =  −𝜏 − 𝜇, |

𝛿𝑓4

𝛿𝑃
| =  𝜏 + 𝜇 

𝛿𝑓5

𝛿𝐸
|𝐵,𝐷,𝐹,𝑃,𝐸 =  −𝑧 − 𝜃 − 𝜇, |

𝛿𝑓5

𝛿𝐸
| =  𝑧 + 𝜃 + 𝜇 

Since 
𝛿𝑓𝑖

𝛿𝑥𝑖
|𝑖,𝑗,𝑘,𝑙,𝑚 = 1, 2, 3, 4, 5 are continuous and bounded, the model has a unique solution 

and the model (1)…….(5) is mathematically and epidemiologically well-posed 

Morning Fatigue-free Equilibrium Point 

Fatigue-free equilibrium points (DFE) are steady-state solutions where there is no morning 

fatigue in the life of students at the Federal University, Wukari. 

Let the morning fatigue-free equilibrium be denoted by E0 then at equilibrium. 

𝑑𝐵

𝑑𝑡
=

𝑑𝐷

𝑑𝑡
=

𝑑𝐹

𝑑𝑡
=  

𝑑𝑃

𝑑𝑡
 =  

𝑑𝐸

𝑑𝑡
= 0. 

𝜆 – (1 − 𝛿)𝜋𝐵𝐹 −  𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸 = 0                                         𝑖  

 𝛼𝐵 −  𝛾𝐷 −  𝜇𝐷 =  0                                                                           𝑖𝑖 

𝛾𝐷 + (1 − 𝛿)𝜋𝐵𝐹 −  𝛽𝐹 − 𝜇𝐹 = 0                                                 𝑖𝑖𝑖 

𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃 = 0                                                                  𝑖𝑣 
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𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸 = 0                                                                      𝑣 

At fatigue free equilibrium D = F = P = E = 0 then equation (i) becomes 

𝜆 – (1 − 𝛿)𝜋𝐵𝐹 −  𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸 = 0 

𝜆 − (1 − 𝛿)𝜋𝐵𝐹 −  𝛼𝐵 −  𝜇𝐵 = 0 

𝜆 = ((1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇)𝛽. Divide through by ((1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇) 

𝐸0 = (𝐵0, 𝐷0, 𝐹0,𝑃0,𝐸0)  =  (
𝜆

(𝛼 + 𝜇)
, 0, 0, 0, 0) 

Endemic Equilibrium Points 

An outbreak is endemic when it is consistently present but limited to a particular region. This 

makes the spread and rate predictable.  

Let the endemic equilibrium be E1 then at the equilibrium. 

𝑑𝐵

𝑑𝑡
=

𝑑𝐷

𝑑𝑡
=

𝑑𝐹

𝑑𝑡
=  

𝑑𝑃

𝑑𝑡
 =  

𝑑𝐸

𝑑𝑡
= 0. 

𝜆 −  (1 − 𝛿)𝜋𝐹 − 𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸 = 0                                                                          1 

        𝛼𝐵 −  𝛾𝐷 −  𝜇𝐷 =  0                                                                                                             2       

𝛾𝐷 + (1 − 𝛿)𝜋𝐹 −  𝛽𝐹 −  𝜇𝐹 = 0                                                                                      3 

𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃 = 0                                                                                                    4 

𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸 = 0                                                                                                      5 

From the equation (1) 

𝜆 + 𝜃𝐸 − (1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇)𝐵 =  0 

𝐵 =
𝜆 + 𝜃𝐸

(1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇
                                                                                                 𝑎  

From equation (2) 

𝛼𝐵 − (𝛾 + 𝜇)𝐷 =  0 

𝛼𝐵 = (𝛾 + 𝜇)𝐷  

𝐵 =
(𝛾 + 𝜇)𝐷 

𝛼
                                                                                                                   𝑏 

Equating (a) and (b)  

𝜆+𝜃𝐸

(1−𝛿)𝜋𝐹+𝛼+𝜇
=

(𝛾+𝜇)𝐷 

𝛼
 cross multiplying this gives 
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𝛼(𝜆 + 𝜃𝐸) = (1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇(𝛾 + 𝜇)𝐷 

Make D the subject of the formula 

𝐷 =
𝛼(𝜆 + 𝜃𝐸)

(1 − 𝛿)𝜋𝐹 + 𝛼 + 𝜇(𝛾 + 𝜇)
                                                                                            

From equation (3) 

𝛾𝐷 − (𝛽 + 𝜇 − 𝜋𝐵 + 𝜋𝛿𝐵)𝐹 = 0. ⇒ 𝐹 

=
𝛾𝐷

𝛽 + 𝜇 − 𝜋𝐵 + 𝜋𝛿𝐵
                                                                                                              (∗) 

But 𝐷 =
𝛼(𝜆+𝜃𝐸)

(𝜋𝐹−𝜋𝛿𝐹+𝛼+𝜇)(𝛾+𝜇)
  

 Substitute this in (∗) above  

𝐹 =
𝛾

(𝛽 + 𝜇

𝛼(𝜆 + 𝜃𝐸)

−𝜋𝐵 + 𝜋𝛿𝐵)(𝜋𝐹 − 𝜋𝛿𝐹 + 𝛼 + 𝜇)(𝛾 + 𝜇)
 

𝐿𝑒𝑡 𝐴1 =  𝛽 + 𝜇 − 𝜋𝐵 + 𝜋𝛿𝐵 and 𝐴2 = 𝜋𝐹 − 𝜋𝛿𝐹 + 𝛼 + 𝜇 

F = 
𝛾(𝛼𝜆+𝛼𝜃𝐸)

𝐴1𝐴2(𝛾+𝜇)
                                                                                                                       𝑑  

From equation 4 

𝑧𝐸 + 𝛽𝐹 − 𝜏𝑃 − 𝜇𝑃 = 0 

𝑧𝐸 + 𝛽𝐹 − (𝜏 + 𝜇)𝑃 = 0 

Making P the subject gives,  

𝑃 =
𝑧𝐸+𝛽𝐹

(𝜏+𝜇)
                                                                                                                       (∗∗)   

But F =
𝛾(𝛼𝜆+𝛼𝜃𝐸)

𝐴1𝐴2(𝛾+𝜇)
   

Substituting F in the equation (∗∗) we have 

𝑃 =
𝛧𝐸

(𝜏 + 𝜇)
+

𝛽

(𝜏 + 𝜇)

𝛾(𝛼𝜆 + 𝛼𝜃𝐸)

𝐴1𝐴2(𝛾 + 𝜇)
  

𝑃 =
𝛧𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼(𝜆 + 𝜃𝐸)

𝐴1𝐴2(𝜏 + 𝜇)(𝛾 + 𝜇)
                                                                       (∗∗∗) 

From equation (5) 

𝜏𝑃 − (𝑧 + 𝜃 + 𝜇)𝐸 = 0. ⇒ 𝑃 =
(𝑧 + 𝜃 + 𝜇)𝐸

𝜏
                                                      (∗∗∗∗) 
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Equating (∗∗∗) 𝑎𝑛𝑑 (∗∗∗∗) 

(𝑧 + 𝜃 + 𝜇)𝐸

𝜏
=

𝛧𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼(𝜆 + 𝜃𝐸)

𝐴1𝐴2(𝜏 + 𝜇)(𝛾 + 𝜇)
  

Let A3 =𝛧 + 𝜃 + 𝜇  𝑎𝑛𝑑 𝐴4 = (𝜏 + 𝜇)(𝛽 + 𝜇). 

𝐴3𝐸

𝜏
=

(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)𝐸 + 𝛽𝛾𝛼𝜆

𝐴1𝐴2𝐴4
 

Cross multiplying 

𝐴1𝐴2𝐴3𝐴4𝐸 = 𝜏(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)𝐸 + 𝛽𝛾𝛼𝜆) 

𝐴1𝐴2𝐴3𝐴4 − (𝜏(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)𝐸 = 𝛽𝛾𝛼𝜏𝜆 

𝐸 =
𝛽𝛾𝛼𝜏𝜆

𝐴1𝐴2𝐴3𝐴4−(𝛧𝐴1𝐴2(𝛾+𝜇+)𝜏+𝛽𝛾𝛼𝜃𝜏)
                                                                                      𝑓  

Putting equation (f) in (d) 

𝐹 =
𝛾𝛼𝜆

(𝛾 + 𝜇)𝐴1𝐴2
+

𝛾𝛼𝜃

(𝛾 + 𝜇)𝐴1𝐴2
[

𝛽𝛾𝛼𝜏𝜆

𝐴1𝐴2𝐴3𝐴4 − (𝜏(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)
] 

𝐹 =
𝛾𝛼𝜆[𝐴1𝐴2𝐴3𝐴4 − 𝐴1𝐴2𝐴3𝐴4 − (𝜏(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)]  + 𝛽𝛾𝛼𝜏𝜆𝜏

(𝛾 + 𝜇)𝐴1𝐴2[𝐴1𝐴2𝐴3𝐴4 − (𝜏(𝑍𝐸𝐴1𝐴2(𝛾 + 𝜇) + 𝛽𝛾𝛼𝜃)]
         𝑔 

Putting the (f) into (c) also yields; 

D = ( )

2( 1 2 3 4 ( 1 2( ) )

2( )( 1 2 3 4 1 2( )

A A A A A A

A A A A A A A

     

     

−  + +

+ −  + +
      h 

Consider P  = 

( ) 3E A E 

 

 + +
=

from the equation  (****) substitute (f) in it 

  𝑃 =
3

1 2 3 4 ( 1 2( ) )

A

A A A A A A



   −  + +
                                                           𝑖 

Finally, by putting (h) in (b) 

𝐵 = [
2( 1 2 3 4 ( 1 2( ) )

2( )( 1 2 3 4 ( 1 2( ) ))

A A A A A A

A A A A A A A

     

     

−  + +

+ −  + +
 ] 

The endemic equilibrium 1E  is given as 
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Basic Reproduction Number (R0) 

The basic reproduction number is a threshold for stability of Morning fatigue-free equilibrium 

and is related to the peak and final size of an epidemic. The epidemic interpretation of this 

threshold parameter is connected to the local and global stability of the morning fatigue-free 

equilibrium 

To calculate the Basic Reproduction number. 

Consider the formulated model equation shown below; 

𝑑𝐵

𝑑𝑡
=  𝜆 – (1 − 𝛿)𝜋𝐵𝐹 −  𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸                                                     1 

𝑑𝐷

𝑑𝑡
=  𝛼𝐵 −  𝛾𝐷 −  𝜇𝐷                                                                                         2 

𝑑𝐹

𝑑𝑡
= 𝛾𝐷 + (1 − 𝛿)𝜋𝐵𝐹 −  𝛽𝐹 −  𝜇𝐹                                                              3 

𝑑𝑃

𝑑𝑡
= 𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃                                                            4 

𝑑𝐸

𝑑𝑡
= 𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸                                                                                  5 

 𝜆 − (1 − 𝛿)𝜋𝐵𝐹 −  𝛼𝐵 −  𝜇𝐵  +  𝜃𝐸 = 0                                                    𝑖 

 𝛼𝐵 −  𝛾𝐷 − 𝜇𝐷 =  0                                                                                        𝑖𝑖 

𝛾𝐷 + (1 − 𝛿)𝜋𝐵𝐹 −  𝛽𝐹 −  𝜇𝐹 = 0                                                              𝑖𝑖𝑖 

𝑧𝐸 −  𝜏𝑃 + 𝛽𝐹 −  𝜇𝑃 = 0                                                                               𝑖𝑣 

𝜏𝑃 − 𝑧𝐸 − 𝜃𝐸 − 𝜇𝐸 = 0                                                                                   𝑣 

( )
0

0

1

f

BF  
 

=  




−


  

  

( )0 0

0 0 0

0 0

1

0

B

F

  
 

=  

 

−


   

 

 

 

 

( )

( )

( )

D B

v B B F D

P E F

  

    

  

+ − 
 

= + − + − 
 + −  − 

0 0

0

0

V B B

 

    

  

+ 
 

= − + − + 
 − + 
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1

1
0 0

1
0

( )(( ) ( )

1

( )( )( ) ( )( )

V
B B B B

B B

B B B B

 



         



               

−

 
 

+ 
 

=  
+ + − + + − + 

 
 

+ + − + + + − + + +  \ 

1

1
0 0

0 (1 ) 0
1

  0 0 0 0
( )(( ) ( )

0 0 0
1

( )( )( ) ( )( )

B

FV
B B B B

B B

B B B B

 
 



         



               

−

 
 

+ − 
  

=    + + − + + − +  
  

 
+ + − + + + − + + +   

1

(1 ) (1 )
0

( )( ) ( )

0 0 0

0 0 0

B B

B B B B

FV

    

         
−

− − 
 + + − + + − +
 

=  
 
 
 
   

But we have 
1

0 ( )R FV −= . Hence, we must find the Eigen value. 

 

 

 

 

 

 

 

 

But 
B



 
=

+  

This shows that our basic reproduction number is  

( )

2

2

( 1 )

( )

 

       

− +

− + + + + +
 

( )

( )

1

2 2
3

2

2

2

(1 ) (1 )
0

( )( ) ( )

( ) 0 0 0 0

0 0 0

( 1 )
0

( )

( 1 )
1 2 0, 3

( )

B B

B B B B

FV

    


         

 



  


       

 
  

       

−

− − 
− + + − + + − +

 
= − = 
 

− 
 
 

− +
+ =

− + + + + +

− +
= = =

− + + + + +
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Local Stability of the Fatigue-free Equilibrium Point                                          

We investigate the local stability of the fatigue-free equilibrium point of the model. We first 

linearize the fatigue model by computing its Jacobian Matrix, (J). at the fatigue-free 

equilibrium point. 

(𝐵0, 𝐷0, 𝐹0,𝑃0,𝐸0)  =  [
𝜆

𝛼 + 𝜇
, 0, 0, 0, 0] 

The Jacobian matrix of the system is given as; 

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0

0 0 0 0 0

0 0 0 0 0

B B B B B

B D F P E

D D D D D

B D F P E

F F F F F
J

B D F P E

P P P P P

B D F P E

E E E E E

B D F P E

     
 
    

 
     
     
 
     =
     
 
     
     
 
     
        

Where; 

0 0 0 0 0
0 0 0 0 0, , , ,

B D F P E
B D F P E

t t t t t

    
= = = = =

      

0

(1 )
( ) 0 0

( ) 0 0 0

0 ( ) 0 0

0 0 ( )

0 0 0 ( )

J

  
  

 

  

  

  

  

− − 
− + +
 

− + 
=  

− +
 
 − + 
 

−  + +   

To determine the local stability of the fatigue-free equilibrium, we use the Routh-Hurwitz 

theorem which states that an equilibrium state will be locally and asymptotically stable if and 

only if the sum of the Trace of the Jacobian is less than zero and the determinant is greater than 

zero. 

From our calculation, the Trace of the Jacobian is 

( )

( ) ( ) ( ) ) ( )

5 0

         

     

− + + − + + − − + − − + −  − −

= − + + + + +  + =   

 



African Journal of Health, Nursing and Midwifery  

ISSN: 2689-9418 

Volume 7, Issue 4, 2024 (pp. 11-30) 

25  Article DOI: 10.52589/AJHNM-BUFOHVGK 

  DOI URL: https://doi.org/10.52589/AJHNM-BUFOHVGK 

www.abjournals.org 

The Determinant: 

2 2 3 2 3 3 4

2

2 2 2 3

2

(1 )

0

 
        

 

     

        

          

 −
+ + + + + + + + +

+

+ + + + + +

 + + + + + + + + 
−  

+ + +  +  +  +  + +   

Provided that 0 +   

 

RESULTS AND DISCUSSION  

 Parameter Estimation 

We obtained the values for the parameters involved in the model (1) – (5) which will be used 

for the analysis and simulation from the questionnaires which we administered to the student 

Table 1: Table of the values of the variables and the parameters   

S/N Variables Meaning Values Sources 

1 B population of the students who go to bed 300 Questionnair

e 

2 D population of the students who delay in 

going to bed. 

220 Questionnair

e 

3 F the population of students who wake up 

tired as a result of sleeping late. 

190 Questionnair

e 

4 P the population of students who perform 

poorly as a result of morning fatigue. 

 

240 Questionnair

e 

5 E  the population of students who sleep 

early, wake up strong and perform 

excellently 

145 Questionnair

e 

 

S/N Parameter Meaning Values Sources 

1 Λ Recruitment level of the 

population of students who go to 

bed 

0.45 Questionnaire 

2 Α The rate at which the students 

delay going to bed  

0.80 Questionnaire 

3 Γ The rate at which the students who 

delay in going to bed wake up 

tired. 

0.90 Questionnaire 

4 Β The rate at which tired students 

perform poorly academically. 

0.85 Questionnaire 
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5 Z The rate at which students who 

performed excellently drown 

back. 

0.03 Questionnaire 

6 𝜏 The rate at which poorly 

performed students recovered and 

began to perform excellently 

0.40 Questionnaire 

7 Θ Rate at which students who 

initially gain strength loss it. 

0.70 Questionnaire 

8 𝜇 Death rate of the compartments. 

 

0.02 World meter  

(2023) 

9 𝜋 Transmission rate between people 

who go to bed early and those who 

wake up tired as a result of 

sleeping late. 

0.03 Questionnaire 

10 𝛿 The proportion of individuals who 

are protected from morning 

fatigue 

0.006 Questionnaire 

 

Sensitivity analysis 

We calculate the sensitivity index of the reproduction number for the control model (R0) to the 

parameters involved in the model (1) - (5), this analysis shows us how to reduce the poor 

performance of students at the Federal University Wukari due to morning fatigue. It helps us 

to find out those parameters that should be targeted by intervention strategies which also 

enables us to know how important each parameter is to the impact of morning fatigue on 

academic performance. 

To check which of these parameters in the model (1) – (5) has a high impact on R0 and also to 

find out key parameter that contributes to the reduction of poor performance of students due to 

morning fatigue in the population. The normalized forward sensitivity index of the variable to 

a parameter is the ratio of the relative changes in the parameter. 

Maple 2023 programming language was used for this sensitivity analysis. 

1. The sensitivity index of 𝑡ℎ𝑒 𝑝𝑎𝑟𝑎𝑚𝑒𝑡𝑒𝑟𝑠 with respect to R0 is given as: 

𝑋𝜋
𝑅0 =

𝜕𝑅0

𝜕𝜋
×  

𝜋

𝑅0
= 0.3715141254: 

𝑋𝛾
𝑅0 =

𝜕𝑅0

𝜕𝛾
× 

𝛾

𝑅0
= 0.060829555 

𝑋𝛿
𝑅0 =

𝜕𝑅0

𝜕𝛿
×  

𝛿

𝑅0
= −0.006272175596 

𝑋𝛼
𝑅0 =

𝜕𝑅0

𝜕𝛼
×  

𝛼

𝑅0
= −1.013746756 
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𝑋𝛽
𝑅0 =

𝜕𝑅0

𝜕𝛽
×  

𝛽

𝑅0
= −1.343173572 

The sensitivity indices are given in the table below, A positive index indicates that the value  of 

R0 will increase with the increase in the parameter and one with a negative index will decrease 

the value of R0 with an increase in the parameter Values  

Table 2: Table of the sensitivity index 

Parameters Index Remark 

𝜋 0.3715141254 Positive 

𝛾 0.060829555 Positive 

𝛿 −0.006272175596 Negative 

𝛼 −1.013746756 Negative 

𝛽 −1.343173572 Negative 

 

We conclude from the sensitivity analysis conducted as given in the table above, that the 

positive values increase the endemicity of the morning fatigues and the negative values 

decrease the endemicity of the morning fatigues. 

Model Simulation 

The values of the variables and the parameters are used to carry out the numerical simulation. 

The result is presented in the figures below; 

 

Figure 1: Graph of Students’ academic performance in relation to morning fatigue 

From this graph, we discovered that students who experienced morning fatigue performed 

poorly academically. 
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Figure 2: Graph Students' academic performance when some parameters are adjusted 

In Figure (2), we discovered that even after adjusting some parameters, the graph still shows 

that students who experienced morning fatigue are affected academically. 

 

CONCLUSION  

Based on the results of the study, we observed that morning fatigue has an adverse effect on 

the academic performance of students.   We therefore concluded that the most effective way to 

control morning fatigue within a population is to use effective educational enlightenment 

campaigns on the radio, television, newspaper, in churches, mosques, and even in schools on 

the need for individuals to avoid late sleep especially those under academic pursuit. A person 

who is performing poorly in his/her academics should reconsider the time in which he/she goes 

to bed and target to sleep on time so as to wake up strong. More to that, avoidance of morning 

fatigue will prevent mental illness and save the lives of students as this can reduce the mortality 

rate due to the effect of morning fatigue. 
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