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ABSTRACT: This paper is concerned with the solution of a class of fourth order initial 

value problems in ordinary differential equation by the integrated formulation of the tau 

method. The initial focus is the class with a maximum of third degree overdetermination. The 

matrix equations were constructed based on the degree of overdetermination and for purpose 

of automation. The automated Tau System was tested on some selected problems to validate 

the study numerical evidences, thus obtained, confirm the accuracy of the method. 
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INTRODUCTION  

Lanczos proposed the tau method techniques in 1983 for the numerical solution of ordinary 

differential equation with some conditions given as 

𝐿𝑦𝑛(𝑥)𝑖 = ∑ (∑ 𝑃𝑟𝑘

N

k=0

𝑥𝑘 ) 𝑦(𝑟)(𝑥) = ∑ 𝑓𝑟𝑥𝑟     𝑎 ≤ 𝑥 ≤ 𝑏

𝑛

𝑟=0

𝑚

𝑟=0

                            (1.1)  

 

𝐿 ∗ 𝑌(𝑥𝑟𝑘) = ∑ 𝑎𝑟𝑘
𝑚−!
𝑟=0 𝑦(𝑟)(𝑥𝑟𝑘) = 𝛼𝑘                 𝑘 = 1(1)𝑚                                      (1.2)    

By seeking an approximate solution of the form: 

𝑌𝑛(𝑥) = ∑ 𝑎𝑟𝑥𝑟

𝑛

𝑟=0

                                                                                                             (1.3) 

r< +𝑥of 𝑦(𝑥) which is the exact solution of the corresponding perturbed system  

𝐿 ∗ 𝑌𝑛(𝑥) = ∑ 𝑓𝑟

𝑛

𝑟=0

𝑥𝑟𝐻𝑛(𝑥)                                                                                           (1.4) 

 

𝐿𝑌𝑛(𝑥𝑛𝑘) = ∝𝑘 k= 1(1)m                                                                                     (1.5) 
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Where 

L is the linear differential operator ∝𝑘,  𝑓𝑟 ,  𝑃𝑛𝑘,   −𝑁𝑀 ∶ 𝑟 = 01(1)𝑚. 𝐾 =
0(1)𝑁𝑟   𝑎 𝑎𝑛𝑑 𝑏 𝑎𝑟𝑒 𝑟𝑒𝑎𝑙 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠, 𝑦(𝑟) 𝑑𝑒𝑛𝑜𝑡𝑒𝑑 𝑡ℎ𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒𝑠 𝑜𝑓𝑜𝑟𝑑𝑒𝑟 𝑟 𝑜𝑓 𝑦(𝑥).   
𝑇ℎ𝑒 perturbation term 𝐻𝑛(𝑥) in 1.4 is defined by  

𝐻𝑛(𝑥) = ∑ 𝜏𝑖+1

𝑚+𝑠−1

𝑖=0

𝑇𝑛−𝑚+𝑖+1(𝑥) = ∑ 𝜏𝑖+1

𝑚+𝑠−1

𝑖=0

∑ 𝐶𝑟
(𝑛−𝑚+𝑖+1)𝑥𝑟

𝑛−𝑚+𝑖+1

𝑖=0

                (1.6) 

And 𝐶𝑟
(𝑛)𝑠 are the coefficient of power of𝑥 (𝑡ℎ𝑎𝑡 𝑖𝑠 𝑥𝑟) 𝑖𝑛 𝑡ℎ𝑒 𝑛𝑡ℎ degree chebyshev 

polynomial denoted and defined by 

𝑇𝑛(𝑥) = cos (𝑛𝑐𝑜𝑠−1 [
2𝑥 − 𝑎 − 𝑏

𝑏 − 𝑎
]) = ∑ 𝐶𝑟

(𝑛)

𝑛

𝑟=0

                                                            (1.7) 

The  𝑟′𝑠  are the free tau parameters to be determined alongside with 𝑎𝑟and 𝑆is the number of 

over-determinations of (1.1), which is defined by 

𝑆 = 𝑚𝑎𝑥[𝑁𝑟 − 𝑟: 0 ≤ 𝑟 ≤ 𝑚, 𝑁𝑟 ≥ 𝑟] ≥ 0                                                               (1.8) 

 

 

LITERATURE REVIEW 

The Tau method was initially formulated as a tool for the approximation of special function 

of mathematical physics which could be expressed in terms of simple differential equations. 

It later developed into a powerful and accurate tool for the numerical solution of complex 

differential and functional equations. The main idea in it is to solve approximate problem. 

Accurate approximate polynomial solution in a linear ordinary differential equation with 

polynomial coefficient can be obtained by the Tau method introduced in [1]. The method is 

related to the principle of economization of a differentiable function implicitly defined by a 

linear differential equation with polynomial coefficient. Techniques based on the Tau method 

have been reported in the literature with application to more general equations including non-

linear ones [2-3], while techniques based on direct Chebyshev replacement have been 

discussed in [4] and more recently in the work of [5]. Further details on the Tau method can 

be found in reference [6-13]. Because of the limitation in some of the works [7], this study 

seeks to extend the scope to fourth order problems with third degree overdetermination. 

The Integrated Formulation of the TAU Method 

Description of the integrated formulation  

Let us consider the m-th order linear differential system  

 bxaxfxryxxLy r

r

f

r

r

m

r

 ,=))()(:=)(
0=

(

0=

  (9) 
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 mkxryxyL krkrk

m

r

rx 1(1)=,=))(:=)( (
1

0=


−

    (2.2) 

 Let dxxy
i

)(   denote the indefinite integration i  times applied to the function )(xg  and 

let  

 dxLI
m

L )(=          (2.3) 

 The integral form of (2.3) now becomes  

 )()(=))(( 1 xCdxxfxyI m

m

L −+       (2.4) 

 The tau approximant )(xyn  of (2.1), satisfies the perturbed problem:  

 )()(=))(( 1 xHdxxfxyI mn

m

nL +++      (2.5) 

 mkxyL krkn 1(1)=,=)(*        (2.6) 

 where:  

 )(=)( 1

1

0=

xTxH rmnrsm

sm

r

mn ++−−+

++

+       (2.7) 

 

A Class of Overdetermined Fourth Order Differential Equations  

We consider here the integrated form of the tau method for the class of problems: 

 bxaxfxyxPxLy r

r

m

r

 ),(=)()(:=)( )(

0=

   (3.1.0) 

 1)0(1)(=  ,=)(=)( )(
1

0=

* −
−

mkxyaxyL krk

r

nrk

m

r

rkn     (3.1.2) 

 
k

rk

r
N

k

r xpxP 
0=

=)(        (3.1.3) 

 for the case 4=m  and 3=s . 

So, we now derive a fifth degree approximants for the equation. From (3.1.0), the general 

case for 4=m , 3=s  is given by  
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𝐿𝑦(𝑥) ≔ (∝0+∝1 𝑥 +∝2 𝑥2 +∝3 𝑥3 +∝4 𝑥4 +∝5 𝑥5 +∝6 𝑥6 +∝7 𝑥7)𝑦𝑖𝑣 (𝑥) + 𝛽0 + 𝛽1𝑥
+ 𝛽2𝑥2 + 𝛽3𝑥3 + 𝛽4𝑥4 + 𝛽5𝑥5 + 𝛽6)𝑦𝑖𝑖𝑖(𝑥)

+ (𝛾0 + 𝛾1𝑥 + 𝛾2𝑥2 + 𝛾3𝑥3 + 𝛾4𝑥4 + 𝛾5𝑥5)𝑦𝑖𝑖(𝑥)(𝜆0 + 𝜆1𝑥 + 𝜆2𝑥2 + 𝜆3𝑥3

+ 𝜆4𝑥4)𝑦𝑖(𝑥)
+ (𝜇0 + 𝜇1𝑥 + 𝜇2𝑥2

+ 𝜇3𝑥3)𝑦(𝑥) r

r

n

r

xfxf 
0=

=)(=                                                                  (3.1.4) 

 3210 =(0) ,=(0),=(0),=(0)  yyyy   

where, for convenience, we have chosen  ,,,  and   to denote 1234 ,,,   and 0  

respectively; 0=rkx  and 0=a . That is, 

 

 ++++++++=
stux

iv
stux

dvdsdtduvyvvvvvvvxLy
0000

7

7

6

6

5

5

4

4

3

3

2

210
0000

)()(:)(   

 

+++++++++++ 
3

3

2

210
0000

6

5

5

4

4

3

3

2

210 ()()( vvvdvdsdtduvyvvvvv
stux

  

 

+++++++  dvdsdtduvyvvvvdvdsdtduvyvv
stux

)()()() 4

4

3

3

2

210
0000

5

5

4

4   

 

)()(=)()( 71
0000

3

3

2

210
0000

xTdvdsdtduVfdvdsdtduvyvvv n

stuxstux

+++++    

 )()()()()()( 162534435261 xTxTxTxTxTxT nnnnnn ++++++ ++++++          (3.1.5) 

After simplifying and equating the Corresponding Coefficient Powers of x, we have the 

recurrence relation: 

00

1

07

2

06

3

05

4

04

5

03

6

02

7

0100 =  +++++++ −−−−−−− nnnnnnn CCCCCCCa          (3.1.6) 

001011

1

17

2

16

3

15

4

14

5

13

6

12

7

111000 22=  −−−−−−−−−+ +++++++ nnnnnnn CCCCCCCaa       (3.1.7) 

 

1

27

2

26

3

25

4

24

5

23

6

22

7

21001010210 ]2)()74[(3
2

1 +++++++ −−−−−−−−+−−− nnnnnnn CCCCCCCaaa 

 

2

27432
= 2011020100002210  ++−−−−+

         (3.1.8) 
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6

32

7

3130201101200123 ])2(2)35(8)2512[(30
6

1 ++ −−++−++++++ nn CCaaaa   

 1

37

2

36

3

35

4

34

5

33

+++++ −−−−− nnnnn CCCCC   

 

6

5352610363181
= 111300010010220122103  ++−++++−+−

       (3.1.9) 

 

)6(18)612(18)2414(42)830[(116
24

1
01201210123001234  +−+++++++++++ aaa

 

   0=]24 1

47

2

46

3

45

4

44

5

43

6

42

7

41403

+++++++ −−−−−−−+ nnnnnnn CCCCCCCaa             (3.2.0) 

 

123101434012345 11342(42)32496(264)6368168[(720
120

1
 ++++++++++++ aa

 

 ]120)24(4)1842(60)2 50401301220 aaaa  +++++++  

 0=1

57

2

56

3

55

4

54

5

53

6

52

7

51

+++++++ −−−−−−− nnnnnnn CCCCCCC          (3.2.1) 

 

−−++++++++++ 31112345023456 198(432)860300(1240)2448900[(1440
360

1
 aa

 

 

+++−−++++++− 5014012301232012 )60(5)38120(11)642144(72)546 aaaa 

 

     0=]360 1

67

2

66

3

65

4

64

5

63

6

62

7

6160

+++++++ −−−−−−− nnnnnnn CCCCCCCa          (3.2.2) 

 

2)([
1)(

)]3(21))((21)([][
[ 32

012122
1

011 −+
−

++−−+−−
+

+−
−− ka

kk

kk
a

k

k
kk 


 

 

3
012312323

1)2)((

)]22(62))(23(61)2)()((31)(
−

−−

−++−−++−−−+−−
ka

kkk

kkkkk 
 

 )33(121)2)(3)()((41)2)(3)(([ 234344  ++−−−−+−−−− kkkkkkk  
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4
012341234

1)2)(3)((

)]26(243))(262(242)3)((
−

−−−

+++++−−++−−−
ka

kkkk

kkk 
 

 )43(201)2)(3)()((51)2)(3)(([ 345455  ++−−−−+−−−− kkkkkkk  

 

5
123452345

1)2)(3)((

)]2624(1203))(3122(602)3)((
−

−−−

++++−−−++−−−
ka

kkkk

kkk 
 

 )53(301)2)(3)()((61)2)(3)(([ 456566  ++−−−−+−−−− kkkkkkk  

 

6
234563456

1)2)(3)((

)]31260(3603))(41202(1202)3)((
−

−−−

+++++−+++−−−
ka

kkkk

kkk 
 

 )63(421)2)(3)()((71)2)(3)(([ 567677  ++−−−−+−−−− kkkkkkk  

 

7
345674567

1)2)(3)((

)]420120(8403))(5302(2102)3)((
−

−−−

+++++−+++−−−
ka

kkkk

kkk 
 

 ]1

7

2

6

3

5

4

4

5

3

6

2

7

1

+++++++ −−−−−− n

K

n

K

n

K

n

K

n

K

n

K

n

K CCCCCCC   

 
6)5)(4)(3)(2)(1)()((

= 7

−−−−−−

−

kkkkkkk

fk            (3.2.3) 

 

−++−−+−−−−
+−−

62]172)[(()840294]12042)[([[(
1))(1)(2)((

1 2

67

23

7 nnnnnnn
nnnn



 

 

)360150)8562)(([(])4)((2)201)]2)((()120 6

23

6634556  +−−−−++−−−−−− − nnnnannn n

 

 

2)([()]17)(2)125]2)[3()60225]142)[(( 5523445

2

5 −++−−−+−−−++−− − nannnnnn n 

 

 

)])63)2)(3()2412)112)((()12060]565[ 12334

2

45

23  ++++−−−++−−−−−− nnnnnnnnn
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1)32)((()63]102)[(()24)1520352)[([ 23

2

34

23

44 −−−++−−−−+++−−+− nnnnnnnnnan 

 

 

)]2)3(1)10[26)]1932)(([()])2(5()2 01

2

2

23

33012  −−++++−−−++−++ − nnnnnnnan n

 

 

])])(2)(([]33)[6)]72)(([( 0

2

1101

2

22 nnn annnnannnna  +−−+−+−+−−+ −−  

 11

17

2

16

3

15

4

14

5

13

6

12

7

11 ] ++

+

+

+

+

+

+

+

+

+

+

+

+

+ −−−−−−− nn

n

n

n

n

n

n

n

n

n

n

n

n

n xCCCCCCC   

 
5)4)(3)(2)(1)()(1)((

= 6

−−−−−+

−

nnnnnnn

fn                         (3.2.4) 

 

−++−−+−−−−
++−

60]191)[(()840420]13141)[([[(
2)1)()(1)((

1 2

67

23

7 nnnnnnn
nnnn



 

 

+−−−−++−−−+−− − 240)8631)(([(])3)((2)2010)]1)(3(()120 23

6534556 nnnnannn n 

 

 

5423445

2

56 [()]6)(2)128]1)[3()60240)161)[(()360  +++−−+−−−++−− −nannnnnn

 

 

−++−−+++−−−−−−− )66)1)(3()2424)131)((()120120]6321)[( 334

2

45

23  nnnnnnnnn

 

 

1)(()6)21)[(()2448)38391)[([)]2 23

2

34

23

4312 −−+−−−−−+−++− − nnnnnnnnan n 

 

 

)4)7()12)191)(([()]3)(2()24)(3 2

2

23

3

32012  −−−−−−++++−+ − nnnnnann n  

 
5

23

6

22

7

2101

2

2101 ]34)[)71)(([()]22)(3( +

+

+

+

+

+− −−−−+−−−+−+ n

n

n

n

n

nnn CCCannnnan   

4)3)(2)(1)()(1)(2)((
= 52

26

3

25

4

24
−−−−++

−−− −+

+

+

+

+

+
nnnnnnn

f
CCC nn

n

n

n

n

n          (3.2.5) 
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2
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2
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34
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+
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+

+

+
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n

n

n

n
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−

nnnnnnn
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4)(()840630]58114)[([[(
7)6)(5)(4)((

1
67

23

7 +−+−+++
++++

nnnnn
nnnn

  

 nannnnn )]2)((2)2025)4)(3(()180)12029( 34556

2  ++−−++−++  

 
1)2)(3)(4)(5)(6)(7)((

=7
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+++++++

− +

+
nnnnnnn

f
C nn

n  (3.3.0) 

 

A Numerical Experiment  

We consider here the following problems for experiment with our results of the preceding 

sections. The exact error is defined by   𝜀 ∗= max
0≤𝑥≤1

[|𝑌(𝑥𝑘) − 𝑌𝑛(𝑥𝑘)|], 0 ≤ 𝑥 ≤ 1, [𝑥𝑘] =

[0.01𝑘], 𝑘 = 0(1)100 

Example 4.1 

 333 =)()()(16
4

1
)()( xxyxxyxxyxLy iv +++  

 8=(0) 0,=(0) 2,=(0) 1,=(0) − yyyy  

 Exact solution: xxy 2sin1=)( +  

𝑚 = 4, 𝑠 = 3 

The linear equations obtained were solved by Maple 18 package.  

Tabie 4.1a: Numerical Results for Example 4.1a(case 7=n ) 

x   Exact  Approximation 7)=(n  Errors  

.0 1.0000000000  1.0000000000  000.0000 +e  

.1 1.1986693310  1.1986693060  082.5190 −e  

.2 1.3894183420  1.3894182070  071.3488 −e  

.3 1.5646424730  1.5646424300  084.2896 −e  

.4 1.7173560910  1.7173565440  074.5325 −e  

.5 1.8414709850  1.8414717560  077.7102 −e  

.6 1.9320390860  1.9320390540  083.2322 −e  

.7 1.9854497300  1.9854480930  061.6373 −e  

.8 1.9995736030  1.9995722210  061.3823 −e  

.9 1.9738476310  1.9738500380  062.4070 −e  

10 1.9092974270  1.9092938860  063.5406 −e  
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Table 4.1b: Numerical Result for Example 4.1b( 8=n ) 

x   Exact  Approximation  Error  

.0  1.0000000000  1.0000000000  000.0000 +e  

.1  1.1986693310  1.1986693330  092.0832 −e  

.2  1.3894183420  1.3894183460  093.4859 −e  

.3  1.5646424730  1.5646424580  081.5186 −e  

.4  1.7178560910  1.7173560680  082.2947 −e  

.5  1.8414709850  1.8414710090  082.3801 −e  

.6  1.9320390860  1.9320391540  086.8033 −e  

.7  1.9854497300  1.9854497230  096.9754 −e  

.8  1.9995736030  1.9995734820  071.2100 −e  

.9  1.9738476310  1.9738476860  085.5465 −e  

10  1.9092974270  1.9092972460  071.8117 −e  

 

 

Table 4.1c: Numerical Result for Example 4.1c ( 9=n ) 

x   Exact  Approximation 9)=(n   Error  

.0   1.0000000000  1.0000000000  000.0000 +e  

.1   1.1986693310  1.1986693310  119.1858 −e  

.2   1.3894183420  1.3894183420  101.1671 −e  

.3   1.5646424730  1.5646424730  107.2551 −e  

.4   1.7173560910  1.7173560910  105.7954 −e  

.5   1.8414709850  1.8414709870  092.1114 −e  

.6   1.9320390860  1.9320390850  091.0526 −e  

.7   1.9854497300  1.9854497260  094.1769 −e  

.8   1.9995736030  1.9995736060  093.3152 −e  

.9   1.9738476310  1.9738476330  092.4362 −e  

10   1.9092974270  1.9092974360  099.2127 −e  
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CONCLUSION 

The derivation of an approximate scheme for a fourth order differentiation equations with 

third degree overdetermination by the integrated fromulation of the tau method has been 

presented. The class of ordinary differential equations under consideration were integrated 

four times and then pertubing the resulting equation. This is to guarantte an improved 

accuracy of the desired approximation viz-a-viz those of the recursive and the differential 

formulations. Numerical evidences from the application of the Integration Scheme show that 

it is accurate and effective.  
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