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ABSTRACT: This paper is concerned with the solution of a class of fourth order initial
value problems in ordinary differential equation by the integrated formulation of the tau
method. The initial focus is the class with a maximum of third degree overdetermination. The
matrix equations were constructed based on the degree of overdetermination and for purpose
of automation. The automated Tau System was tested on some selected problems to validate
the study numerical evidences, thus obtained, confirm the accuracy of the method.
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INTRODUCTION

Lanczos proposed the tau method techniques in 1983 for the numerical solution of ordinary
differential equation with some conditions given as

m N n

Ly,(x)i = Z( P, x¥ )y(r)(x) = Zfrxr a<x<bh (1.1)
r=0 \k=0 r=0

L*Y () = X750 are ¥ () = @ k=1(Dm (1.2)

By seeking an approximate solution of the form:

n

Yn(x) = Z a.x" (1.3)
r=0
r< +xof y(x) which is the exact solution of the corresponding perturbed system
n
L*xYn(x) = Z fr x"Hn(x) (1.4)
r=0
LYn(x,;) = <, k=1(1)m (1.5)
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Where

L is the linear differential operator &, f;, Ppx, Ny : 7 =01(1)m.K =
0(1)N, aand b are real constants, y(r) denoted the derivatives oforder r of y(x).
The perturbation term H,,(x) in 1.4 is defined by

m+s—1 m+s—1 n-m+i+1
Ha) = ) tiaTamin() = ) Ty Y GO (1.6)
i=0 i=0 i=0

And C,™s are the coefficient of power ofx (that is x™) in the nth degree chebyshev
polynomial denoted and defined by

n

2x—a—»b

T,.(x) = cos (ncos‘1 TD = z c,™ (1.7)
a r=0

The r's are the free tau parameters to be determined alongside with a,.and Sis the number of

over-determinations of (1.1), which is defined by

S =max[N, —r:0<r<m,N,>r] =0 (1.8)

LITERATURE REVIEW

The Tau method was initially formulated as a tool for the approximation of special function
of mathematical physics which could be expressed in terms of simple differential equations.
It later developed into a powerful and accurate tool for the numerical solution of complex
differential and functional equations. The main idea in it is to solve approximate problem.
Accurate approximate polynomial solution in a linear ordinary differential equation with
polynomial coefficient can be obtained by the Tau method introduced in [1]. The method is
related to the principle of economization of a differentiable function implicitly defined by a
linear differential equation with polynomial coefficient. Techniques based on the Tau method
have been reported in the literature with application to more general equations including non-
linear ones [2-3], while techniques based on direct Chebyshev replacement have been
discussed in [4] and more recently in the work of [5]. Further details on the Tau method can
be found in reference [6-13]. Because of the limitation in some of the works [7], this study
seeks to extend the scope to fourth order problems with third degree overdetermination.

The Integrated Formulation of the TAU Method
Description of the integrated formulation

Let us consider the m-th order linear differential system

Ly(x):= iar(x)y(r)(x) = Zf:frxr,a <x<b (9)
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r=0

m-1
L*y(xrx) = zarky(r)(xrk) =,

www.abjournals.org
k=1(1)m
let

(2.2)
=I5 oo

Let “‘J.-i-.[y(x)dx denote the indefinite integration i times applied to the function g(x) and
The integral form of (2.3) now becomes

(2.3)
1L (y09) = [[]-+ [ (9dx+Cppy (%)
The tau approximant y, (x) of (2.1), satisfies the perturbed problem:

(2.4)
(v, 00) = [[[ [ £ 00X+ Hy s (%)

(2.5)
L*Yn (er) = Oy, k=1(1)m
where:

m+s+1

(2.6)
Hn+m (X) = z l, Tm+s—rTn—m+r+1(X)
r=0

2.7)
A Class of Overdetermined Fourth Order Differential Equations

We consider here the integrated form of the tau method for the class of problems

Ly(x) :=iPr(x)y(”(x) =f(x), a<x<b

-1
L*yn (er) = Zark yrgr)(xrk) = Ay k= 0(1)(m _l)
r=0

(3.1.0)
(3.1.2)
NI’
I:)r (X) = Zprkxk
k=0
for the case m=4 and s=3.

(3.1.3)
So, we now derive a fifth degree approximants for the equation. From (3.1.0), the general
case for m=4, s=3 is given by
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Ly (x) = (oco+ocy x +0¢; x% +ocg X3 +o¢y x* +ots x° +0¢g X6 +o¢; x7)y™ (x) + o + B1x
+ Box? + Bax® + Byx* + Bsx® + Be)yt(x)
+ (Yo + 1% + V222 + ¥3x3 + Yux* + ysx2)yi(x) (Mg + A1x + A,x2 + A3x3

+ Aax M)yt (x)

+ (o + 1 X + ppx?

+uzx)y(x) = f(x) =D fx’ (3.1.4)
r=0

y(0)= 25, Y'(0) = £, Y'(0) = 2, y"(0) = o

where, for convenience, we have chosen «, 5,7, A and u to denote p,,p;, 0,, 0, and p,
respectively; x,, =0 and a=0. That s,

Ly(x) = on J: I; _[:(ao +aN+a N +aVi + oVt + oV +aVv +av')y" (v)dvdsdtdu + LXI:.E IOS
(B, + BV+ BNV + BN + BV + BV° + B)y'" (v)dvdsdtdu+ J:J:I; J:' (o +7V+ 7V + v +
7V +7.v°)y" (v)dvdsdtdu+ J:J':.E .[05 (A + AV + V% + AV + A,v*)y'(v)dvdsdtdu +

X U et oS X U et oS
L J; _[O L (1t + 1V + 1,V? + 1v*) y(v)dvdsdtdu = J"O jo L IO f (V)dvdsdtdu+z,T, ., (X)
+7 16 (X) + 7,1 s () + 75T, (X) + 7, T 5 (X) + 75T, (X) + 76T, (X) (3.1.5)

After simplifying and equating the Corresponding Coefficient Powers of x, we have the
recurrence relation:

n+7 n+6 n+5 n+4 n+3 n+2 n+l _
a8, —7,C " —7,Cp " —1,Cy " —7,Cp " —7,Cy " —7,Cy T —7,Cy T = oo (3.1.6)

Podo +agt ~7,Cl" - 7,Cl° ~ 2, ~1,C ~ 2. C1P ~ 0 0 1, O = aip ~200p, - 230, (3.1.7)

%[(370 —4B, —Ta,)a, — (a, + )8, — 2003, ] - 71C2n+7 - Tzc;% - T3C2+5 - 74C;+4 - z'5C2n+3 - TBCTZ - T7C;+l

— Pt 20,3, — PoYo —3V0Po —ABiPs — TP + a1y + 20, P, (3.1.8)
2
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1 n+ n+
g[(30a3 +128, +5y, +24,)a, + (8, +58, +3y,)a, —2(2a, + )@, + 3] —7,C4 ! —7,C; °

n+5 n+4 n+3 n+2 n+1
-7,C " —7,C" —7.C =7 ,C —7,C

- 181a,0y — 3,0, + 62,0, =350, +108,0 + 61100 + 2101 + Ao =5, p3 +3p1 + 55,0
6

(3.1.9)
1
a[(llﬁog4 +308, +8y, + A + 1y)a, + (820, + 145, + 4y, + 22y)a, + (18a, +12 8, + 67,)a, — (18, + 6 53,)

n+7 n+6 n+5 n+4 n+3 n+2 n+l
a, +24a49,]-7,C,"" -7,C;" -,C;” - 7,C)" =7 ,C, " —7,C) " —7,C;" =0

(3.2.0)
%[(720055 +1684, +368y, + 64, + 1)@, + (264a, + 96 B, + 24y, + 34, + 14)a, + 2(420, + 345, +11y,

+24,)a, + (60, + 423, +18y,)a, + 24(4e, + f3,)a, +120cr,a; |

n+7 n+6 n+5 n+4 n+3 n+2 n+l _
-7,C" -7,C."7 - ,C" —-,C - C -7 G —7,C. T =0

(3.2.1)
3—(130[(1440% +90045, +48y, + 244, + 1,)a, + (1240, + 300, + 60y, + 84, + 14)a, + (432c, —1983, —

46y, -5, + y)a, + (720, +144 8, + 42y, +64,)a, +120(11e, -84, —3y,)a, +60(5 + S, )a; +

flak=a+ 5]
k

n+7 n+6 n+5 n+4 n+3 n+2 n+l —
360¢,a,]-7,Cs"" —7,C " —7,C " —7,C¢ " —7.Ce T =7 ,Ce T —7,C T =0
k-1

k(k-1)

(3.2.2)
+ [a,(k-1) - (2e, + ) (k —1) —3(2cx, + B, + 7,)] &, tlaz(k-2)

(k—2)(k —1)k

(k—1)k =B + fp)(k ~2)(k ~1) = 3(6et; + 28, +11)(k = 2) ~ 26ty + 2, + 1 = )]

[oy (k=3)(k=2)(k —1)k - (4ex, + ;) (k =3)(k = 2)(k 1) -3(12c, +3f3; + 7,)
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(k=3)(k—2)—2(24c, + 655 + 2y, - 4) (k- 3)+(24a4+6ﬁ3+272+/11+ﬂ0)]
(k=3)(k-2)(k-1)k

_4

[os (k=3)(k =2)(k —1)k = (55 + 5,)(k =3)(k —=2)(k —1) —3(200;; + 43, +75)

(k—-3)(k—-2)—-2(60cy +123, + 3y, —A,)(k —3) — (120c, + 245, + 6y, + 24, +ﬂ1)]
(k-3)(k-2)(k-1)k

—5

[ors (k =3)(k = 2)(k —1)k — 6z, + f5;)(k —3)(k —2)(k 1) —3(300; +545; + 7,)

(k—3)(k—2)—2(120c5 +1205, + 4y, + A,)(k — 3)+(360a6+60,85+1274+3/13+/,12)]
(k-3)(k-2)(k-1)k

-6

[o; (k=3)(k=2)(k—1)k - (7er; + ;) (k =3)(k = 2) (k —1) —3(42cr, + 65 + )

(k—3)(k—2)—-2(210cr; + 305, + 5y + 4,)(k —3) + (840c, +1204, + 20y + 44, +,u3)]
(k=3)(k—-2)(k -1k

-7

n+7 n+6 n+5 n+4 n+3 n+2 n+1
7,C —1,C7 =, =7, C =7, G =7, C — 7, C ]

fis

3.2.3
" OK-Dk-DKk-3)Kk-4)k-5)(k-6) 823)

1
(n=2)(n-1)(n)(n+1)

[[(e, (n—2)[n® - 4n® —120n —294]+840c,) — (B, (n - 2)[n* +17n +62] -

1203;) = (75(n-2)(n-1)]-2075) - (24,(n - 4) + 3)a, 5] +[ (et (n— 2)(n* — 6n* —85n ~150) + 360z,

~(Bs(n=2)[n* +14n+225]-6043;) ~ 7, (N - 2)[3 +5]-12y,) — 24, (N -17) + p1,) ]85 +[(s (N - 2)

[n®-5n° —56n—-60]-120c) — (B,(N—2)(n* +11n+12) - 248,) — 7, (N —2)(3n+3) +6y,) + L,n+ 11,)]
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a, , +[e,(n—2)[-35n° +20n* +15n) + 24, ) — (B, (N —2)[n* —10n—3]+63,) + (7,(n— 2)(-=3n-1)

+27,)+(4(5-2n)+ 1)]a,_, +[(er;(n—2)(n* —3n* —19n + 6)]+ SB,[2n* +10n) + y,(1-3n) — 24,)]

a,., +[(e,(N-2)(n* =7 +6)]- A[n+3) -3y Ja,, +[en (N-2)(N* —n)(n+ 5;)]a, ]

n+7 n+6 n+5 n+4 n+3 n+2 n+l n+1l
-5,Chy —0,Coy —nCry —7,Cl —wCly — 7 Chy —7,CliIX

— fn—6
- (n+1)(n)(n-1)(n-2)(n—3)(n—4)(n-5)

(3.2.4)

1

D (D)) e (1-DIN° —4n® ~131n ~420]+840a) (4, (1 ~1)[n” +19n+60]

120;) — (75 (N =1)(3n +10)] - 2075 ) - (24, (n = 3) + 15)a, 51+ [(as (N -1)(n° —3n* —86n - 240) +

360c,) — (B, (n—1)[n* +16n+240)—60.,) — 7,(n—1)[3n+8] -12y,) — 24, (n+6) + w,)]a,_, + [(c%

(n—1)[n® - 2n? —63n—-120]-120c) — (B, (N —1)(n? +13n+24) + 248,) — y,(N—1)(3n + 6) + 6,) —

2,n—w)1a, 5 +[er, (n+1)[n* —39n* + 38n - 48) — 24a,) — (B, (N —1)[n* —2n) + 6 3,) — (y,(n—1)

(Bn+4)=2y,) + (42N +3) + p)]a,_, +[(er; (N -1)(n* ~19n) —120;,) - B, (n* —7N) —413,)

(nGn+2)-24)la,, +[(e,(N-1)(n* ~7n) - A[n+4) -3y, ]a, —7,C; —7,C1l7 —7,Crl;

fn—5
(n+2)(n+1)(n)(n=1)(n—-2)(n-3)(n—4)

n+4 n+3 n+2 —
-7,Chy —7C, —7Chls =

(3.2.5)
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(M(n+1)(n+2)(n+3)

[[(e,n[n® —n* —136n —554) +840c,) — (B,n)[n* + 21n +80] -
1208,) — (7sn(3n—7)]1-20y5) — 24, (n—2) + 15)]a, , ]+ [(aen(n3 —85n-336) +
360cz,) — (f;n(n* +18n +25) —603;) — (7,n(3n—5)~127,,) 2, (N—15) + 11,)]a, 5 +[(@sn

[n® +n* —64n-184]-120c,) — (B,n(N* +15n+38) + 24 3,) — 7,n(3n +9) + 67,) — 21, (N +1) — 14,)]

a,_, +[a,n[n’® +2n* —37n-86) + 24a,) — (B,N(N* +12n+23) — (7,N(3N+7) - 2y,)

—(4(2n=1) + p)]a, , +[(ezn(n’ +3n° ~16n - 30) - B,n(n +9) =12/3,) = (1(3n +5) — 24, )]a,

n+7 n+6 n+5 n+4 n+3
—1,.Chis — 7,05 —1Chs —7,Chls — 7G5

= fog (3.2.6)
(n+3)(n+2)(n+1)(nN)(n-1)(n—2)(n—13)

1
(n+1)(n+2)(n+3)(n+4)

[[(e, (n+1)[n* +2n* —135n —688]+840c, ) — (B (N +1)(n* +23n +102)

~120,) — (75 (n+1)(3n +16)]— 20y, ) — (24, (N —1) + 5)a, 51 +[(cts (N +1)(n* —9n* —94n — 282) +

3600, ) — (B; (N +1)(n* +20n+276)—60;) — 7, (N +1)[3n +14]-12y,) — 24, (n—-14) + w,)]a, , +

[( (N+1)[N° +4n% =590 — 234]-120cr, ) — (B, (N+1)(n* +17n+54) + 24 8,) — ,(n+1)(3n +36) + 6,)

—24,(n+2)—w)la, , +[a,(n+1)[n* +5n* —30n -120) + 24cx,) — (B, (N +1)[n° —4n—24) -6 3,) —
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(,(N+1)(@+2) ~2,) (420 +1) + )], ~ 7,CL —7,Ce —2,Cls 2, Clit

n+4 n+4 n+4 n+4

— fnf3
- (n+4)(n+3)(n+2)(n+1)(n)(n-1)(n-2)

(3.2.7)

1
(n+2)(n+3)(n+4)(n+5)

[[(er, (n+2)[n® +5n* —128n —822]+840c, ) — (B, (N + 2)(n* + 25n +12)

~1208,) — (7 (n+2)(3n +19)]- 20y, ) — (2A,n + w5)]a, _, +[(er; (N +2)(n° + 6n* —85n +520) +
360c,) — (B (n+2)(n* +22n+297)—604,) — 7,(n+2)(3n—-5) -12y,) — 22, (N -13) + w,)]a, , +

[(es (n+2)[n® + 7n? —48n —300]-120cz; ) — (B, (N + 2) (N> +19n+ 72) + 248,) — 7, (n + 2)(3n +15) + 67,

f
—22,(n+3)-w)la, —7,CM —7,CME —7,CM2 = 2 3.2.8

1

3T Ay e L@ (NN +BY ~11n 9441 +840) ~ (S, (0 +3)(n + 27 +152)

~1208,) — (75 (n+3)(n+14)]- 20y, ) — (24, (n+1) + 1,)]a, , +[ (s (N +3)(n* +9n* +70n —600) +

3600z, ) — (B (n+3)(n* +24n+320)-60.4,) — 7,(n+3)(3n+20) —12y,) — 24,(N—12) + 11,)]a, +

—7,Cpls —7,Chls = Foy (3.2.9)
(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)(n)
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1
(n+4)(n+5)(n+6)(n+7)

[[(er, (n+4)[n° +11n* +58n —630]+840c,) — (B, (N +4)

(n? +29n+180)12088,) — (¥ (n+ 4)(3n + 25) — 20y,) — (24, (N + 2) + 11,)]a,

-7,Cyl7 = b (3.3.0)
(n+7)(n+6)(n+5)(n+4)(n+3)(n+2)(n+1)

A Numerical Experiment

We consider here the following problems for experiment with our results of the preceding
sections. The exact error is defined by ¢ *= Omaxl[IY(xk) — Y, (x|, 0 <x <1,[x] =
<x<

[0.01k],k = 0(1)100
Example 4.1

LY() = " (0 +3 (16+X)y (0 + Xy () = ¢
YO =1, y(0)=2,y"(0)=0,y"(0)= -8
Exact solution: y(x) =1+sin2x

m =4, s=3
The linear equations obtained were solved by Maple 18 package.

Tabie 4.1a: Numerical Results for Example 4.1a(case n=7)

X Exact Approximation (n =7) Errors

0 1.0000000000 1.0000000000 0.0000e + 00
A 1.1986693310 1.1986693060 2.5190e-08
2 1.3894183420 1.3894182070 1.3488e —-07
3 1.5646424730 1.5646424300 4.2896e — 08
A4 1.7173560910 1.7173565440 4.5325¢ -07
5 1.8414709850 1.8414717560 7.7102e —-07
.6 1.9320390860 1.9320390540 3.2322e-08
v 1.9854497300 1.9854480930 1.6373e-06
8 1.9995736030 1.9995722210 1.3823¢-06
9 1.9738476310 1.9738500380 2.4070e - 06
10 1.9092974270 1.9092938860 3.5406e — 06

10
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Table 4.1b: Numerical Result for Example 4.1b(n=8)

X Exact Approximation Error

.0 1.0000000000 1.0000000000 0.0000e + 00
1 1.1986693310 1.1986693330 2.0832e-09
2 1.3894183420 1.3894183460 3.4859% -09

3 1.5646424730 1.5646424580 1.5186e —08

4 1.7178560910 1.7173560680 2.2947e-08
5 1.8414709850 1.8414710090 2.3801e-08

.6 1.9320390860 1.9320391540 6.80332-08

T 1.9854497300 1.9854497230 6.9754e - 09
8 1.9995736030 1.9995734820 1.2100e —-07

9 1.9738476310 1.9738476860 5.5465 - 08

10 1.9092974270 1.9092972460 1.8117e—-07

Table 4.1c: Numerical Result for Example 4.1c (n=9)

X Exact Approximation (n =9) Error

.0 1.0000000000 1.0000000000 0.0000e + 00
1 1.1986693310 1.1986693310 9.1858e-11
2 1.3894183420 1.3894183420 1.1671e-10

3 1.5646424730 1.5646424730 7.2551e-10
A4 1.7173560910 1.7173560910 5.7954e-10
5 1.8414709850 1.8414709870 2.1114e-09
.6 1.9320390860 1.9320390850 1.0526e—-09
T 1.9854497300 1.9854497260 4.1769% —09
8 1.9995736030 1.9995736060 3.3152e-09
9 1.9738476310 1.9738476330 2.4362e -09
10 1.9092974270 1.9092974360 9.2127e-09

11
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E.D_ _-‘-'-q-.

/

™~

1.3

1.6

yix)

1.4+

CONCLUSION

The derivation of an approximate scheme for a fourth order differentiation equations with
third degree overdetermination by the integrated fromulation of the tau method has been
presented. The class of ordinary differential equations under consideration were integrated
four times and then pertubing the resulting equation. This is to guarantte an improved
accuracy of the desired approximation viz-a-viz those of the recursive and the differential
formulations. Numerical evidences from the application of the Integration Scheme show that
it is accurate and effective.
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