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Abstract: In this paper will be showed that the constant 𝐶 of Beltrami is equal to 𝛬, the 

positive root of the second order of Spherical Bessel  𝑗2(𝑟) in Pekeris, Accad and Shkoler 

(PAS)  flow. [1] 
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INTRODUCTION 

Since Beltrami is PAS flow, then  

 𝐶𝒗 = 𝛁 × 𝒗 (1.1) 

The value of 𝐶 in (1.1) will be derived from the following equations 

 𝒗 = 𝒔 + 𝒕 (1.2) 

 ∇ × 𝒗 = ∇ × 𝒔 + ∇ × 𝒕 (1.3) 

 𝐶𝒗 = ∇ × 𝒔 + ∇ × 𝒕 (1.4) 

In PAS flow 

 𝒕 = (0,
𝑡2

2

sin 𝜃

𝜕𝑌2
2

𝜕𝜙
, −𝑡2

2
𝜕𝑌2

2

𝜕𝜃
) (1.5) 

 𝒔 = (
6

𝑟
𝑠2

2𝑌2
2,

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
,

1

𝑟 sin 𝜃

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜙
) (1.6) 

 

 

MAIN RESULTS 

Substitute (1.5) and (1.6) to (1.2) leads to 

𝒗 = (
6

𝑟
𝑠2

2𝑌2
2,

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
+

𝑡2
2

sin 𝜃

𝜕𝑌2
2

𝜕𝜙
,

1

𝑟 sin 𝜃

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜙
− 𝑡2

2
𝜕𝑌2

2

𝜕𝜃
) (2.1) 
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while 𝛁 × 𝒕 = (
6

𝑟
𝑡2

2𝑌2
2,

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜃
,

1

𝑟 sin 𝜃

𝜕

𝜕𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜙
) (2.2) 

and 

𝛁 × 𝒔 = (0,
1

𝑟 sin 𝜃
(

6

𝑟
𝑠2

2 −
𝜕2

𝜕𝑟2
(𝑟𝑠2

2))
𝜕𝑌2

2

𝜕𝜙
,
1

𝑟
(

𝜕2

𝜕𝑟2
(𝑟𝑠2

2)

−
6

𝑟
𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
) 

(2.3) 

 

Substitute (2.2) and (2.3) to (1.3) and to (1.4) lead to 

𝐶𝒗 = 𝐶 (
6

𝑟
𝑠2

2𝑌2
2,

1

𝑟

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
+

𝑡2
2

sin 𝜃

𝜕𝑌2
2

𝜕𝜙
,

1

𝑟 sin 𝜃

𝜕

𝜕𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜙
− 𝑡2

2
𝜕𝑌2

2

𝜕𝜃
) (2.4) 

𝛁 × 𝒗 = (
6

𝑟
𝑡2

2𝑌2
2,

1

𝑟 sin 𝜃
(

6

𝑟
𝑠2

2 −
𝜕2

𝜕𝑟2
(𝑟𝑠2

2))
𝜕𝑌2

2

𝜕𝜙

+
1

𝑟

𝜕

𝜕𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜃
,
1

𝑟
(

𝜕2

𝜕𝑟2
(𝑟𝑠2

2) −
6

𝑟
𝑠2

2)
𝜕𝑌2

2

𝜕𝜃

+
1

𝑟 sin 𝜃

𝜕

𝜕𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜙
) 

(2.5) 

 

Substitute (2.4) and (2.5) to (1.1) leads to the following identities 

𝐶 (
6

𝑟
𝑠2

2𝑌2
2) =

6

𝑟
𝑡2

2𝑌2
2 (2.6) 

𝐶 (
1

𝑟

𝑑

𝑑𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
+

𝑡2
2

sin 𝜃

𝜕𝑌2
2

𝜕𝜙
)

=
1

𝑟 sin 𝜃
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2))
𝜕𝑌2

2

𝜕𝜙
+

1

𝑟

𝑑

𝑑𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜃
 

(2.7) 

𝐶 (
1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜙
− 𝑡2

2
𝜕𝑌2

2

𝜕𝜃
)

=
1

𝑟
(

𝑑2

𝑑𝑟2
(𝑟𝑠2

2) −
6

𝑟
𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
+

1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜙
 

(2.8) 

Equation (2.6) can be reduced to  𝐶𝑠2
2 = 𝑡2

2 (2.9) 

  

Equations (2.7) and (2.8) are separated based 

on 

𝜕𝑌2
2

𝜕𝜃
,
𝜕𝑌2

2

𝜕𝜙
 leads to 
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Equations (2.7) 𝐶
1

𝑟

𝑑

𝑑𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
=

1

𝑟

𝑑

𝑑𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜃
 

 

 

𝐶
𝑑

𝑑𝑟
(𝑟𝑠2

2) =
𝑑

𝑑𝑟
(𝑟𝑡2

2) 
(2.10) 

𝐶
𝑡2

2

sin 𝜃

𝜕𝑌2
2

𝜕𝜙
=

1

𝑟 sin 𝜃
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2))
𝜕𝑌2

2

𝜕𝜙
 

 

𝐶
𝑡2

2

sin 𝜃
=

1

𝑟 sin 𝜃
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2)) 
 

𝐶𝑡2
2 =

1

𝑟
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2)) (2.11) 

  

Equations (2.8) 𝐶
1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑠2

2)
𝜕𝑌2

2

𝜕𝜙
=

1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑡2

2)
𝜕𝑌2

2

𝜕𝜙
  

𝐶
1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑠2

2) =
1

𝑟 sin 𝜃

𝑑

𝑑𝑟
(𝑟𝑡2

2)  

𝐶
𝑑

𝑑𝑟
(𝑟𝑠2

2) =
𝑑

𝑑𝑟
(𝑟𝑡2

2) equal to equation (2.10)  

𝐶 (−𝑡2
2

𝜕𝑌2
2

𝜕𝜃
) =

1

𝑟
(

𝑑2

𝑑𝑟2
(𝑟𝑠2

2) −
6

𝑟
𝑠2

2)
𝜕𝑌2

2

𝜕𝜃
  

𝐶(−𝑡2
2) =

1

𝑟
(

𝑑2

𝑑𝑟2
(𝑟𝑠2

2) −
6

𝑟
𝑠2

2)  

𝐶𝑡2
2 =

1

𝑟
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2)) equal to equation (2.11)  

 

Next, the magnitude of constant 𝐶 from equation (2.9), (2.10), (2.11) 

Since in the model of PAS flow,  𝑠2
2 = 𝐾𝛬𝑗2(𝛬𝑟) and  𝑡2

2 = 𝛬𝑠2
2 , then from (2.9) we have 

𝐶𝐾𝛬𝑗2(𝛬𝑟) = 𝐾𝛬2𝑗2(𝛬𝑟) . Hence  𝐶 = 𝛬. 

From (2.10) we have 

𝐶
𝑑

𝑑𝑟
(𝑟𝑠2

2) =
𝑑

𝑑𝑟
(𝑟𝑡2

2) 



African Journal of Mathematics and Statistics Studies  

ISSN: 2689-5323 

Volume 4, Issue 1, 2021 (pp. 75-80) 

78 

www.abjournals.org 

𝐶
𝑑

𝑑𝑟
(𝑟 𝐾𝛬𝑗2(𝛬𝑟)) =

𝑑

𝑑𝑟
(𝑟𝛬𝐾𝛬𝑗2(𝛬𝑟)) 

𝐶𝐾𝛬
𝑑

𝑑𝑟
(𝑟𝑗2(𝛬𝑟)) = 𝐾𝛬2

𝑑

𝑑𝑟
(𝑟𝑗2(𝛬𝑟)) 

𝐶 = 𝛬 

From (2.11), we have 

 

𝐶𝑡2
2 =

1

𝑟
(

6

𝑟
𝑠2

2 −
𝑑2

𝑑𝑟2
(𝑟𝑠2

2)) 

𝐶𝐾𝛬2𝑗2(𝛬𝑟) =
1

𝑟
(

6

𝑟
𝐾𝛬𝑗2(𝛬𝑟) −

𝑑2

𝑑𝑟2
(𝑟𝐾𝛬𝑗2(𝛬𝑟))) 

=
1

𝑟
(

6

𝑟
𝐾𝛬𝑗2(𝛬𝑟) −

𝑑

𝑑𝑟
(

𝑑

𝑑𝑟
(𝑟𝐾𝛬𝑗2(𝛬𝑟)))) 

The next step we used the following  recurrence formula  

ℎ𝑛
′ (𝑥) = ℎ𝑛−1(𝑥) −

𝑛 + 1

𝑥
ℎ𝑛(𝑥)

ℎ𝑛+1(𝑥) =
2𝑛 + 1

𝑥
ℎ𝑛(𝑥) − ℎ𝑛−1(𝑥)

}                     [2] 

1

𝑟
(

6

𝑟
𝐾𝛬𝑗2(𝛬𝑟) −

𝑑

𝑑𝑟
(

𝑑

𝑑𝑟
(𝑟𝐾𝛬𝑗2(𝛬𝑟)))) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬

𝑑

𝑑𝑟
(

𝑑

𝑑𝑟
𝑟𝑗2(𝛬𝑟)) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬

𝑑

𝑑𝑟
(𝑗2(𝛬𝑟) + 𝑟

𝑑

𝑑𝑟
(𝑗2(𝛬𝑟))) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬

𝑑

𝑑𝑟
(𝑗2(𝛬𝑟) + 𝑟 (𝛬𝑗1(𝛬𝑟) −

3

𝑟
𝑗2(𝛬𝑟))) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬

𝑑

𝑑𝑟
(𝑗2(𝛬𝑟) + 𝛬𝑟𝑗1(𝛬𝑟) − 3𝑗2(𝛬𝑟)) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬

𝑑

𝑑𝑟
(𝛬𝑟𝑗1(𝛬𝑟) − 2𝑗2(𝛬𝑟)) 
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=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬 (𝛬

𝑑

𝑑𝑟
(𝑟𝑗1(𝛬𝑟)) − 2

𝑑

𝑑𝑟
(𝑗2(𝛬𝑟))) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬 (𝛬 (𝑗1(𝛬𝑟) + 𝑟

𝑑

𝑑𝑟
(𝑗1(𝛬𝑟))) − 2 (𝛬𝑗1(𝛬𝑟) −

3

𝑟
𝑗2(𝛬𝑟))) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟)

−
1

𝑟
𝐾𝛬 (𝛬 (𝑗1(𝛬𝑟) + 𝑟 (𝛬𝑗0(𝛬𝑟) −

2

𝑟
𝑗1(𝛬𝑟))) − 2𝛬𝑗1(𝛬𝑟) +

6

𝑟
𝑗2(𝛬𝑟)) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬 (𝛬𝑗1(𝛬𝑟) + 𝛬2𝑟𝑗0(𝛬𝑟) − 2𝛬𝑗1(𝛬𝑟) − 2𝛬𝑗1(𝛬𝑟) +

6

𝑟
𝑗2(𝛬𝑟)) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬 (𝛬2𝑟𝑗0(𝛬𝑟) − 3𝛬𝑗1(𝛬𝑟) +

6

𝑟
𝑗2(𝛬𝑟)) 

=
6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

6

𝑟2
𝐾𝛬𝑗2(𝛬𝑟) −

1

𝑟
𝐾𝛬(𝛬2𝑟𝑗0(𝛬𝑟) − 3𝛬𝑗1(𝛬𝑟)) 

= −
1

𝑟
𝐾𝛬(𝛬2𝑟𝑗0(𝛬𝑟) − 3𝛬𝑗1(𝛬𝑟)) 

= −𝐾𝛬 (𝛬2𝑗0(𝛬𝑟) −
3

𝑟
𝛬𝑗1(𝛬𝑟)) 

= −𝐾𝛬3 (𝑗0(𝛬𝑟) −
3

𝛬𝑟
𝑗1(𝛬𝑟)) 

= 𝐾𝛬3𝑗2(𝛬𝑟) 

𝐶𝐾𝛬2𝑗2(𝛬𝑟) = 𝐾𝛬3𝑗2(𝛬𝑟) , so 𝐶 = 𝛬 

 

 

 

CONCLUSION 

The magnitude of constant 𝐶 in Beltrami flow is equal to 𝛬, the positive roots of  second 

order of Spherical Bessel function 𝑗2(𝑟).  
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