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ABSTRACT: Missing observations in an experimental design
may lead to ambiguity in decision making thereby bringing an
experiment to disrepute. Robustness, therefore, enables a process,
not to break down in the presence of missing observations. This
work constructed a modified central composite design (MCCD)
from a four-variable central composite design (CCD) augmented
with four center points using the leverage of a hat-matrix. The
robustness of the CCD and MCCD were assessed when a design
point is missing at the factorial, axial, and center points of the
experiment, for a non-standard model, using the loss criterion, D-
optimality, D-efficiency, and relative D-efficiency. When the
designs are complete the MCCD shows higher D-efficiency and
D-optimality for the non-standard model when compared to the
CCD. In the absence of an observation from any of the designs,
the CCD is found to be a more robust and efficient design
compared to the MCCD as it has overall lower loss values at all
the factors levels.
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INTRODUCTION

The expectation of every researcher when conducting an experiment whether natural or
simulated is that all the input variables are likely to perform optimally. However, this situation
IS not always true as most treatment combinations in an experiment may not realize this feat
due to a wide variety of field conditions, which may not be anticipated at the inception of the
experiment. Non-collection of some relevant data due to unanticipated circumstances such as
machine error, or in the event that some of the data points are suspicious and/or are missing
may lead to situations when some observations may be missing. Akram (2002) observed that
missing observation may affect the eventual estimation of the model parameter, particularly
when the design is poorly structured. Missing observations may also disturb the statistical
power of the test, thereby offering biased parameter estimation and giving unacceptable
decisions; (lwundu 2017). Analysis of missing observations posed a lot of problems to
researchers before now, but some simpler ways of overcoming the problems associated with
missing observations may have been developed. These include, but are not limited to
replacement of the missing values and/or the application of robust statistical designs against
missing observations (Akhtar 2001; Ilwundu 2017; Alrweili, et. al. 2019). Some notable
findings made in the area of missing observations are found in the works of Hedayat and John
(1974) who painstakingly x-rayed robust balanced incomplete block (BIB) design, while
Andrews and Herzberg (1979) compensated for the possible loss of observation by maximizing
the expected value of the determinant of the information matrix; Ghosh (1982) observed that
some design points are more informative than the others in most designs and the effects of
missing one or two design points attract a higher loss in efficiency; Herzberg and Andrews
(1975) studied the probability of losing an observation at a design point. Furthermore, Ahmed
(2014) studied the ‘missing values estimation comparison in split-plot design’ which shows
that one missing value obtains the same estimates, while two or three missing values show that
the Coons method is the best. In their work Alrweili, et. al (2019) suggested that Akhtar and
Prescot (1986) applied the Minimax loss criterion to evaluate and generate CCDs, which, when
applied to a classical CCD with four factors, generated 26 runs. Furthermore, Ahmed et al
(2012), considered the multilevel augmented second-order response surface design, robust to
missing observations. A response surface can therefore be fitted to predict an experiment where
two or more variables are involved. Model fitting is a very vital aspect of experimental design,
in that it is done at the inception of the experiment and used to predict or ascertain the optimum
response. Montgomery (2013) suggested that the fitted model might be used to generalize or
guess the response at various factor levels in an experiment. The resultant study of the outcome
is always evaluated with the help of Response Surface Methodology (RSM), which suggests
that a system varies with the changing levels of the input variables. The mathematical equation
used to fit a response surface methodology is always a polynomial equation. The second-order
standard model is normally used to fit a central composite design (CCD) which is made up of
a combination of factorial or fractional factorial points, axial and center points. However, not
all the terms in the standard model are statistically significant, which may result in the removal
of some parameters of a standard model. The equation that is generated as a result of the
removal of some parameters in a standard model is called a non-standard model (Myers et. al
2009; Iwundu 2018; Ilwundu and Jaja 2017; Alrweili et. al 2019). The second-order non-
standard models shall be applied to the central component designs to generate its associated
design matrix, which is used to compute the hat matrix. The leverage of a Hat matrix is used
to ascertain the components of the design measure that will be included in the design. The
resultant design measure is called the modified central composite design (MCCD). The
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research examines how efficient and robust the CCD and MCCD will perform when one

observation is removed using the D-optimality and the relative efficiency and relative loss
thereof.

MATERIALS AND METHOD

Any non-standard second-order response surface model with K design variables and p
parameters may be expressed in matrix form as presented below:

Y=X*B+e 2.1
D < (k+D)(k +2)
The model parameters for the above non-standard model will be - 2

The design measure & for consideration in this work is four variables rotatable CCD
augmented with some center points as shown below:

F F F F
Xip X1 Xy Xy

F F F F
Xio X2 Xy Xy

)(12k Xzz“ )(32k X42k
A A A A
Xll X21 XSl X41
A A A A
X12 X22 X32 X42
Sy =
A A A A
X12k X22k X32k X42k
C C C Cc
Xll X21 X3l X41
C C C C
X12 X22 X32 X42
C C C C
L XlnC X2nC XSnC X4nC |
F A C
X XX . . . . .
where i’ i % gre elements in the design measure corresponding to the factorial, axial, and

F
: - —
center points. Furthermore, the factorial is coded as Xj =+1

ij‘ =(0,..,x«;,...,0)

ijr

, the axial points will be of the

: , x? =(0,...,0)
form and the center points will be of the form i . One or more

center points may be added to the design. Worthy of note is that the axial points are used to
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define the design, as the design under consideration shall be rotatable design where ¢ = (F)*

and F =2 Kk is the number of variables in the design measure.

The design matrix X is obtained by using the design measure and the second-order non-
standard model as presented below:

F F F F FF FF Fy2 Fy\2
1 X1 X321 X31 X1 X11 X521 X31X31 (Xll) (X41)

F F F F F F F F F \2 F \2
1 X12" Xzzk X32k X42k X12K XzzK X22K X32'< (X12'<) (X42k)

A A A A Ay A AyA Ay2 A2
1 X1 X321 X31 X1 X11X21 X21X31 (Xn) (X41)

Xpr =

A A A A A A A A A 2 A 2
1 Xk Xome  Xaok Xazk Xk Xozk  XomeXazw  (X{x) (X42x)

c c c c c,C c,C Ccy2 Ccy2
1 X11 X1 X31 Xa1 X1 X1 X11X31 (Xn) (X41)

c c c c c C c C C 2 C 2
1 X1nC inC X3nc X4nC XlnC inC X1nc X3nc (Xlnc) (X4nc)

A Tyy-1yT
The least squares estimate of the vector of unknown parameter Bis B=(X"X)" Xy,

The estimated response is as presented below:
J=XB=X(XTX) X y=Hy 29

H=X(XT*X) X

where is called the Hat Matrix and is presented below:

dll d12 le
H=X(XTX)* X7 =[F] [A] [e]=| % %= o O
le sz dNN

The partitioning in the hat matrix shows that some columns within the hat matrix correspond

to the factorial points[':], some others correspond to the axial points [A]while others

correspond to the center points [C] The diagonal elements of the hat matrix d; are the degree
of the leverage wielded by the i point pulling the model toward its y-value. When the values
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of d; are high, it is expected that the coordinates at that point have a better influence on the
regression parameters. However, this unique property of the hat matrix is not always the case
in a non-standard model. Therefore, the examination of the hat matrix helps in ascertaining the
components of the central composite design that has a lesser influence on the design and is
subsequently removed. The remaining observation in the design measure is referred to as the
modified central composite design (MCCD).

In the event that m observations are missing from an experiment (the design measure), it,
therefore, follows that m row(s) will be missing in the design measure which will, in turn, give
rise to a reduction in the design matrix X that will have m row(s) missing and the

corresponding model matrix with the missing observations will be presented as Xn (where
X

m=1,2,3...) while the remaining shall be presented as
matrices can be partitioned as follows:

gt

observations, and X risan " P row matrix of the remaining row that makes up the full design
matrix. The original information matrix shall maintain its dimension irrespective of the missing

observation. For any number of the missing observation, the XX for the complete design is

r. The relationship between these

Where Xmis an M>Pmatrix of rows corresponding to the m missing

h
reduced by XnXn The relationship between the missing design matrix and remaining design
matrix will have their information matrices sum up to the original information matrix, the
under-listed assertions were culled from (Iwundu 2017; Alweili et. al 2019), the partitioning
may be written as

XTX =XIX, +XTX,

2.3
multiplying both sides of the equation by X ! X results in
T Ty -1 T Ty -1
1, = (XX )OXTX) 4+ (XX )(XTX)
by .
is an identity matrix of order p. By rearranging
det(X | X B}
#zdet[l —(XE X )(XTX) Y
det(X"X) .
29 Article DOI: 10.52589/AJMSS-C5NKOI81

DOI URL.: https://doi.org/10.52589/AJMSS-C5NKOI181



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 4, Issue 2, 2021 (pp. 25-40) www.abjournals.org

1 II II'| II.

_ T T
t ‘I (X X )(X X)‘ is called the diagonal element of the m" compound of

(1-H) , Where H is the hat matrix according to the M missing observations and ! is the identity
matrix having the same dimension as H (Akhtar 1987).

The componen

According to Alweili et. al (2019), the determinant of the complete information matrix using
the partitioned matrix above may be expressed

XTX[=|X7 X, +[XTX,

2.6
and the resultant relative loss due to any set of missing observations is defined as follows:
_PIX] XX
BN
2.7

The relative loss in D-optimality with respect to any missing observation lies within the interval
of 0<1<1

The other steps involved in this study of the robustness of the CCD and MCCD with replicated
center points, for a k parameter non-standard model.

Step 1. Set up the design matrices
Step 2. Compute the information matrices and associated normalized matrices.
Step 3. Compute the D-efficiency

Step 4. Compute the loss criterion

RESULTS

The design measure is a four variables central composite design that is made up of the factorial,
axial and the replicated four center points is as shown below:
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The four variables nine parameter model is presented below:
2 2
Y =B+ BiXy + BoXy + BoXg + BuXy + ProXiXy + Br3XoXg + Xy + PuuXi +E 31

The corresponding design matrix is generated from the design points and the model parameters

associated with the non-standard model, which givesa N % P =28x9 gesign matrix, as shown
below:
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(1 -1 -1 -1 -1 1 1 1 1]
1 1 -1 -1 -1 -1 1 1 1
1 -1 1 -1 -1 -1 -1 1 1
1 1 1 -1 -1 1 -1 1 1
1 -1 -1 1 -1 1 -1 1 1
1 1 -1 1 -1 -1 -1 1 1
1 -1 1 1 -1 -1 1 1 1
1 1 1 1 -1 1 1 1 1
1 -1 -1 -1 1 1 1 1 1
1 1 -1 -1 1 -1 1 1 1
1 -1 1 -1 1 -1 -1 1 1
1 1 1 -1 1 1 -1 1 1
1 -1 -1 1 1 1 -1 1 1
1 1 -1 1 1 -1 -1 1 1

Xoso =4 11 1 1 11 1 1
1 1 1 1 1 1 1 1 1
1 2 0 0 0 0 0 4 0
1 -2 0 0 0 0 0 4 0]
1 0 2 0 0 0 0 0 0
1 0 -2 0 0 0 0 0 0
1 0 0 2 0 0 0 0 0
1 0 0 -2 0 0 0 0 0
1 0 0 0 2 0 0 0 4
1 0 0 0 -2 0 0 0 4
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0
|1 0 0 0 0 0 0 0 0|

The associated information matrix X' X is presented below:

260 0 0 0 0O 0 24 24
02 00000 00

0 02 0000 00

0 0 02000 00
X"X=| 0 0 0 02 00 0 O
0 00O 0116 00 0
000000126 00

24 0 0 0 0 0 0 48 16

| 24 0 0 0 0O 0 0 16 48]

Determinant of the information matrix is 1.7395x10"
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The normalized information matrix is

1.0000 0 0 0
0 0.8571 0 0
0 0 0.8571 0
0 0 0.8571
0 0 0 0.8571
0 0 0 0
0

0

0

0
0
0
0 0
0
0
0

0.8571
0.8571

0
0
0

0
0

0
0

5714

0.8571 0.8571
0 0

O O O o o

O O O O
o O O O O

0
1.7143 0.5714
0.5714 1.7143]

0 0.5714
0 0
0 0

The determinant of the normalized information matrix is 0.1644

The design efficiency of the complete CCD is

XTX|o

1

x100 =81.99

The hat matrix associated with the CCD when the design measure is complete

03292 0.1208 -0.0042 0.0375 0.1208 -0.0875 0.0375 0.0792 0.2458 0.0375 -0.0875 -0.0458 0.0375 -0.1708
0.1208 0.3292 0.0375 -0.0042 -0.0875 0.1208 0.0792  0.0375 0.0375 0.2458 -0.0458 -0.0875 -0.1708 0.0375
-0.0042 00375 03292 0.1208 0.0375 00792 0.1208 -0.0875 -0.0875 -0.0458 0.2458 0.0375 -0.0458 -0.0042
0.0375 -0.0042 0.1208 0.3292 0.0792 0.0375 -0.0875  0.1208 -0.0458 -0.0875 0.0375 0.2458 -0.0042 -0.0458
0.1208 -0.0875 0.0375 0.0792 0.3292 0.1208 -0.0042  0.0375 0.0375 -0.1708 -0.0458 -0.0042 0.2458 0.0375
-0.0875 0.1208 0.0792 0.0375 0.1208 0.3292 0.0375 -0.0042 -0.1708 0.0375 -0.0042 -0.0458 0.0375 0.2458
0.0375 0.0792 0.1208 -0.0875 -0.0042 0.0375 0.3292 0.1208 -0.0458 -0.0042 0.0375 -0.1708 -0.0875 -0.0458
0.0792 0.0375 -0.0875 0.1208 0.0375 -0.0042 0.1208  0.3292 -0.0042 -0.0458 -0.1708 0.0375 -0.0458 -0.0875
0.2458 0.0375 -0.0875 -0.0458 0.0375 -0.1708 -0.0458 -0.0042 0.3292 0.1208 -0.0042 0.0375 0.1208 -0.0875
0.0375 0.2458 -0.0458 -0.0875 -0.1708 0.0375 -0.0042 -0.0458 0.1208 0.3292 0.0375 -0.0042 -0.0875 0.1208
-0.0875 -0.0458 0.2458 0.0375 -0.0458 -0.0042 0.0375 -0.1708 -0.0042 0.0375 0.3292 0.1208 0.0375 0.0792
-0.0458 -0.0875 0.0375 0.2458 -0.0042 -0.0458 -0.1708 0.0375 0.0375 -0.0042 0.1208 0.3292 0.0792 0.0375
0.0375 -0.1708 -0.0458 -0.0042 0.2458 0.0375 -0.0875 -0.0458 0.1208 -0.0875 0.0375 0.0792 0.3292 0.1208
-0.1708 0.0375 -0.0042 -0.0458 0.0375 0.2458 -0.0458 -0.0875 -0.0875 0.1208 0.0792 0.0375 0.1208 0.3292
-0.0458 -0.0042 0.0375 -0.1708 -0.0875 -0.0458 0.2458 0.0375 0.0375 0.0792 0.1208 -0.0875 -0.0042 0.0375
-0.0042 -0.0458 -0.1708 0.0375 -0.0458 -0.0875 0.0375 0.2458 0.0792 0.0375 -0.0875 0.1208 0.0375 -0.0042
-0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333
0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333 0.1333 -0.0333
-0.0583 -0.0583 0.1083 0.1083 -0.0583 -0.0583 0.1083 0.1083 -0.0583 -0.0583 0.1083 0.1083 -0.0583 -0.0583
0.1083 0.1083 -0.0583 -0.0583 0.1083 0.1083 -0.0583 -0.0583 0.1083 0.1083 -0.0583 -0.0583 0.1083 0.1083
-0.0583 -0.0583 -0.0583 -0.0583 0.1083 0.1083 0.1083  0.1083 -0.0583 -0.0583 -0.0583 -0.0583 0.1083 0.1083
0.1083 0.1083 0.1083 0.1083 -0.0583 -0.0583 -0.0583 -0.0583 0.1083 0.1083 0.1083 0.1083 -0.0583 -0.0583
-0.0333 -0.0333 -0.0333 -0.0333 -0.0333 -0.0333 -0.0333 -0.0333 0.1333 0.1333 0.1333 0.1333 0.1333 0.1333
0.1333 0.1333 0.1333 0.1333 0.1333 0.1333 0.1333 0.1333 -0.0333 -0.0333 -0.0333 -0.0333 -0.0333 -0.0333
0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250
0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250  0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250
0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250
0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250  0.0250 0.0250 0.0250 0.0250 0.0250 0.0250 0.0250

-0.0458 -0.0042 -0.0333 0.1333 -0.0583 0.1083 -0.0583 0.1083 -0.0333 0.1333 0.0250 0.0250 0.0250
-0.0042 -0.0458 0.1333 -0.0333 -0.0583 0.1083 -0.0583 0.1083 -0.0333 0.1333 0.0250 0.0250 0.0250
0.0375 -0.1708 -0.0333 0.1333 0.1083 -0.0583 -0.0583  0.1083 -0.0333 0.1333 0.0250 0.0250 0.0250
-0.1708 0.0375 0.1333 -0.0333 0.1083 -0.0583 -0.0583 0.1083 -0.0333 0.1333 0.0250 0.0250 0.0250
-0.0875 -0.0458 -0.0333 0.1333 -0.0583 0.1083 0.1083 -0.0583 -0.0333 0.1333 0.0250 0.0250 0.0250
-0.0458 -0.0875 0.1333 -0.0333 -0.0583 0.1083 0.1083 -0.0583 -0.0333 0.1333 0.0250 0.0250 0.0250
0.2458 0.0375 -0.0333 0.1333 0.1083 -0.0583 0.1083 -0.0583 -0.0333 0.1333 0.0250 0.0250 0.0250
0.0375 0.2458 0.1333 -0.0333 0.1083 -0.0583 0.1083 -0.0583 -0.0333 0.1333 0.0250 0.0250 0.0250
0.0375 0.0792 -0.0333 0.1333 -0.0583 0.1083 -0.0583 0.1083 0.1333 -0.0333 0.0250 0.0250 0.0250
0.0792 0.0375 0.1333 -0.0333 -0.0583 0.1083 -0.0583  0.1083 0.1333 -0.0333 0.0250 0.0250 0.0250
0.1208 -0.0875 -0.0333 0.1333 0.1083 -0.0583 -0.0583 0.1083 0.1333 -0.0333 0.0250 0.0250 0.0250
-0.0875 0.1208 0.1333 -0.0333 0.1083 -0.0583 -0.0583  0.1083 0.1333 -0.0333 0.0250 0.0250 0.0250
-0.0042 0.0375 -0.0333 0.1333 -0.0583 0.1083 0.1083 -0.0583 0.1333 -0.0333 0.0250 0.0250 0.0250
0.0375 -0.0042 0.1333 -0.0333 -0.0583 0.1083 0.1083 -0.0583 0.1333 -0.0333 0.0250 0.0250 0.0250
0.3292 0.1208 -0.0333 0.1333 0.1083 -0.0583 0.1083 -0.0583 0.1333 -0.0333 0.0250 0.0250 0.0250
0.1208 03292 0.1333 -0.0333 0.1083 -0.0583 0.1083 -0.0583 0.1333 -0.0333 0.0250 0.0250 0.0250
-0.0333 0.1333 0.5667 0.2333 -0.0500 -0.0500 -0.0500 -0.0500 -0.1000 -0.1000 -0.0500 -0.0500 -0.0500
0.1333 -0.0333 0.2333 0.5667 -0.0500 -0.0500 -0.0500 -0.0500 -0.1000 -0.1000 -0.0500 -0.0500 -0.0500
0.1083 0.1083 -0.0500 -0.0500 0.2667 -0.0667 0.1000  0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000
-0.0583 -0.0583 -0.0500 -0.0500 -0.0667 0.2667 0.1000 0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000
0.1083 0.1083 -0.0500 -0.0500 0.1000 0.1000 0.2667  -0.0667 -0.0500 -0.0500 0.1000 0.1000 0.1000
-0.0583 -0.0583 -0.0500 -0.0500 0.1000 0.1000 -0.0667 0.2667 -0.0500 -0.0500 0.1000 0.1000 0.1000
0.1333 0.1333 -0.1000 -0.1000 -0.0500 -0.0500 -0.0500  -0.0500 0.5667 0.2333 -0.0500 -0.0500 -0.0500
-0.0333 -0.0333 -0.1000 -0.1000 -0.0500 -0.0500 -0.0500 -0.0500 0.2333 0.5667 -0.0500 -0.0500 -0.0500
0.0250 0.0250 -0.0500 -0.0500 0.1000 0.1000 0.1000 0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000
0.0250 0.0250 -0.0500 -0.0500 0.1000 0.1000 0.1000 0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000
0.0250 0.0250 -0.0500 -0.0500 0.1000 0.1000 0.1000 0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000
0.0250 0.0250 -0.0500 -0.0500 0.1000 0.1000 0.1000 0.1000 -0.0500 -0.0500 0.1000 0.1000 0.1000

The hat matrix above showed that the diagonal elements at the factorial points are constant at

0.3292 and likewise at the center points at

0.1000 respectively, whereas there are two

contrasting diagonal elements at the axial portion of 0.5667 and 0.2667. From the foregoing, it

shows that the design points corresponding to
contributions to the performance of the project

points are (0,2,0,0), (0,-2,0,0,), (0,0,2,0) and (0,

the lower diagonal elements make little or no
and are therefore dropped. The affected design
0,-2,0). Now, the design measure without these

design points is called the Modified Central composite Design. MCCD presented below:
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-1 1 1 -1
1 1 1 -1
-1 -1 -1 1
1 -1 -1 1
-1 1 -1 1
1 1 -1 1
gMCCD = _ 1 -1 1 1
1 -1 1 1
-1 1 1 1
1 1 1 1
-2 (] (o] o
2 (] (o] (o]
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(o] o (o] (o]
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The design points in the MCCD are 24 showing that four design points are non-influential in
the CCD and have been dropped. The associated design matrix is

1 -1 -1 -1 o 1 1 1 0
1 -1 -1 -1 o 1 1 1 o
1 1 -1 -1 o -1 1 1 o
1 1 -1 -1 0 -1 1 1 o
1 -1 1 -1 o -1 -1 1 0
1 -1 1 -1 o -1 -1 1 o
1 1 1 -1 o 1 -1 1 o
1 1 1 -1 0 1 -1 1 0
1 -1 -1 1 o 1 -1 1 0
1 -1 -1 1 o 1 -1 1 o
1 1 -1 1 0 -1 -1 1 o

« |1 1 -1 1 o -1 -1 1 0
1 -1 1 1 o -1 1 1 o
1 -1 1 1 o -1 1 1 o
1 1 1 1 o 1 1 1 o
1 1 1 1 o 1 1 1 0
1 o 0 ) o o} o 0 0
1 o 0 ) 0 0 0 0 0
1 0 0 2 0 o} 0 0 0
1 0 0 -2 0 0 0 0 0
1 o 0 ) o 0 o 0 o
1 o 0 ) 0 0 0 0 0
1 0 0 ) 0 o} o 0 0
|1 o 0 ) 0 0 o 0 0|
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the information matrix is

XTX

(24 0

0 24

0 O

0 O

=l 0 O
0 O

0O O
24 0
|24 0

0 24 247]
0O 0 O
0O 0 O
0O 0 O
0O 0 O
0O 0 O
16 0 O
0O 48 16
0 16 48]

The determinant of the information matrix is 4.6386e+011

The normalized information matrix is

X

X

24

Determinant of the normalized information matrix is 0.1756

[1.0000 0 0 0] 0 0 0
0 1.0000 0 0 0 0 0
0 0 0.6667 0 0 0 0
0] 0 0 0.6667 0 0 0]
= 0 0 0 0 1.0000 0 0
0] 0 0] 0 0 0.6667 0]
0] 0 0] 0 0 0 0.6667
1.0000 0 0 0 0 0 0
| 1.0000 0 0 0] 0 0] 0

The hat matrix of the MCCD is

0.3750
0.1667
-0.0000
0.0417
0.1250
-0.0833
-0.0000
0.0417
0.2917
0.0833
-0.0833
-0.0417
0.0417
-0.1667
-0.0833
-0.0417
-0.0417
0.1250
-0.0417
0.1250
0.0417
0.0417
0.0417
0.0417
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0.1667
0.3750
0.0417

-0.0000
-0.0833

0.1250
0.0417

-0.0000

0.0833
0.2917

-0.0417
-0.0833
-0.1667

0.0417

-0.0417
-0.0833

0.1250

-0.0417

-0.0417
0.1250
0.0417
0.0417
0.0417
0.0417

-0.0000 0.0417 0.1250

0.0417 -0.0000 -0.0833
0.3750 0.1667 -0.0000
0.1667 0.3750 0.0417

-0.0000 0.0417 0.3750

0.0417 -0.0000 0.1667
0.1250 -0.0833 -0.0000

-0.0833 0.1250 0.0417
-0.0833 -0.0417 0.0417
-0.0417 -0.0833 -0.1667

0.2917 0.0833 -0.0833
0.0833 0.2917 -0.0417

-0.0833 -0.0417 0.2917
-0.0417 -0.0833 0.0833

0.0417 -0.1667 -0.0833
-0.1667 0.0417 -0.0417
-0.0417 0.1250 -0.0417
0.1250 -0.0417 0.1250
-0.0417 -0.0417 -0.0417
0.1250 0.1250 0.1250
0.0417 0.0417 0.0417
0.0417 0.0417 0.0417
0.0417 0.0417 0.0417
0.0417 0.0417 0.0417

-0.0833
0.1250
0.0417

-0.0000
0.1667
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0.0417

-0.0000
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0.1250
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0.1667
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0.0417
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0.2917
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-0.0417 0.0417
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0.1667 -0.0000
0.3750 0.0417
0.0417 0.3750
-0.0000 0.1667
-0.0833 -0.0000
0.1250 0.0417
0.0417 0.1250
-0.0000 -0.0833
0.1250 -0.0417
-0.0417 0.1250
0.1250 0.1250
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-0.1667 -0.0833
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0.0417  0.1250
-0.0000 -0.0833
0.1667 -0.0000
0.3750 0.0417
0.0417 0.3750
-0.0000 0.1667
-0.0833 -0.0000
0.1250 0.0417
0.1250 -0.0417
-0.0417 0.1250
0.1250 0.1250
-0.0417 -0.0417
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-0.1667
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-0.0417
-0.0833
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When the identity treatment [_1 -1 -1 _1] IS missing from the CCD the remaining

design measure is

The design matrix

36
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.
The information matrix X1 X1 when the identity row is removed from the CCD is

(27 1 1 1 1 -1 -1 23 23

123 -1 -1 -1 1 1 1 1
1 -1 23 -1 -1 1 1 1 1
1 -1 -1 23 -1 1 1 1 1
1 -1 -1 -1 23 1 1 1 1

-21 1 1 1 15 -1 -1 -1
i 1 1 1 -1 15 -1 -1
23 1 1 1 1 -1 -1 47 15
1 1 1 1 -1 -1 15 47

The D-optimality is 1.1669e+12

The D-efficiency value for the removal of the identity row is 78.27

T

loss =1— xm);’“ =0.3292

XT

The loss relative D-optimality when the identity row is missing is

Table 3.1: Optimality measure and efficiency value for the CCD and MCCD

Design type T X T X D-Efficienc
noe det(X, X,) det(=2) Y

CCD 1.7395e+12 0.1644 81.99

MCCD 4.6386e+11 0.1756 82.58

Table 3.2: D-efficiency and loss due to one Missing Observation for the CCD

Missing design det( X ; X . ) det( X ; X ) D-Efficiency det( X ; X m) Loss

point N det(XTX)
1111 116696412 0.1103 78.27 0.6708 0.3292
1-1-1-1 11669e+12  0.1103 78.27 0.6708 0.3292
11-1-1 11669e+12  0.1103 78.27 0.6708 0.3292
11-1-1 11669e+12  0.1103 78.27 0.6708 0.3292
1-11-1 11669e+12  0.1103 78.27 0.6708 0.3292
1-11-1 11669e+12  0.1103 78.27 0.6708 0.3292
111-1 11669e+12  0.1103 78.27 0.6708 0.3292
111-1 11669e+12  0.1103 78.27 0.6708 0.3292
1-1-11 11669e+12  0.1103 78.27 0.6708 0.3292
1-1-11 11669e+12  0.1103 78.27 0.6708 0.3292
11-11 11669e+12  0.1103 78.27 0.6708 0.3292
11-11 11669e+12  0.1103 78.27 0.6708 0.3292
1111 11669e+12  0.1103 78.27 0.6708 0.3292
1-111 11669e+12  0.1103 78.27 0.6708 0.3292
1111 11669e+12  0.1103 78.27 0.6708 0.3292
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1111 1.1669e+12 0.1103 78.27 0.6708 0.3292
2000 7.5377e+11 0.0712 74.55 0.4333 0.5667
-2000 7.5377e+11 0.0712 74.55 0.4333 0.5667
0200 1.2756e+12 0.1206 79.05 0.7333 0.2667
0-200 1.2756e+12 0.1206 79.05 0.7333 0.2667
0020 1.2756e+12 0.1206 79.05 0.7333 0.2667
00-20 1.2756e+12 0.1206 79.05 0.7333 0.2667
0002 7.5377e+11 0.0712 74.55 0.4333 0.5667
000-2 7.5377e+11 0.0712 74.55 0.4333 0.5667
0000 1.5655e+12 0.1480 80.87 0.9000 0.1000
0000 1.5655e+12 0.1480 80.87 0.9000 0.1000
0000 1.5655e+12 0.1480 80.87 0.9000 0.1000
0000 1.5655e+12 0.1480 80.87 0.9000 0.1000

Table 3.3 D-efficiency and loss due to one Missing Observation for the MCCD

Missing det( X ; X)) X ; X D-efficiency det(X ; X n ) Loss

i i det

design point ( ) det(X T X)

-1-1-1-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
1-1-1-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
-11-1-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
11-1-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
-1-11-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
1-11-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
-111-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
111-1 2.8991e+11 0.1097 78.32 0.6250 0.3750
-1-1-11 2.8991e+11 0.1097 78.32 0.6250 0.3750
1-1-11 2.8991e+11 0.1097 78.32 0.6250 0.3750
-11-11 2.8991e+11 0.1097 78.32 0.6250 0.3750
11-11 2.8991e+11 0.1097 78.32 0.6250 0.3750
-1-111 2.8991e+11 0.1097 78.32 0.6250 0.3750
1-111 2.8991e+11 0.1097 78.32 0.6250 0.3750
1111 2.8991e+11 0.1097 78.32 0.6250 0.3750
1111 2.8991e+11 0.1097 78.32 0.6250 0.3750
2000 1.9327e+11 0.0732 74.79 0.4167 0.5833
-2000 1.9327e+11 0.0732 74.79 0.4167 0.5833
0002 1.9327e+11 0.0732 74.79 0.4167 0.5833
000-2 1.9327e+11 0.0732 74.79 0.4167 0.5833
0000 3.8655e+11 0.1463 80.77 0.8333 0.1667
0000 3.8655e+11 0.1463 80.77 0.8333 0.1667
0000 3.8655e+11 0.1463 80.77 0.8333 0.1667
0000 3.8655e+11 0.1463 80.77 0.8333 0.1667
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DISCUSSION OF RESULTS
One missing observations at the factorial, axial, and center points

The study compared the robustness of the CCD and MCCD with four replicated center points
using the D-efficiency and loss principle. The missing observation in the designs occurred at
the factorial, axial, and center points as depicted in table 3.2.

From table 3.1 it is evident that the MCCD has higher D-efficiency as well as D-optimality
when compared to the CCD, this implies that the MCCD is a better design compared to the
CCD for a non-standard model when no observation is missing.

The reports in table 3.2 and table 3.3 present the results of the relative D-efficiency of the
component parts of the Central Composite Design as well as the Modified Central Composite
Design in the presence of a missing observation. The tables show that the factorial point of the
CCD has a relative D-efficiency value of 78.27% as against 78.32% for the MCCD. The axial
point likewise has a relative D-efficiency value of 74.55% and 79.05% respectively. The design
points with higher relative efficiency values correspond to the points that are not influential to
the design and were subsequently removed, while the MCCD presents a relative efficiency of
74.79%. At the center point, the CCD has a relative efficiency value of 80.87% as against
80.77% relative D-efficiency for the MCCD. From the foregoing, the MCCD is relatively more
efficient at the Factorial and Axial points, while the CCD is relatively more efficient at the
center point.

When table 3.2 and table 3.3 are considered concerning the losses incurred. The tables reveal
that the maximum losses associated with the CCD in the presence of a missing observation are
0.3292 at the factorial points, 0.5667 and 0.2667 at the axial points, and 0.1000 at the center
points, while the MCCD shows 0.3750 at the factorial points, 0.5833 at the axial points and
0.1667 at the center points. The minimum-maximum loss (minimaxloss) of the CCD is 0.1000
and that of the MCCD is 0.1667. From the foregoing, the design that minimizes the maximum
loss is the CCD. This shows that the CCD is more robust than the MCCD

SUMMARY

Robustness is the process that yields a good performance of an experiment when some
observations are missing. Missing observations through challenges could be mitigated through
robust experimentation. This work constructed a modified central composite design from a
central composite design for a non-standard model using the leverage principles of the hat-
matrix. The study investigated the robustness of central composite design and modified central
composite design augmented with four center points in the presence of a single missing
observation at the factorial points, axial distances, and center points. The relative efficiency
and losses were computed and analyzed for the CCD and MCCD to ascertain the design that is
more robust to missing data points. A comparative study of the designs was carried out and the
results show that the CCD exhibits the minimaxloss principle and therefore significantly more
robust than the MCCD. Further examination of the result shows that the MCCD is relatively
more efficient at the factorial and axial points, while the CCD is more efficient at the center
point.
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