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ABSTRACT: Ideally, we think data are carefully collected and
have regular patterns with no missing values, but in reality, this
does not always happen. This study examines four (4) methods—
mean imputation (MI), median imputation (MDI), linear
imputation (LI) and Kalman filter algorithm (KAL)—of
estimating missing values in time series. The study utilized pairs
of nine (9) simulated series, each pair constitutes “actual
series” and “12% missingness series”. The three (3) sample
sizes i.e. small (50), medium (200) and large (1000) were varied
over the additive models linear, quadratic and exponential forms
of trend. The 12% missingness series were estimated using Ml,
MDI, L1 and KAL. The performances of the method were checked
using the root mean square error (RMSE), mean absolute error
(MAE) and mean absolute percentage error (MAPE), while the
overall performances of the estimating methods were accessed
using the average of the accuracy measures (RMSE, MAE and
MAPE). The results of the average-accuracy measures show that
KAL outperformed other methods (MI, MDI and L1I) at the three
sample sizes when the trend was linear; also, MDI outperformed
other methods at the three (3) sample sizes when the trend was
exponential. Furthermore, MI outperformed others at small and
large sample sizes when the trend was quadratic. However, the
Kalman filter algorithm proved better when the sample size was
medium. Hence, KAL, MI and MDI methods are recommended
to estimate missing data in time series when the trend is linear,
quadratic and exponential respectively, until further study
proves otherwise.
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INTRODUCTION

Practically, we habitually analyse and make inferences using real data. In an ideal world, we
would think that the data are carefully collected and have consistent patterns with no outliers
or missing value. In reality, this is not always true, therefore an important part of the initial
examination of the data is to assess the eminence of the data and to consider modifications
where necessary. The handling of missing data has been an issue in statistics for some time,
but it has come to the fore in recent years as it has gained the attention of many studies such as
[1], [2], [6], [7], [10] and so on. The missing values occur for the reason that some observations
may not be made at a particular time due to faulty equipment, lost records, natural disaster, or
a mistake, which cannot be rectified until a time in the future. This problem is frequently
encountered in time series data, since the data are records taken over time. Missing
observations possibly will make the identification of the nature of time series data problematic.
Many missing observations might be virtually impossible to obtain, either because of time or
cost limitations [7].

Diverse methods of estimating missing observations for time series data have been employed
in literature. In early studies, [9] examined classical filtering and prediction in relation to
missing observations in time series. Jones [8] later extended [9] methods to observational error.
Harvey and Pierse [5] highlighted the importance of state space modelling and Kalman filter
to the problems of missing data in times series. Recently, several methods of determining
missing observations have continued to evolve. Chiewchanwattana [3] developed a new
algorithm for the imputation of missing samples of time series data. The algorithm was based
on the observation that time series data that are manifestations of natural phenomena contain
several sets of similar time series subsequence. The algorithm was achieved by finding a
complete subsequence that is similar to the missing sample subsequence and imputing the
missing samples from the complete subsequence.

In addition, [10] developed a novel approach that interpolates within data and imputes across
data streams. They named the approach Multi-directional Recurrent Neural Net-work (M-
RNN). [7] also proposed new methods of estimating missing values in time series data. The
new methods proposed were based on the rows, columns and overall averages of time series
data arranged in a Buys-Ballot table with m-rows and s-columns. Their new methods assume
that only one value is missing at a time, the trending curve may be linear, quadratic or
exponential and the decomposition method is either additive or multiplicative. Reference [4]
compared different interpolation algorithms of estimating missing values in time series. They
examined three (3) interpolation algorithms, namely: Radial Basis Function (RBF), Moving
Least Squares (MLS) and Adaptive Inverse Distance Weighted (AIDW). Their study
confirmed Lancaster's MLS as the best and also found that the number of nearest observed
values for reference and the distribution of missing values could strongly affect the accuracy
of imputation. In view of the aforementioned, treatment of missing data has been an issue in
statistics in recent times. Therefore, this paper was set to add to existing literature by comparing
the Kalman filter algorithm method of estimating missing values to other methods of estimation
such as Mean Imputation, Median Imputation and Linear Interpolation.

The rest of this paper was organized as follows: In section 2, the methodologies employed in
this work were discussed. Data and empirical results were presented in section 3 and conclusion
was made in the final section.

2 Article DOI: 10.52589/AJMSS-VFVNMQLX
DOI URL: https://doi.org/10.52589/AJMSS-VFVNMQLX



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323

1 |

Volume 4, Issue 2, 2021 (pp. 1-9) www.abjournals.or

METHODOLOGY
Methods of Estimating Missing Values

This paper utilized four methods of estimating missing values namely mean imputation (MlI),
median imputation (MDI), linear interpolation (LI) and Kalman filter (KAL).

A. Mean Imputation

Mean imputation (MI) is a simple method of missing values estimation. It involves the
replacement of the missing value with the mean of the values before the missing position(s).
This is realized by taking the total i.e. summation, of the values and dividing by the number of
observations before the missing position(s). This method maintains the sample size and is easy
to use.

1

MI'=XG-1s+j = Ther1

X1+ X, + X5+ + Xi—p)sej-1] (D)

1 *
MI = Fz?ﬂ X; )

where n* = (i — 1)s + j — 1 is the number of observations preceding the missing
observation(s).

B. Median Imputation

Series median (MDI) estimates the missing value with the median of the remaining series.
Symbolically, the series median is given by:

MDI = X(;_1)54j = Xy, 3
2

where N* = total number of observations excluding the missing values.
C. Linear Interpolation

This method replaces missing values using a linear interpolation. It utilizes the last valid value
before the missing value and the first value after the missing value for the interpolation. The
linear interpolation (L1) for estimating missing values is given by:

° 1
LT = X(i—1)5+j = 5 X(i-Ds+j-1 T X(i-D)s4j+1) 4)
D. Kalman Filter Algorithm

The Kalman filter (KAL) is a statistical algorithm that enables certain computations to be
carried out for a model cast in state space form. However, to obtain a more accurate estimate
of missing values, the smoothing algorithm is performed. Let y,_; denote the set of past
observations and assume the conditional distribution of u, given y;_4 is N(u¢, p;) Where u,
and p, are assumed to have been determined. Hence, the Kalman filter equations for updating
the missing values from time t to t+1 are given by:
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ki1 = Pr-1/fr-1; fr-1 = Pt—1 + 0F (4)

Fort=1,2,...,n, where v,_4 is the Kalman filter residual or prediction (signal) error, f;_4 is
its variance and k;,_4is the Kalman gain.

Comparison of Methods of Estimating Missing Values

Numerous measures are available for accessing the performances of the four methods (Ml,
MDI, LI and KAL). We evaluate the deviation of )A((l-_l)sﬂ- from the actual X(;_1)s4j, Which
can be calculated as &;_1ys+j = X(i—1)s+j — }?(i_l)s+j, in order to access the performances of
the afore-mentioned methods. We compare the “Accuracy Measures” of the four methods.
These “Accuracy Measures” are root mean squared error (RMSE), mean absolute error (MAE),
mean absolute percentage error (MAPE) and average accuracy measures (AAM), which are
defined as follows:

RMSE = \VMSE = \/%Z?ﬂ (A; — Fy)? 4)
MAE =13, |(A,—F)) ®)
MAPE = |- %, || x 100 6)

where A,is the actual value in time t, and F, is the forecast value in time t. We considered one
missing value at a time for different my < n position, n > 1. The overall performances of
the four estimating methods were accessed using the average of the accuracy measures with
the minimum average accuracy measures is the best.

DATA AND EMPIRICAL RESULTS
Data Source

The nature of this study necessitated the use of simulated data. The simulated data used are
simulated from the Additive Model; X; = M, + S; + e;. The generation of the datasets was
done by R statistical software package. Data are simulated from the Additive Model. The trend-
cycle component M, used are: M, =a+ bt, ata=1&b =2 (Linear); M, = a+ bt +
ct’,ata=1, b = 2 &c = 3 (Quadratic); and M, = be‘:,b = 10 & ¢ = 0.02 (Quadratic).
It is assumed that e,~N (0, 1)for the Additive Model. S;, where t = 1,2, ..., 12, denotes the
seasonal indices. Table 1 presents the seasonal indices used for simulation.

Table 1. Seasonal Indices Used for Simulation

t 1] 2 3|4/ 5| 6| 7| 8] 9|10 11| 12

Se 111112 111 1 1/09/09/09/09]11]11
Note: S, denotes Seasonal indices for Additive model
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First of all, some packages in R library—such as mcar (for missing data simulation),
TestDatalmputation (for mean imputation and median imputation) and interp (for linear
interpolation and Kalman filter algorithm)—were loaded. Then the aforementioned parameters
were set out. Thereafter, sample sizes were varied our as follows:

i.  The small sample size, which consists of 12% missingness sets of 50
ii.  The medium sample size, which consists of 12% missingness sets of 200
iii.  The large sample size, which consists of 12% missingness sets of 1000.

The above sample sizes were varied over the additive models linear, quadratic and exponential
forms of trend (M,). This implies that nine (9) series were stimulated with 12% missingness.
The missing values in X;,.q,, Were estimated using mean imputation (M), median imputation

(MDI), linear interpolation (LI) and Kalman filter (KAL) whose estimates were subsequently
compared to nine-actual series (X;). The codes were available in the R environment for mean
imputation (M), median imputation (MDI), linear interpolation (LI) and Kalman filter (KAL)
set.

Empirical Results

Table 2 to Table 4 present the summary of the accuracy measures for mean imputation (Ml),
median imputation (MDI), linear interpolation (LI) and Kalman filter (KAL) methods of
estimating missing values. Table 2 depicts results of the accuracy measures for the four
methods when sample size is small, for the selected trend (linear, quadratic and exponential).
In Table 2, the results show that KAL has the lowest (1.2129) average-accuracy measures
(RMSE, MAE and MAPE) for linear trend components. Also, it shows that Ml and MDI have
the lowest (M1 = 923.7945, MDI = 1.5263) average-accuracy measures for the quadratic and
exponential trend components respectively. Hence, for small sample size, KAL returns as the
best for linear trend structure while Ml and MDI return as the best for quadratic and exponential
trend structures respectively.

Table 3 presents the results of the accuracy measures for the four methods when sample size is
medium, for the selected trend (linear, quadratic and exponential). In Table 3, the results show
that KAL has the lowest (linear = 0.6248, quadratic = 1570.8530) average-accuracy measures
(RMSE, MAE and MAPE) for linear and quadratic trend components. Similarly, the results
show that MDI has the lowest (929131.7571) average-accuracy measures for exponential trend
components. Hence, for medium sample size, KAL returns as the best for linear and quadratic
trend structures while MDI returns as the best for exponential trend structure.

Table 2. Summary result of missing value estimation when sample size is small

Trend Accuracy Estimation Method
Component | Measures Ml MDI LI KAL
RMSE 2.6495 2.6504 2.772 2.6725
_ MAE 1.0007 1.0007 0.9873 0.9593
Linear MAPE 0.0075 0.0074 0.0083 0.0068
Average 1.2193 1.2195 1.2558 1.2129
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RMSE 2319.233 2562.877 3787.697 2577.596
Quadratic MAE 452.1502 403.5013 890.2353 571.0032
MAPE 0.0004 0.0003 0.0014 0.0007
Average 923.7945 988.7929  1559.3112 1049.5333
RMSE 127650.9 3.7539 1895660.8 141424.21
Exponential | MAE 31267.95 0.8245 268319.3 34198.6
MAPE 36.7076 0.0006 140.8656 45.0265
Average 52985.186 1.5263 721373.66 58555.946

Source: Researchers’ compilations

Table 3. Summary result of missing values estimation when sample size is medium

Trend Accuracy Estimation Method
Component | Measures MI MDI LI KAL
RMSE 1.5531 1.759 2.2403 1.5453
Linear MAE 0.3316 0.3663 0.4371 0.3282
MAPE 0.0008 0.0006 0.0008 0.0008
Average 0.6285 0.7086 0.8927 0.6248
RMSE 3778.192 4161.102 3982.469 3661.596
MAE 1101.555 1160.667 987.9734 1050.958
Quadratic MAPE 0.0048 0.0036 0.004 0.0051
Average 162%.583 1773;.924 1656;.815 1570.853
RMSE 9534654 251%328. 272%963. 2542924.
MAE 306517.6 275(%66.4 426%79.9 3147254.6
Exponential | MAPE 360.5943 0.0014 1097.168 281.9716
Average | 947177.4 9291318 1042680' 953%86'9

Source: Researchers’ compilations

Table 4. Summary result of estimation of missing value when sample size is large

Trend Accuracy Estimation Method
Component | Measures MI MDI LI KAL
RMSE 5717924 10.95917 2.983935 2.35911
MAE 1667748 0.043338  0.8872693 0.7748485
. MAPE 4227.582 0.009937 0.017085 0.011757

Linear

Average 2463299.9 6.6708 1.2961 1.0486
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RMSE 3055.605 3136.429 3695.043 3099.308

Quadratic | MAE 976.3247 973.6958 1088.255 984.0337
MAPE 0.317189 0.26505 0.473352 0.331552

Average 1344.082 1370.13 1594.5905 1361.2244

RMSE 1524381  1524916.9 8762248.5 1570153.9

Exponential | MAE 200130.3 173719 2279966.1 234634.2
MAPE 281.448 0.001336 102.4718 802.0694

Average 574930.92 566212 3680772.4 601863.39

Source: Researchers’ compilations

Lastly, Table 4 presents the results of the accuracy measures for the four methods when sample
size is large, for the selected trend (linear, quadratic and exponential). In Table 3, the results
show that KAL has the lowest (1.0486) average-accuracy measures (RMSE, MAE and MAPE)
for linear trend components. Similarly, the results show that MI and MDI have the lowest (Ml
= 1344.0823, MDI = 566211.9671) average-accuracy measures for the quadratic and
exponential trend components respectively. Hence, for large sample size, KAL returns as the
best for linear trend structure while Ml and MDI return as the best for quadratic and exponential
trend structures respectively.

CONCLUSION AND RECOMMENDATION

This paper accesses the performances of Kalman filter algorithm method and other methods of
missing value’s estimation such as mean imputation, median imputation and linear
interpolation. The analyses show the comparative results of the missing values estimation
methods under three different trend structures (linear, quadratic and exponential) for small,
medium and large sample sizes.

Table 5 presents the summary of the analyses results. The analyses result for linear trend
structure show that Kalman filter algorithm method of handling missing data, when sample
size was either small, medium or large, performed better than mean imputation, median
imputation and linear interpolation methods. Also, the results for quadratic trend structure
depict that mean imputation method of handling missing data, when sample size was either
small or large, performed better than median imputation, linear interpolation and Kalman filter
algorithm methods, whereas Kalman filter algorithm proved better when the sample size was
medium. Finally, the results for exponential trend structure show that the median imputation
method of handling missing data when sample size was either small, medium or large,
performed better than mean imputation, linear interpolation and Kalman filter algorithm
methods.
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Table 3. Summary result of estimation

Sample Size
Trend Component Small Medium Large
Linear KAL KAL KAL
Quadratic Ml KAL MI
Exponential MDI MDI MDI

In view of the aforementioned, it is recommended that Kalman filter algorithm should be used
in estimating 12% missingness sets of observations in time series with linear trend structure at
any size (small, medium or large) of sample until further studies prove otherwise. It is also
recommended that median imputation should be used in estimating 12% missingness sets of
observations in time series with exponential trend structure at any size (small, medium or large)
of sample until further studies prove otherwise. Finally, it is recommended that mean
imputation should be employed in estimating 12% missingness sets of observations in time
series with quadratic trend structure at small and large sample sizes, while Kalman filter
algorithm should be adopted at medium sample size until further studies prove otherwise.
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