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INTRODUCTION

Generalization of the Hukuhara derivative (gH-derivative) based on fuzzy derivative was first
defined by Seikkala (1987) who discovered that the fuzzy initial value problem (FIVP)

X(t)="f(t,x(t)),x(0)=x

has a unique fuzzy solution when T satisfies the generalized Lipschitz condition. Fuzzy
differential equations (FDEs) and initial value problems were extensively treated and used in
many models by many researchers that included population models by Guo, Xue and Li (2003),
Civil Engineering by Oberguggenberger and Pittschmann (1999), Bioinformatics and
Computational Biology by Casasnovas and Rossell (2005), and Quantum Optics and Gravity
by Naschie (2005). Eljaoui, Melliani and Chadli (2015) solved second order linear
homogeneous ODEs based on the concept of generalized differentiability and using Laplace
transform in a fuzzy environment. They considered the equation

y'(t)=f(ty(t),y), ¥(0)=Yo=(Y%:% ) ¥(0)=2 =(%.%)

and assumed it to be linear with respect to (y(t )y (t)) Based on what is observed in this
study, Eljaoui, Melliani and Chadli (2015) work was limited to a certain assumption that the
fuzzy linear function

f(ty(t),y(t))=ay(t)+by(t)+c(t)

IS a crisp mapping but the relationship between the Fuzzy Laplace transform (FLT) of a fuzzy

function and that of its k" derivative, with K=1 were not considered in the work. It is also
observed here that in their work, existence and uniqueness of solution were not presented. This
study therefore addresses problems associated with work of Eljaoui, Melliani and Chadli
(2015) and as well as applies the fuzzy Laplace transformation method to solve a large class of
FDEs.

METHOD

Consider the following second order ODE in fuzzy environment:
y'(t)="f(t.y(t).y"),
y(0)=y,= (XO'VO)EE
y'(0)=2,=(2.7)eE (1)
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is a fuzzy valued function of f20 ang f (t’ y(t).y'(t) ) is a fuzzy valued function, which

is linear with respect to y(t),y'(t) . Applying Laplace transform to equation (1), we have
LLy'(0)]=L[ f(ty(t).y(t))] (2)
The process of solving equation (1) exists if ¥ and ¥ are (i) 9™ -differentiable

y()=(y(ta)y(ta)) 4 V()=(y(ta)y(ta))

Ly (1) ]={p’LLy(1)]-py(t)}-y'(0) (3)
Therefore,

LLf(ty(0)y () J={ P L[ y() ]-pye}-2

Hence,

L f(ty(t),y(t),a)]=p’L[y(t.a)]-pY(a)-2(a) (4)
LLT(ty(t)y(t)a)]=pL[y(ta)]-pY(a)-Z(a) (6)
where

LLE(ty(t)y(t)a) ]

=min{ f(t,u,v),ue(y(t,a),y(t,a))ve(y(t.a),v(t,a))|
and

L[ F(ty(t),y(t).a)]

= min f(t,u,v),UE(X(t,a),7’(t,a)),VE(x'(t,a),V(t,a))}.
Therefore, the solution of equation (2) is obtained as

Ll y(t @) |=H,(p @) (7)

L[ 5(ta)]=K(p.a) (8)
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Taking the inverse Laplace transform of equation (7) and (8), the following are obtained:

y(tia)=L"[H,(p,a)] (9)
and
y(tia)=L'[K(p,a)] (10)

Hl( P, 0‘) and Kl( P, a) are obtained using the assumption that the fuzzy linear function f

f(ty(t),y(t))=ay(t)+by(t)+c(t)

is given by , Which is a crisp mapping and

(P-b)y(a)+z(a)+L{c(t)]

H(p.a)=Ly(t.a)]=

p’-bp-a , (11)
L @)

Concept of gH-Differentiability

weF

Let UVER ¢ such that Y=V * @ then we say that there exists the H -

, if there exists

difference between U and vV which is denoted by Y~ Hv=0 |g (Tl’TZ) be an open

interval and let b E( R ) Given X :( R )_> R a fuzzy valued function, we say that X

is strongly generalized differentiable (G- differentiable) at @ if there exists an element

X!( b )e Fe such that

(i) for all N> 0 sufficiently small,
AX(ty+h)= X(t ), X(t,)— 4 X(t,—h)
and the limit in the metric D

X(ty )=y X(t,+h) X(t,—h)— 4 X(t)

e e, )

(ii) for all h>0 sufficiently small,
AX(ty+h) =, X(t ), X(t)—xX(t,—h)

and the limit in the metric D
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lim X(to+h)_HX(to): lim X(to)_ HX(tO+h)=X'(tO)
h—0* h h—0" h .

(i) for all h>0 sufficiently small,
AX(ty+h)= X(t ), X(t,)— 4 X(t,—h)
and the limit in the metric D

Iimx(t°+h)_HX(t°)=lim X(t,—h)-,X(t)

h—0* h h—0* —h

=X'(t0)
;or

(iv) for all >0 sufficiently small,
AX(ty+h) =, X(t ), X(t)—xX(t,—h)
and the limit in the metric D

jim XU )= X (b*h) g - —ox(1,)

h—0" —h h—0" h

Laplace Transform Method for Second Order FODE

Suppose that the derivative D takes a differentiable function f defined on some interval

(ab) and assigns to it a new function Df=1" The integral | takes a continuous function

"' defined on some interval [a.b] and assigns to it a new function ! f(X)ZL f(t)dt.

The multiplication operator M, , which multiplies any given function f on the interval [ a,b ]

[a.b]

by a fixed function ¢ on , Is a transform

M, F(x)=0(x)-f(x) . The Laplace transform of the derivatives is
L[y’]z'[:)e‘px y'(x)dx

and in general,

L[ f"(t)]=s"f(s)=s""f(0)-s"?f(0)-s">{"(0)

_Sn—4 fm(O)—“'— fn—l(o).
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o= min( a, b j t)=
Lemma 1: If M/ then the successive approximations y0( )_ Yo  therefore,

yk+l(t):yO+J't:f(yk(s),s)ds

I ={t][t-t,|<a}

are well defined in the interval , and on this interval

\yk(t)—yo\<|v| [t-t,|<b

Where|f|<M.

3
Lemma 2: If T and its derivatives belong to C*(R) then yk(t)in the successive
approximations converges on | to a solution of the differential equation (1) that satisfies the
initial condition (2).

Lemma 3: Suppose that fis continuous on a domain R of the (t’ X) plane defined for & b>0

, by R={(t,x):|t—t0|Sa,||x—xo||sb}1 and that T is Lipschitzin X on R.

: b
M :(EE)ER”]C (tx)|| < o0 . a= mm(a,ﬁ)
Then the sequence defined by
b =%, t—t|<a 1

t

b=%+[1(s.4,(5))ds i1 t-t)|<a

t

. . —t|<
converges uniformly on the interval |t t°| =% 0 9.

RESULTS

Establishing Results of Second Order FODE by Generalized Triangular Fuzzy Number
(GTFN)

Solution of second order ODE (1) by FLT with 71=7 @=1or 72774 gych that
A=(7072:70:0) o (11:73:74 @)

6 Article DOI: 10.52589/AJMSS-PZZNOBYY
DOI URL: https://doi.org/10.52589/AIMSS-PZZNOBYY



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 5, Issue 1, 2022 (pp. 1-13) www.abjournals.org

'|I||I'|I|

and membership function

PRI 7, <$X<Z7y,
Vo=
H;(X) = a)yl—_x if y,<x<y,
Ya=72
0, otherwise
(13)
Now consider the FODE below
dx (t, «)
! =kx: (t,a)+a .
dt (ta) for 1=12 (14)

where @ and K are constant. The general solution of equation (14) is a fuzzy number with &
-cut

e |¢& al.
t,a)=——+| = 7o k(t-t5)
s kJ{kJ{yﬁ @ He _ (15)
e |¢& ar,
t,a)=——+| = _ % k(t—t5)
= k+[k+(73 @ He (16)

where v =72 % gng W =Y 72

Also consider the FODE

d?x,(t, )
e et (17)
d?x,(t,a)
o o mte) (18)
Solving equations (17) and (18) respectively, the general solution is obtained as
X (t, ) = d,e¥™ +d,e V™ + d, sin</mt +d, cos~/mt (19)
X, (t, @) = —d,e’™ —d,e ™™ + d, sin /mt + d,, cos~/mt _ (20)
Applying the following conditions on equations (19) and (20), we have
& & Kt alyo K(t—to)

ta)=——+—€""" +| y,+—— "

x(ta) k k (7/1 a)] (21)
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£ € ar )
X, (t,0) = —=+Zth) |y 70 |gklt)
2 k k 3 w

dx (t, @) _E ok y +% oK
dt k !

dx, (t, ) :fefkto + _a_ryo oMo
dt k o

(24)

Substituting the conditions in equations (21), (22), (23) and (24) into equations (19) and (20)

respectively, we have

k 1)

E & i ar, _ - .
——JrEek(t 04 yg——%]ek“ W =_de'™ —d,e™™ +d,siny/mt+d, cos~/mt

k

1] al | .
— fe‘kt°j{;flJr—”Je‘““ =d,e'™ +d,e™ +d,siny/mt +d, cosy/mt
m )

ar
Ee’k‘O + (;fs ——“J e |=—de'™ —de ™™ +d,siny/mt+d, cosy/mt
w

Solving equations (25), (26), (27) and (28) respectively, we have

(71 o, ]ek“ o) (yg——ar ] ek(-0) = od V™ 4 2d o V™
(4] (4]

al 1le ar
Il BP0 It (T P D —ktg o | a—Ko
\/_{ ° (7/1 w }e } \/_m|:ke (}/S 0] je }

=2d,e¥™ — 2d e¥™

Solving equations (29) and (30) respectively, we have

al
_E Sk ]/1+—] e =de'™ + d,e™™ +d, sin/mt +d, cos/mt
[0

(25)

(26)

(29)

_ l _ a(ln) ~ r}/o) k(t-to) i _ a(lyo + r;/o) Ky | o
d1_4|:(71 73+[ o j]e +\/E(71 73+( —a) )}e :le (a1)
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= E _ a(l70 + r}'O) k(t-to) _i _ a(l}’o + r70) —kty | oMty
d2—4|:(71 734{ . j}e \/E{yl 73+[—a) JJG :|e | (32)

Also, from equation (25), (26), (27) and (28), we have

_2_g+2_gek(t40)+ 7. +a|70 ek(t*t0)+ y _aryo ek(tftﬂ)
k e e

|I II'| I|

k
= 2d, sin</mt, + 2d, cos~/mt, (33)
11é x o, 11¢ .« v, |«
—=| = |yt |+—=| =& | yy——= |
m{k (71 p ] \/H K V3 o
= 2d, sin~/mt, —2d, cos/mt, (34)

Solving equations (33) and (34), we have

_ | —r
d, = —%[%(l—ek‘“")){h + 74 +(Mﬂek(“‘o’}sin «/Hto]
w

+l:%£2_k8ekto +(71+7,3+[WJekto]J]COS\/HIO (35)

[l:_ng(lek(tto) ) +(7/1 iy [a(lyo - ryo)jJek(tto)j|cos \/Eto}
1)
- i Ee_kto +(71+7/3 +{—a(|% i ryo)JektoJ sin \/Hto
Jm{ k @ _ (36)

This shows that %9293 and 94 are solutions of equation (1) when @ =172=74 or 72 =75,

1
d4 :E

CONSTRUCTED EXAMPLES
Existence of Second Order Differential Equations
Consider FODE (1). Applying Lemma 1 to equation (1), we have

Yo(t) =" +£ f (S, Yo(S), Yo(s))ds (37)
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y(t)=y +J; f(s¥:(s), yi(s))ds (38)

Let Yo® =Y ®), ¥ =%.(0), [t—t| <

[RICSACKRAC)LE

f

IV~ ol = <Mt-t,|<aM <b

Thus,
||Y1(S) —Yo (S)” <b )

Hence,

t

I f (S! yl(s), yl'(S))ds

)

1y, = Yol =

< ij (5,%:(9), 5 (s))Jds < @M <b

All subsequent terms in the sequence can similarly be defined and by induction, for

[t—to| <[y )= Yo| <aM <b, k=1, n

Now for t-tf<a :

t t

YO+ [ 1(5,Yi(8), Yi(8))ds—y° = [ £ (5, Yy 1(S), Via(5) ) ds
f f

” yk+1(t) =Y (t)” =

t

[ (5 %(8), ¥i)) = £ (5, Y1 1(5), Vi 4(5))) ds

)

t

<L 154 (9), i09) = (Y 1(9), ies ()
t

where the inequality above results to the fact that fis Lipschitz. We then prove that for all k

)

Llt—t,)’
||yk+1_Yk||5b%,|t—to|Sa- (39)

Indeed, equation (39) holds for K=1 as previously established. Assume that equation (39)
holds for K=n then

ORAC]

YO+ [ £, Yi(8), Yi(8))ds = y° = [ £ (5, 1(S), Via(5) ) ds

% )
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f

[ (5 ¥0a(8), ¥ra(8)) = £ (5,4 (5), V4 (5)) ) s
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stb

f

ni 37
n!

< [ LY (8) s () = Y (8)Ya (S d < L |(¥ic (), Y (8)) = (Yica(S), Via(5) s
f )

(L|t_t0|) ds<b Ln+l |t_t0|

n!

<b (L|t_t0|)n+l
n+1 ‘

st

N

<
Therefore, equation (39) holds for k=1---,n Thus, for N >N we have

1
<

Iy @) =y, @) < Z—Ilym(t), Ve ®) =Y, ), y; )|
b ( L|t _t0|)k

i (La)*
<b
k! g‘ k!

k=n

(40)

N -

Applying lemma 2 and lemma 3 to equation (41), the equation tends to zero an N—>,
convergence is uniform, the limit function is continuous; moreover, y(t) = Yo Indeed
Yn t)= YO(t) +Z

k=

(41)
Therefore, {Yk (t)} converges uniformly to a function Y(®) on the interval |t_t°| sa . As the

(Y, (©, Y () = Y, (D), Vs (©)
n . SO,

O =Y 0+ 2 (% O Ya(0)

The fact that Y(® is a solution of fuzzy differential equations follows from the following
. —t]<
on the interval |t t0|_a , then

results. If a sequence of functions {yk © } converges uniformly and that Y (1) are continuous

lim [ (y, (), ;(5)) ds = [ lim (y,(s), y; (5)) ds
f f

Y(®) = 1im (¥, (5), ¥;(5)) = Y° +1im [ £ (5, ¥,4(5), V;.4(5) ) ds
=y [lim £ (5,Y,4(5), Y54 (8))ds = y° + [ £ (5, ¥(5), y'(s) ) ds

f

11
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This implies that

y(®) =y°+ [ f (s, y(s).Y'(s))ds

: for t—ty| <

as the integrand J(t.) is a continuous function, Y s differentiable with respect to , and

y®=f(t y(t))’ so Y1) is a solution of the second order fuzzy differential equations (1).
This shows that there exists a solution Y(® to equation (1).

Uniqueness of Second Order Differential Equations

Consider the second order linear fuzzy ordinary differential equation

Y (t)=F(t,y(t),y ). y(0)=Yo=( Y. ¥ ) ¥(0)=2=(2.%)

Y'®) =Y+ f(s¥().y'(s))ds

b (42)
x’(t):x°+t f (s,x(s),x'(s))ds

J 1) "
Now, subtracting equation (43) out of (42)
Let y,(t) = y(t) and X'(t) = x(t)
where X(©): Y(®) €D and therefore,
y(t)-x(t) =y’ —x"+ I[ f(s,y(s), y'(s)) — (5, x(5), X'(s))] ds

8 (44)

Taking the norm of both sides of equation (44) and applying the Lipschitz condition, it follows
that

t

[LIY(s). y'(s) = x(3), ()| ds

f

0 <[y -x)] <[y° -+
(45)

We then applying the Gronwall inequality to equation (45) for k=0 and r®) :||y(t)—x(t)||.
For bStSL+a e cet OSIIy(t)—X(t)IISO, that is. ||y(t)—X(t)||=0, thus YO =X®) for
L<t<b+a gimilarly, for b~ @<t<l [y®-x®] =0 Therefore, YO =X for

t=to|<a . This shows that the solution Y(8) =X(1) to equation (1) is unique.
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DISCUSSION

The solution of second order FODE (1) was obtained by Eljaoui, Melliani and Chadli (2015)

without considering the relationship between the k™ derivatives and FLT of second order. This
study addresses the above gaps by obtaining the results in equations (31), (32), (35) and (36).

After obtaining the relation between the FLT of second order and its k" derivative, it is
observed that the existence and uniqueness of solution of second order FODE needs to be
established. To obtain the results for the existence of solutions of second order linear
homogeneous ODES, we applied lemma (1) to equation (1) which yielded the result in equation
(41). Also, the uniqueness of solutions of the second order FODE (1) were established using
lemma (2) and (3) on equation (1) which yielded the results in equation (45).

CONCLUSION

In this research, a second order FODE (1) was solved using Laplace transform method in a
fuzzy environment. The results obtained in this study addressed the limitations to the

assumptions that the fuzzy linear function f (t’ y(t).y'(t) ) = ay(t)+by(t)+c(t) is
a crisp mapping as well as the relationship between the the FLT of a fuzzy functions and its

k™ derivatives for k=1 identified in EI Jaoui, Melliani and Chadli (2015) and tested as well
using existence and uniqueness lemmas.
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