
African Journal of Mathematics and Statistics Studies  

ISSN: 2689-5323 

Volume 5, Issue 2, 2022 (pp. 43-60) 

43 Article DOI: 10.52589/AJMSS-52OUBAHN  

  DOI URL: https://doi.org/10.52589/AJMSS-52OUBAHN 

www.abjournals.org 

 

ON COMPARISON OF ALGORITHMS TECHNIQUES FOR NUMERICAL 

SOLUTIONS OF HIGHER ORDER DIFFERENTIAL EQUATIONS 

Falade Kazeem Iyanda1, Tiamiyu Abd’gafar Tunde2,  

Edogbanya Helen Olaronke3, Ibrahim Mujtaba Bashir4  

and Abubakar Abdullahi Shuaibu5 

1Department of Mathematics, Faculty Computing and Mathematical Sciences, Kano 

University of Science and Technology, Wudil Kano State Nigeria 

Corresponding e-mail: faladekazeem2016@kustwudil.edu.ng 

2Department of Mathematics, Federal University of Technology Minna Niger State Nigeria 

3Department of Mathematics, Federal University Lokoja, Kogi State Nigeria 

4Department of Mathematics, Faculty Computing and Mathematical Sciences, Kano 

University of Science and Technology, Wudil Kano State Nigeria 

5Rabiu Musa Kwankwaso, College of Advanced and Remedial Studies, School of Sciences, 

Department of Mathematics, Tudun Wada Kano State Nigeria 

 

 

ABSTRACT: Higher order differential equations appear in 

many different fields such as engineering, biology, chemistry, and 

the physical sciences. Obtaining numerical analysis solutions for 

different models in different applied mathematics plays an 

important role in explaining various applied phenomena such as 

beam analysis in civil engineering, pendulum mathematics in 

physics, thermo-liquid dynamics, stochastic modelling, plasma 

and nuclear physics, and nonlinear optics. In this paper, we build 

and implement four computational algorithms (exponential fitted 

collocation algorithm, differential transformation algorithm, 

homotopy perturbation algorithm and new iterative algorithm) 

for the numerical solutions of higher order differential equations 

from applied mathematics. The resulting numerical solutions 

were presented as 2D functional graphs using MAPLE 18 

software to demonstrate the real world significance of the 

presented equations. The proposed algorithms required less 

computation time and the obtained results demonstrated that the 

algorithms are suitable for use for other higher order differential 

equations in applied mathematics and are efficient in terms of 

applications use. 
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INTRODUCTION 

Differential equations are among the most important mathematical tools used in creating 

models in the sciences, engineering, economics, mathematics, physics, aeronautics, astronomy, 

dynamics, biology, chemistry, medicine, environmental sciences, social sciences, banking and 

many other areas [1]. The generic form of nth order differential equations may be represented 

as 

𝑑𝑛𝑦(𝑡)

𝑑𝑡𝑛
= 𝑓 (𝑡, 𝑦,

𝑑𝑦

𝑑𝑡
,
𝑑2𝑦

𝑑𝑡2
,
𝑑3𝑦

𝑑𝑡3
,
𝑑4𝑦

𝑑𝑡4
, … ,

𝑑𝑛−1𝑦

𝑑𝑡𝑛−1
)                 𝑛 > 1                    (1) 

with initial conditions 

𝑦(𝑡0) = 𝛼 𝑦/(𝑡0) = 𝛽 𝑦//(𝑡0) = 𝛾 ⋮  𝑦(𝑛−1)(𝑡0) = 𝜌                                       (2) 

where 𝛼. 𝛽, 𝛾, . . , 𝜌 are real constants. 

 

Numerical methods provide a powerful alternative tool for solving the differential equations 

under the prescribed initial or boundary conditions. In the last two decades, several researchers 

have tried to propose and apply several numerical techniques to solve ordinary differential 

equations of higher orders. As such are authors [2] proposed efficient spectral Galerkin method 

to solve direct solvers of second and fourth order equations using Legendre polynomials; [3] 

presented a Jacobi spectral Galerkin method for the integrated forms of fourth order elliptic 

differential equations. Numerical solution of elliptic partial differential equations using radial 

basis function neural networks has been presented in [4]; authors [5] discussed comparison of 

generalizing ability on solving differential equations using back propagation and reformulated 

radial basis function network, [6] solved differential equations with genetic programming and 

evolvable machines language,  [7] utilized unsupervised kernel least mean square algorithm 

for solving ordinary differential equations, [8] presented and applied neural algorithm for 

solving differential equations, [9] applied integrals of Bernstein polynomials for the solution 

of high even order differential equation. Approximate solution of a differential equation arising 

in astrophysics using the variational iteration method was presented in [10], and a new method 

for solving singular initial value problems in the second order ordinary differential equations 

was presented in [11]. The aim of this paper will be on formulation of computational algorithms 

using some numerical approaches developed in literature for the numerical solutions of higher 

order equations and obtaining maximum absolute errors for each propose technique. We 

outlined this paper as follows: In Section 1 brief introduction on ordinary differential equations 

was presented, and discussion on formulation of four algorithms was presented in Section 2. 

The numerical experiment on model problems and numerical results are presented in Section 

3, and discussion and conclusion on the performance of the proposed algorithms are presented 

in Section 4.  
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DERIVATION OF COMPUTATIONAL ALGORITHMS 

In this section, we outline the formulations of four algorithms (exponentially fitted collocation 

algorithm, differential transformation algorithm, homotopy perturbation algorithm and new 

iterative algorithm) for the numerical solution of higher order differential equation (1). 

Exponentially Fitted Collocation Algorithm (EFCA) 

Authors [12-13] proposed an exponentially fitted collocation approximation method using the 

power series as the basis function and the nth derivative of the 𝑦(𝑡) function was considered. 

The expansion and collection of similar terms of the equation also take into account collocation 

and perturbation respectively. Perturbation term 𝐻(𝑡) = 𝑇(𝑁)𝜏1 + 𝑇(𝑁 − 1)𝜏2+. . +𝑇(0)𝜏𝑛 

where 𝑇(𝑁)  is a  Chebyshev polynomial of degrees p and 𝜏1, 𝜏2, . . , 𝜏𝑛 are free tau parameters 

to be determined and coupled with initial conditions (2), which eventually leads to (𝑁 + 𝑛 +
1) algebraic linear equations in (𝑁 + 𝑛 + 1) unknown constants. Considering the above 

approaches, here we construct an exponentially fitted collocation algorithm in order to improve 

exponentially fitted collocation approximation method for more accuracy. 

 

restart: 

Step 1: 

𝐷𝑖𝑔𝑖𝑡𝑠 ≔ 𝑅+; 

𝐶𝑜𝑚𝑝𝑢𝑡𝑒𝑙𝑒𝑛𝑔𝑡ℎ (𝐻) ≔ 𝑅+; 
Step 2: 

𝑏𝑎𝑠𝑖𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 ≔ 𝑡𝑖; 

𝑣 ≔ 𝑠𝑢𝑚 (𝑦[𝑖] ∗ 𝑏𝑎𝑠𝑖𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 𝑖 = 0. . , 𝐻); 
𝑧[0] ≔ 𝑒𝑣𝑎𝑙(𝑣, 𝑡 = 𝑡0); 

𝑧[1] ≔ 𝑒𝑣𝑎𝑙(𝑑𝑖𝑓𝑓(𝑣, 𝑡), 𝑡 = 𝑡0); 

𝑧[2] ≔ 𝑒𝑣𝑎𝑙(𝑑𝑖𝑓𝑓(𝑣, 𝑡$2), 𝑡 = 𝑡0); 

𝑧[3] ≔ 𝑒𝑣𝑎𝑙(𝑑𝑖𝑓𝑓(𝑣, 𝑡$3), 𝑡 = 𝑡0); 

    ⋮                            ⋮ 
𝑧[𝑛 − 1] ≔ 𝑒𝑣𝑎𝑙(𝑑𝑖𝑓𝑓(𝑣, 𝑡$𝑛 − 1), 𝑡 = 𝑡0); 

Step 3: 

𝑇[0] ≔ 1; 
𝑇[1] ≔ 2 ∗ 𝑡 + 1; 

𝑓𝑜𝑟 𝑛 𝑓𝑟𝑜𝑚 1 𝑡𝑜  𝑝 𝑑𝑜 

𝑇[𝑛 + 1] ≔ 𝑠𝑖𝑚𝑝𝑙𝑖𝑓𝑦(2 ∗ (2 ∗ 𝑡 − 1) ∗ 𝑇[𝑛] − 𝑇[𝑛 − 1]); 
end do 

Step 4: 

𝑌 ≔ 𝑡𝑁; 
𝑛 ≔ 𝑜𝑟𝑑𝑒𝑟  𝑜𝑓 𝐼𝑉𝑃; 

𝑓𝑜𝑟 𝑖 𝑓𝑟𝑜𝑚 0 𝑡𝑜  𝑁 𝑑𝑜 

𝑉 ≔ (
𝑑𝑛𝑦(𝑡)

𝑑𝑡𝑛 − 𝑓 (𝑡, 𝑦,
𝑑𝑦

𝑑𝑡
,

𝑑2𝑦

𝑑𝑡2 ,
𝑑3𝑦

𝑑𝑡3 ,
𝑑4𝑦

𝑑𝑡4 , … ,
𝑑𝑛−1𝑦

𝑑𝑡𝑛−1)) ∗ 𝑦(𝑖); 

𝐴[𝑖] ≔ 𝑒𝑣𝑎𝑙(𝑉, 𝑁 = 𝑖); 

do 

𝑋: = (𝑠𝑢𝑚(𝐴[𝑗], 𝑗 = 0 … 𝐻) − 𝑠𝑢𝑚(𝑇[ 𝑝 − 𝑘] ∗ 𝜏[𝑘 + 1], 𝑘 = 0 … 𝑛 − 1)) = 𝑓(𝑡); 
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Step 5: 

𝑓𝑜𝑟 𝑚 𝑓𝑟𝑜𝑚 1 𝑡𝑜  𝑁 + 1 𝑑𝑜 

𝑒𝑞𝑛[𝑚] ≔ 𝑒𝑣𝑎𝑙 (𝑇, 𝑡 =
𝑚

𝐻 + 2
) ; 

𝑒𝑛𝑑 𝑑𝑜 

𝑒𝑞𝑛[𝐻 + 2] ≔ 𝑧[0] + 𝑒𝑡0𝜏[𝑛] = 𝛼;  
𝑒𝑞𝑛[𝐻 + 3] ≔ 𝑧[1] + 𝑒𝑡0𝜏[𝑛] = 𝛽;⋮                                                ⋮ 

𝑒𝑞𝑛[𝐻 + 𝑛 + 1] ≔ 𝑧[𝑛 − 2] + 𝑒𝑡0𝜏[𝑛] = 𝜌; 
Step 6: 

𝑠𝑦𝑠 ≔ 𝑠𝑒𝑞(𝑒𝑞𝑛[𝑖], 𝑖 = 1 …  𝐻 + 𝑛 + 1); 

𝑠𝑜𝑙 ≔ 𝑒𝑣𝑎𝑙𝑓(𝑠𝑜𝑙𝑣𝑒({𝑠𝑦𝑠})); 

𝑄 ≔ 𝑒𝑣𝑎𝑙([𝑠𝑒𝑞(𝑦[𝑖], 𝑖 = 0 …  𝐻), 𝜏[𝑛]], 𝑠𝑜𝑙); 

𝑓𝑜𝑟 𝑟 𝑓𝑟𝑜𝑚 1 𝑡𝑜  𝐻 𝑑𝑜 

𝑦[ 𝑟] ≔ 𝑄[𝑟 + 1]; 
𝑒𝑛𝑑 𝑑𝑜 

𝜏[ 𝑛] ≔ 𝑄[𝑝 + 2]; 
Step 7: 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ≔ 𝑠𝑢𝑚(𝑦[𝑗] ∗ 𝑡𝑗 , 𝑗 = 0 … 𝐻) + 𝜏[𝑛] ∗ 𝑡; 

𝑓𝑜𝑟 𝑡 𝑓𝑟𝑜𝑚 0 𝑏𝑦 0.1 𝑡𝑜 1 𝑑𝑜 

𝐸𝐹𝐶𝐴[𝑡] ≔ 𝑒𝑣𝑎𝑙𝑓 (𝑒𝑣𝑎𝑙(𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛, 𝑡) 

𝑒𝑛𝑑 𝑑𝑜 
[2𝐷𝑝𝑙𝑜𝑡] ≔ 𝑝𝑙𝑜𝑡([𝐸𝐹𝐶𝐴], 𝑡 = 0 … 1, 𝑐𝑜𝑙𝑜𝑟[𝑔𝑟𝑒𝑒𝑛, 𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑝𝑙𝑎𝑐𝑘𝑝𝑢𝑟𝑝𝑙𝑒], 𝑎𝑥𝑒𝑠

= 𝑏𝑜𝑥𝑒𝑑, 𝑡𝑖𝑡𝑙𝑒 = 𝐼𝑉𝑃𝑠); 
where 𝑛 is the order of the IVP 

 

Differential Transformation Algorithm (DTA) 

Zhou first introduced the concept of the differential transformation method. This is an iterative 

procedure to obtain the Taylor series analytical solutions of the ordinary differential equation 

(ODE), the system of ordinary differential equations (SODE), and the partial differential 

equation (PDE). The commendable point of this method is that it can reduce the size of the 

computational work while the accuracy and convergence speed of the serial solution are still 

provided [14-16]. The basic math operations are performed by the method of differential 

transformation as shown below: 

Table 1: One dimensional differential transformation function 𝒚(𝒕) 

Functional Form   Transformed Form 

𝑦(𝑡) = 𝑤(𝑡) ± 𝑧(𝑡) 𝑌(𝑘) = 𝑊(𝑘) ± 𝑍(𝑘) 

𝑦(𝑡) =
𝑑𝑦(𝑡)

𝑑𝑡
 

𝑌(𝑘) = (𝑘 + 1)𝑌(𝑘 + 1) 

𝑦(𝑡) =
𝑑𝑛𝑦(𝑡)

𝑑𝑡𝑛
 

𝑌(𝑘) = (𝑘 + 1) ⋯ (𝑘 + 𝑛)𝑌(𝑘 + 𝑛) 

𝑦(𝑡) = 𝑒𝑡 
𝑌(𝑘) =

1

𝑘!
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𝑦(𝑡) = 𝑤(𝑡) + 𝑣(𝑡) 
𝑌(𝑘) = ∑ 𝑊(𝑟)𝑉(𝑘 − 𝑟)

∞

𝑟=0

 

𝑦(𝑡) = 𝑦𝑝 𝑌(𝑘) = 𝛿(𝑘 − 𝑝) = {1,                  𝑘 = 𝑛 0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒  

𝑦(𝑡) = 𝜖𝑦(𝑡) 𝑌(𝑘) = 𝜖𝑌(𝑘)        𝑤ℎ𝑒𝑟𝑒 𝜖  𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

𝑦(𝑡)
= {𝑐𝑜𝑠 (𝜀𝑦
+ 𝜔) 𝑠𝑖𝑛 (𝜀𝑦 + 𝜔)  

𝑌(𝑘) =
𝜀𝑘

𝑘!
𝑐𝑜𝑠 (

𝑘𝜋

2
+ 𝜔) , 𝑋1(𝑘)

=
𝜀𝑘

𝑘!
𝑠𝑖𝑛 (

𝑘𝜋

2
+ 𝜔)  𝑤ℎ𝑒𝑟𝑒 𝜖, 𝑎𝑟𝑒 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡𝑠 

 

Reducing computational time taken in simplifying and evaluating the derivatives involves 

transformation differential method (DTM) while the accuracy is desired; hence, formulation of 

differential transform algorithm goes thus:     

                    

restart: 

Step 1: 

𝐷𝑖𝑔𝑖𝑡𝑠 ≔ 𝑅+ 

𝑛 ≔ 𝑜𝑟𝑑𝑒𝑟  𝑜𝑓 𝐼𝑉𝑃; 
𝑌(0) ≔ 𝛼; 
𝑌(1) ≔ 𝛽; 
𝑌(2) ≔ 𝛾; 
⋮                ⋮ 

𝑌(𝑛 − 1) ≔ 𝜌; 
𝛿[0] ≔ 1; 

𝛿[−1] ≔ 1; 
𝑓𝑜𝑟 𝑛 𝑓𝑟𝑜𝑚 1 𝑡𝑜 𝑁 𝑑𝑜 

𝛿[𝑛] ≔ 0 

𝑒𝑛𝑑 𝑑𝑜: 
Step 2: 

𝑓𝑜𝑟 𝑘 𝑓𝑟𝑜𝑚 0 𝑡𝑜 𝑁 𝑑𝑜 

𝑌[𝑘 + 𝑛]: = −
1

(𝑘 + 1)(𝑘 + 2)(𝑘 + 3) ⋯ (𝑘 + 𝑛)
∗ (𝑘 + 1)𝑌[𝑘 + 1] + 𝛿[𝑘] + 𝑓(𝑡)); 

𝑒𝑛𝑑 𝑑𝑜; 
Step 3: 

𝑦(𝑡) ≔ 𝑠𝑢𝑚(𝑌[𝑗] ∗ 𝑡𝑗 , 𝑗 = 0, ⋯ , 𝑁 + 1); 

𝐷𝑇𝐴 ≔ 𝑦(𝑡);  
𝑓𝑜𝑟 𝑖 𝑓𝑟𝑜𝑚 0 𝑏𝑦 0.1 𝑡𝑜 1 𝑑𝑜 

𝑦(𝑖) ≔ 𝑒𝑣𝑎𝑙𝑓(𝑒𝑣𝑎𝑙(𝐷𝑇𝐴, 𝑡 = 𝑖)) 

𝑒𝑛𝑑 𝑑𝑜; 
[2𝐷𝑝𝑙𝑜𝑡] ≔ 𝑝𝑙𝑜𝑡([𝐷𝑇𝐴], 𝑡 = 0 … 100, 𝑐𝑜𝑙𝑜𝑟[𝑔𝑟𝑒𝑒𝑛, 𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑝𝑙𝑎𝑐𝑘𝑝𝑢𝑟𝑝𝑙𝑒], 𝑎𝑥𝑒𝑠

= 𝑏𝑜𝑥𝑒𝑑, 𝑡𝑖𝑡𝑙𝑒 = 𝐼𝑉𝑃𝑠); 
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Homotopy Perturbation Algorithm (HPA) 

Homotopy perturbation method was proposed by JiHuan He and used by scientists and 

engineers to solve many problems in engineering and science; it has been found to be extremely 

effective in solving these problems. To illustrate the basic ideas of the isomorphic perturbation 

method, there is a coupling between the traditional perturbation method and the 

homomorphism, which is a very interesting and useful concept in topology and repeatedly turns 

into a simple, easy-to-solve problem [21-23]. To reduce the computational time required to 

simplify and evaluate the integral use in the homotopy perturbation method (HPM), while 

precision is desired, the formula of the homotopy perturbation algorithm as follows: 

                    

restart: 

Step 1: 

𝐷𝑖𝑔𝑖𝑡𝑠 ≔ 𝑅+; 
𝑛 ≔ 𝑜𝑟𝑑𝑒𝑟  𝑜𝑓 𝐼𝑉𝑃; 

𝑁 ≔ 𝐶𝑜𝑚𝑝𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑒𝑛𝑔ℎ𝑡; 
𝑓 ≔ 𝑓(𝑡);  

𝐻𝑃𝐴(0) ≔ 𝛼 + 𝛽 ∗ 𝑡 +
𝛾 ∗ 𝑡2

2!
+ ⋯ +

𝜌 ∗ 𝑡𝑛−1

(𝑛 − 1)!
; 

𝐻𝑃𝐴[1] ≔ −𝑣𝑎𝑙𝑢𝑒(𝑖𝑛𝑡(𝑑𝑖𝑓𝑓(𝐻𝑃𝐴[0], 𝑡$𝑛) + (𝐻𝑃𝐴[0], 𝑡$𝑛 − 1) + ⋯ + 𝐻𝑃𝐴[0] − 𝑓)), [ 𝑡 =

0 … 𝑡, 𝑡 = 0 … 𝑡, … , 𝑡 = 0 … 𝑡]); 

Step 2: 

𝑓𝑜𝑟 𝑛 𝑓𝑟𝑜𝑚 2 𝑡𝑜 𝑁 𝑑𝑜 

𝐻𝑃𝐴[𝑛]: = −𝑉𝑎𝑙𝑢𝑒 (𝑖𝑛𝑡(𝑑𝑖𝑓𝑓(𝐻𝑃𝐴[𝑛 − 1], [ 𝑡 = 0 … 𝑡, 𝑡 = 0 … 𝑡, … , 𝑡 = 0 … 𝑡])))) ; 

𝑒𝑛𝑑 𝑑𝑜;  

Step 3: 

𝑠𝑜𝑙1 ≔ 𝑠𝑢𝑚((𝐻𝑃𝐴[𝑗]), 𝑗 = 0. . 𝑁 + 1 ); 

𝑓𝑜𝑟 𝑡  𝑓𝑟𝑜𝑚 0 𝑏𝑦 0.1 𝑡𝑜 1 𝑑𝑜 

𝐻𝑃𝐴[𝑡] ≔ 𝑒𝑣𝑎𝑙𝑓(𝑒𝑣𝑎𝑙(𝑠𝑜𝑙1)) 

𝑒𝑛𝑑 𝑑𝑜; 
[2𝐷𝑝𝑙𝑜𝑡] ≔ 𝑝𝑙𝑜𝑡([𝐻𝑃𝐴], 𝑡 = 0 … 100, 𝑐𝑜𝑙𝑜𝑟[𝑔𝑟𝑒𝑒𝑛, 𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑝𝑙𝑎𝑐𝑘𝑝𝑢𝑟𝑝𝑙𝑒], 𝑎𝑥𝑒𝑠

= 𝑏𝑜𝑥𝑒𝑑, 𝑡𝑖𝑡𝑙𝑒 = 𝐼𝑉𝑃𝑠); 
 

New Iterative Algorithm (NIA) 

A new iterative method was proposed by Daftardar-Gejji and Jafari [24], it is an efficient 

technique for solving linear and nonlinear functional differential equations which arises in a 

wide application in nonlinear problems without linearization or small perturbation. NIM is 

simple in principles and easy to implement; it gives results which are in good agreement with 

other methods and in many cases with few iterations [25-28]. The formulation of new iterative 

algorithm can be stated as follows: 

 

restart: 
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Step 1: 

𝐷𝑖𝑔𝑖𝑡𝑠 ≔ 𝑅+; 
𝑛 ≔ 𝑜𝑟𝑑𝑒𝑟  𝑜𝑓 𝐼𝑉𝑃; 

𝑁 ≔ 𝐶𝑜𝑚𝑝𝑢𝑡𝑎𝑡𝑖𝑜𝑛𝑎𝑙 𝑙𝑒𝑛𝑔𝑡ℎ; 
𝑓 ≔ 𝑓(𝑡);  

𝑁𝐼𝐴[0] ≔ 𝛼 + 𝛽 ∗ 𝑡 +
𝛾 ∗ 𝑡2

2!
+ ⋯ +

𝜌 ∗ 𝑡𝑛−1

(𝑛 − 1)!
; 

Step 2: 

𝑓𝑜𝑟 𝑛 𝑓𝑟𝑜𝑚 𝑡𝑜 𝑁 𝑑𝑜 

𝑁𝐼𝐴[𝑛 + 1] ≔ −𝑣𝑎𝑙𝑢𝑒 ((𝑖𝑛𝑡((𝑁𝐼𝐴[𝑛])))) , [ 𝑡 = 0 … 𝑡, 𝑡 = 0 … 𝑡, … , 𝑡 = 0 … 𝑡]); 

𝑠𝑜𝑙1 ≔ 𝑠𝑢𝑚((𝑁𝐼𝐴[𝑗]), 𝑗 = 0. . 𝑁 + 1 ); 

𝑒𝑛𝑑 𝑑𝑜; 
 

Step 3: 

𝑓𝑜𝑟 𝑡  𝑓𝑟𝑜𝑚 0 𝑏𝑦 0.1 𝑡𝑜 1 𝑑𝑜 

𝑁𝐼𝐴[𝑡] ≔ 𝑒𝑣𝑎𝑙𝑓(𝑒𝑣𝑎𝑙(𝑠𝑜𝑙1)) 

𝑒𝑛𝑑 𝑑𝑜; 
[2𝐷𝑝𝑙𝑜𝑡] ≔ 𝑝𝑙𝑜𝑡([𝑁𝐼𝐴], 𝑡 = 0 … 100, 𝑐𝑜𝑙𝑜𝑟[𝑔𝑟𝑒𝑒𝑛, 𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑝𝑙𝑎𝑐𝑘𝑝𝑢𝑟𝑝𝑙𝑒], 𝑎𝑥𝑒𝑠

= 𝑏𝑜𝑥𝑒𝑑, 𝑡𝑖𝑡𝑙𝑒 = 𝐼𝑉𝑃𝑠); 
 

 

Numerical Experiments 

To illustrate the effectiveness of the proposed algorithms, four test problems are considered in 

this section and presentations of graphical simulations of all the problems are obtained in 2D 

plots.  

Problem 1 

Consider second order initial value problem of the form [29] 

𝑑2𝑦

𝑑𝑡2
+

2𝛷𝑑𝑦

𝛹𝑑𝑡
+

1

𝛹2
𝑦 =

𝜛

𝛹2
𝑢(𝑡)                                                            (3)     

With initial conditions, 

𝑦(0) = 𝑦/(0) = 0                                                                                  (4)  

Here, 𝛷, 𝛹, 𝜛 are parameter constants and 𝑢(𝑡) =𝑠𝑖𝑛 𝑠𝑖𝑛 (𝛺𝑡)  is a sinusoidal input. In order 

to apply the four proposed algorithms discussed in the last section for the numerical solutions 

of equations (3) and (4), the following parameters are considered: 

{𝛹 =
2

3
 𝜛 =

5

7
 𝛺 = 1 𝛷 = [

1

2
,
1

4
,
1

6
,
1

8
,

1

10
] 𝑎𝑛𝑑 𝛷 = [

1

3
,
1

5
,
1

7
,
1

9
,

1

11
]  
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Use of computational length as 𝑁 = 15 was considered, and numerical solutions obtained with 

absolute errors are presented in Table 2. 

Table 2: Numerical solutions and absolute errors when 𝜱 =
𝟏

𝟐
 even and 𝜱 =

𝟏

𝟑
 odd 

fractional parameter constants 

T  
𝛹 =

2

3
, 𝜛 =

5

7
, 𝛺 = 1, 𝛷 =

1

2
 

𝐸𝑡 
𝛹 =

2

3
, 𝜛 =

5

7
, 𝛺 = 1, 𝛷 =

1

3
 

𝐸𝑡 

 

0 

Exact 0.0000000000000000000000 0.00-E 0.0000000000000000000000 0.00-E 

EFCA 0.0000000000000000000000 0.00-E 0.0000000000000000000000 0.00-E 

DTA 0.0000000000000000000000 0.00-E 0.0000000000000000000000 0.00-E 

HPA 0.0000000000000000000000 0.00-E 0.0000000000000000000000 0.00-E 

NIA 0.0000000000000000000000 0.00-E 0.0000000000000000000000 0.00-E 

 

0.1 

Exact 0.0002576893217057315385  0.0002608694648414737958  

EFCA 0.0002576893217057276200 3.9E-18 0.0002608694648414691600 4.6E-18 

DTA 0.0002576893217057275300 4.0E-18 0.0002608694648414691300 4.7E-18 

HPA 0.0002576893217057276600 3.8E-18 0.0002608694648414691800 4.8E-18 

NIA 0.0002576893217057277700 3.9E-16 0.0002608694648414691900 4.9E-18 

 

0.2 

Exact 0.0019785365268224204020  0.0020267194877651586893  

EFCA 0.0019785365268221993800 2.2-16E 0.0020267194877650133000 1.5-16E 

DTA 0.0019785365268221897300 2.3-16E 0.0020267194877650141000 1.6-16E 

HPA 0.0019785365268221723400 2.5-16E 0.0020267194877650154000 1.4-16E 

NIA 0.00197853652682216234400 2.6-16E 0.0020267194877650176000 1.4-16E 

 

0.3 

Exact 0.00639362015189284911640  0.00662390831518031760440  

EFCA 0.00639362015189113751000 1.6-15E 0.00662390831517833277000 1.9-15E 

DTA 0.00639362015189113763000 1.7-15E 0.00662390831517833380000 2.0-15E 

HPA 0.00639362015189113782000 1.8-15E 0.00662390831517833490000 2.1-15E 

NIA 0.00639362015189113798000 1.9-15E 0.00662390831517833567000 2.2-15E 

 

0.4 

Exact 0.01447662469759231407000  0.01516166303405722354800  

EFCA 0.01447662469758694094000 5.3-15E 0.01516166303403626636000 2.1-14E 

DTA 0.01447662469758694082000 5.4-15E 0.01516166303403626645000 2.2-14E 

HPA 0.01447662469758694076000 5.5-15E 0.01516166303403626664000 2.3-14E 

NIA 0.01447662469758694065000 5.6-15E 0.01516166303403626685000 2.4-14E 

 

0.5 

Exact 0.02694498924631446616800  0.02851427968988428785900  

EFCA 0.02694498924631293826000 1.5-15E 0.02851427968972051578000 1.6-13E 

DTA 0.02694498924631293845000 1.6-15E 0.02851427968972051588000 1.7-13E 

HPA 0.02694498924631293867000 1.7-15E 0.02851427968972051599000 1.8-13E 

NIA 0.02694498924631293882000 1.8-15E 0.02851427968972051598000 1.9-13E 

 

0.6 

Exact 0.04426668088941555400700  0.04731048931774428484500  

EFCA 0.04426668088948037477000 6.4-14E 0.04731048931679243781000 9.5-13E 

DTA 0.04426668088948037482000 6.5-14E 0.04731048931679243789000 9.6-13E 

HPA 0.04426668088948037489000 6.6-14E 0.04731048931679243794000 9.7-13E 

NIA 0.04426668088948037497000 6.7-14E 0.04731048931679243799000 9.8-13E 

 

0.7 

Exact 0.06667180767469582276800  0.07192967816079985571600  

EFCA 0.06667180767506125279000 3.6-13E 0.07192967815645106718000 4.3-12E 

DTA 0.06667180767506125282000 3.7-13E 0.07192967815645106722000 4.4-12E 
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HPA 0.06667180767506125289000 3.8-13E 0.07192967815645106734000 4.5-12E 

NIA 0.06667180767506125299000 3.9-13E 0.07192967815645106745000 4.6-12E 

 

0.8 

Exact 0.09416828844403627394600  0.10250452759509695129000  

EFCA 0.09416828844530318762000 1.3-13E 0.10250452757864037736000 1.6-11E 

DTA 0.09416828844530318774000 1.2-13E 0.10250452757864037743000 1.6-11E 

HPA 0.09416828844530318786000 1.3-13E 0.10250452757864037752000 1.6-11E 

NIA 0.09416828844530318796000 1.3-13E 0.10250452757864037767000 1.7-11E 

 

0.9 

Exact 0.12656081420613966729000  0.13892953612294416016000  

EFCA 0.12656081420937343787000 3.2-12E 0.13892953612294416024000 1.0-0E 

DTA 0.12656081420937343792000 3.2-12E 0.13892953612294416036000 1.0-0E 

HPA 0.12656081420937343795000 3.2-12E 0.13892953612294416045000 1.0-0E 

NIA 0.12656081420937343799000 3.2-12E 0.13892953612294416057000 1.0-0E 

 

1.0 

Exact 0.16347236525538171084000  0.18087480249668017845807  

EFCA 0.16347236526134627418000 5.9-12E 0.18087480249668017845910 0.0-0E 

DTA 0.16347236526134627422000 5.9-12E 0.18087480249668017845930 0.0-0E 

HPA 0.16347236526134627431000 5.9-12E 0.18087480249668017845942 0.0-0E 

NIA 0.16347236526134627440000 5.9-12E 0.18087480249668017845966 0.0-0E 

 

 

 

 

Figure 1 depicts the numerical simulation of y(t) obtained when varied fractional constants are 

even 𝛷 = [
1

2
,

1

4
,

1

6
,

1

8
,

1

10
] and other two parameters remain fixed  𝛹 =

2

3
, 𝜛 =

5

7
  on interval 0 ≤

𝑡 ≤ 100    
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Figure 2 depicts the numerical simulation of y(t) obtained when varied fractional constants are 

even 𝛷 = [
1

3
,

1

5
,

1

7
,

1

9
,

1

11
] and other two parameters remain fixed  𝛹 =

2

3
, 𝜛 =

5

7
  on interval 0 ≤

𝑡 ≤ 100 

 

Problem 2 

Consider third order initial value problem of the form [30] 

𝑑3𝑦

𝑑𝑡3
= −𝑒𝑡                                                                                           (5)     

with initial conditions 

𝑦(0) = 1 𝑦/(0) = −1 𝑦//(0) = 3                                              (6)  

 

Exact solution is  

𝑦(𝑡) = 2 + 2𝑡2 − 𝑒−𝑡                                                                     (7)   
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Table 3:  Numerical solutions and absolute errors for problem 2 

t Exact solution 𝑬𝑭𝑪𝑨𝒆 𝑫𝑻𝑨𝒆 𝑯𝑷𝑨𝒆 𝑵𝑰𝑨𝒆 [30] [31] 

0 1.00000000000000000000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1 0.91482908192435237507 1.3E-19 1.4E-18 1.3E-19 1.8E-18 3.4E-14 2.5E-13 

0.2 0.85859724183983016925 3.5E-18 2.3E-18 2.9E-18 2.7E-18 3.3E-13 6.5E-11 

0.3 0.83014119242399698479 8.9E-17 1.6E-17 1.7E-18 1.6E-17 3.7E-14 3.4E-09 

0.4 0.82817530235873050246 8.2E-16 2.2E-15 1.8E-18 3.6E-17 5.8E-13 8.2E-09 

0.5 0.85127872929987656116 4.7E-15 1.9E-15 5.9E-16 1.6E-16 3.6E-13 6.0E-09 

0.6 0.89788119960951132335 2.0E-14 2.1E-14 5.1E-15 1.4E-15 1.2E-12 9.9E-09 

0.7 0.96624729252959539300 7.2E-14 1.3E-14 4.6E-15 3.4E-14 1.2E-12 1.5E-08 

0.8 1.0544590715077526350 2.2E-13 2.4E-12 1.6E-13 4.1E-13 2.5E-12 2.2E-08 

0.9 1.1603968888436524170 6.0E-13 1.0E-12 5.1E-13 3.1E-13 2.5E-12 3.5E-08 

1.0 1.2817181715424574509 1.5E-12 1.2E-12 3.4E-12 1.7E-12 4.9E-12 6.0E-08 

 

 

 

Figure 3 depicts the numerical solution on interval 0 ≤ 𝑡 ≤ 1 

 

Problem 3 

The ill-posed problem has an important engineering application in viscoelastic flow, a beam 

on elastic foundation. Fourth-order ODEs can be used to describe the ill-posed problem of a 

beam on elastic foundation as follows [32]: 
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𝑑4𝑦

𝑑𝑡4
+ 𝛹𝑦 = 𝑓(𝑡)                                                                                                               (8)     

with initial conditions 

𝑦(0) = 𝑦/(0) = 𝑦//(0)  = 𝑦///(0)  = 𝑦///(0)  = 0                                              (9)  

Here, 𝛹 is a beam constant. 

Considering 𝛹 = [1, 2,3,4,5] and 𝑓(𝑡) = 1, we obtained numerical solutions presented in 

Table 4 

 

Table 4:   Numerical solutions and absolute errors 

T  𝛹 = 1 𝐸𝑡 𝛹 = 2 𝐸𝑡 

 

0 

Exact 0.000000000000000000000 0.0E-00 0.000000000000000000000 0.0E-00 

EFCA 0.0000000000000000000000 0.0E-00 0.000000000000000000000 0.0E-00 

DTA 0.0000000000000000000000 0.0E-00 0.000000000000000000000 0.0E-00 

HPA 0.0000000000000000000000 0.0E-00 0.000000000000000000000 0.0E-00 

NIA 0.0000000000000000000000 0.0E-00 0.000000000000000000000 0.0E-00 

 

0.1 

Exact 0.0000041666664186508100  0.000004166666170634930  

EFCA 0.0000041666664186507975 1.2E-20 0.000004166666170634951 2.2E-20 

DTA 0.0000041666664186507957 1.4E-20 0.000004166666170634928 2.1E-21 

HPA 0.0000041666664186507959 1.4E-20 0.000004166666170634944 1.4E-20 

NIA 0.0000041666664186507960 1.4E-20 0.000004166666170634932 2.3E-21 

 

0.2 

Exact 0.0000666666031746117200  0.000066666539682573860  

EFCA 0.0000666666031746117590 4.1E-20 0.000066666539682574290 4.3E-21 

DTA 0.0000666666031746117257 1.1E-20 0.000066666539682573887 3.1E-20 

HPA 0.0000666666031746117259 1.1E-20 0.000066666539682573896 4.1E-21 

NIA 0.0000666666031746117356 2.1E-20 0.000066666539682573899 4.1E-20 

 

0.3 

Exact 0.0003374983727689666300  0.000337496745540152180  

EFCA 0.0003374983727689666926 1.1E-19 0.000337496745540153283 1.1E-18 

DTA 0.0003374983727689666293 0.7E-19 0.000337496745540153191 1.0E-18 

HPA 0.0003374983727689666433 0.0E-20 0.000337496745540153341 1.1E-18 

NIA 0.0003374983727689666563 1.1E-19 0.000337496745540153456 1.3E-18 

 

0.4 

Exact 0.0010666504127334380500  0.001066634158870260110  

EFCA 0.0010666504127334380282 0.0E-00 0.001066634158870260198 0.0E-00 

DTA 0.0010666504127334380745 0.0E-00 0.001066634158870260274 0.0E-00 

HPA 0.0010666504127334380841 0.0E-00 0.001066634158870260354 0.0E-00 

NIA 0.0010666504127334380900 0.0E-00 0.001066634158870260434 0.0E-00 

 

0.5 

Exact 0.0026040697859759555800  0.002603972906304612980  

EFCA 0.0026040697859759559761 0.0E-00 0.002603972906304629971 1.7E-17 

DTA 0.0026040697859759552912 1.1E-18 0.002603972906304628815 1.6E-17 

HPA 0.0026040697859759553212 1.1E-18 0.002603972906304642811 3.0E-17 

NIA 

 

0.0026040697859759553511 1.1E-18 0.002603972906304634515 2.2E-17 
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0.6 

Exact 0.0053995834331158306512  0.005399166875320411610  

EFCA 0.0053995834331158336744 3.1E-18 0.005399166875320447650 3.6E-17 

DTA 0.0053995834331158441558 1.3E-17 0.005399166875320519480 1.6E-16 

HPA 0.0053995834331158461657 1.5E-17 0.005399166875320529991 1.2E-16 

NIA 0.0053995834331158451559 1.4E-17 0.005399166875320534850 1.2E-16 

 

0.7 

Exact 0.0100027369334098489406  0.010001307257944316169  

EFCA 0.0100027369334098546777 0.0E-00 0.010001307257944384478 6.1E-17 

DTA 0.0100027369334098582287 1.1E-17 0.010001307257944384828 6.1E-17 

HPA 0.0100027369334098583281 1.1E-17 0.010001307257944384327 6.1E-17 

NIA 0.0100027369334098583117 1.1E-17 0.010001307257943848451 4.7E-17 

 

0.8 

Exact 0.0170625057942562871000  0.017058345208765799034  

EFCA 0.0170625057942562970579 1.1E-17 0.017058345208765918286 1.1E-14 

DTA 0.0170625057942573324095 1.0E-15 0.017058345208776561384 1.1E-14 

HPA 0.0170625057942574323435 1.1E-15 0.017058345208776551238 1.1E-14 

NIA 0.0170625057942574568915 1.2E-15 0.017058345208776561388 1.1E-14 

 

0.9 

Exact 0.0273268243195231377600  0.027316149818783478146  

EFCA 0.0273268243195231356717 0.0E-00 0.027316149818753499991 2.9E-14 

DTA 0.0273268243195331245673 9.9E-15 0.027316149818764532173 1.9E-14 

HPA 0.0273268243195332456772 1.1E-14 0.027316149818767634535 1.6E-14 

NIA 0.0273268243195333354632 1.0E-14 0.027316149818306548298 4.7E-13 

 

1.0 

Exact 0.0416418671669929837800  0.041617071842383935610  

EFCA 0.0416418671669928765321 1.0E-16 0.041617071842383954632 1.1E-17 

DTA 0.0416418671669995432215 6.6E-15 0.041617071842388332456 4.4E-16 

HPA 0.0416418671667846512854 2.1E-15 0.041617071842387673576 3.7E-15 

NIA 0.0416418671667542389432 2.4E-15 0.041617071842345765417 3.8E-15 

        

 

Figure 4 depicts deflection distance obtain when variable 𝛹 = [1,2,3,4,5] on time interval 0 ≤
𝑡 ≤ 5 
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Problem 4 

Consider fifth order homogenous initial value problem of the form [33], 

𝑑5𝑦

𝑑𝑡5
− 𝛺

𝑑3𝑦

𝑑𝑡3
+ (𝛺 − 1)𝑦 = 0                                                                                     (10)     

With initial conditions 

𝑦(0) = 3 𝑦/(0) = −5 𝑦//(0) = 11 𝑦///(0)  = −23 𝑦/𝑉(0)  = 47                 (11) 

Here, 𝛺 is a constant. 

Considering 𝛺 = [5,6,7,8,9,10] for numerical simulation of equation (10) coupled with initial 

conditions given in equation 2, we obtained numerical solutions presented in Table 5. 

 

Table 5:  Numerical solutions and absolute errors for problem 4 

t Exact solution   𝛺 = 5 𝐸𝐹𝐶𝐴𝑒 𝐷𝑇𝐴𝑒 𝐻𝑃𝐴𝑒 𝑁𝐼𝐴𝑒 [33] [34] 

0 3.000000000000000000 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 

0.1 2.551354841197985800 1.5E-16 2.7E-15 2.8E-15 2.3E-15 2.6E-15 3.1E-15 

0.2 2.192229385028936500 1.3E-15 2.4E-15 3.8E-15 2.3E-15 1.9E-14 2.4E-14 

0.3 1.905616687600363100 2.2E-15 2.5E-14 4.5E-14 2.9E-13 2.2E-12 6.9E-12 

0.4 1.677666846316027400 3.7E-12 1.6E-13 2.7E-13 3.6E-12 1.2E-11 1.5E-10 

0.5 1.497107663801695600 3.8E-12 4.4E-11 3.9E-11 6.8E-11 4.6E-11 1.7E-09 

0.6 1.354770999642579600 4.7E-12 2.6E-10 1.9E-11 4.8E-11 1.4E-10 1.2E-08 

0.7 1.243205588033408500 3.8E-11 4.2E-10 3.4E-10 3.9E-10 3.4E-10 6.6E-08 

0.8 1.156360589866742400 3.7E-11 6.5E-10 7.7E-10 6.6E-10 7.4E-10 2.8E-07 

0.9 1.089327004924157900 2.7E-11 3.8E-10 2.7E-10 4.7E-10 1.5E-09 1.0E-06 

1.0 1.038126408538393000 3.6E-10 5.9E-10 3.6E-09 3.6E-09 2.8E-09 3.6E-06 

 

 
Figure 5 depicts the numerical simulation results obtained when variable 𝛺 = [5,6,7,8,9,10] 
on interval 0 ≤ 𝑡 ≤ 1. 
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DISCUSSION AND CONCLUSION 

Discussion of Results 

The present paper is aimed to present numerical comparison of four proposed computational 

algorithms for the numerical solution of higher order differential equations which occur in 

applied mathematics. Four problems are considered to test the feasibility and practicability of 

the techniques and the following observations are noted: 

i. Problem 1: The proposed techniques demonstrated significantly with exact 

solutions and highest results are obtained when constant parameter 𝛷 is odd (see 

Table 2). 

ii. Figure 1 depicts the frequency pattern of the even constant parameter 𝛷 and the 

highest and lowest values are obtained at 𝛷 =
1

6
 (see Figure 1). 

iii. Figure 2 depicts the frequency pattern of the odd constant parameter 𝛷 and the 

highest and lowest values are obtained at 𝛷 =
1

3
 (see Figure 2). 

iv. Problem 2: The absolute errors obtained for all proposed algorithms are better 

compared with exact solutions and the available literature (see Table 3 and Figure 

3). 

v. Problem 3: The algorithms demonstrated good agreement with exact solutions and 

increased the constant parameter 𝛹 which yielded less beam deflection distance 

(see Table 3 and Figure 4). 

vi. Problem 4: Better absolute errors are obtained and the constant parameter 𝛺 

demonstrated uniform decrease in numerical solutions until small changes at 𝛺 = 9 

(Figure 5). 

 

CONCLUSION 

The present work is aimed to formulate and apply effective computation algorithms: 

exponential fitted collocation algorithm, differential transformation algorithm, homotopy 

perturbation algorithm and new iterative algorithm to solve higher order initial values problems 

which arise in applied mathematics. Numerical solutions and graphical presentations of the 

numerical results demonstrated effectiveness and good accuracy when compared with exact 

solutions. From the computational viewpoint, the proposed algorithms are feasible, easy, fast 

and effective and are good approaches in teaching and learning in applied computational 

mathematics. 
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Abbreviations 

The following abbreviations are used in this paper: 

𝐸𝐹𝐶𝐴𝑒 = Absolute error in exponentially fitted collocation algorithm 

𝐷𝑇𝐴𝑒 = Absolute error in differential transformation algorithm 

𝐻𝑃𝐴𝑒 = Absolute error in Homotopy perturbation algorithm 

𝑁𝐼𝐴𝑒 = Absolute error in new iterative algorithm. 
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