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ABSTRACT: This work investigates the rate of return from two
portfolio management strategies. We first examine the return
from total investment which includes both investment in the risky
stock and investment in the risk-free asset. Secondly, we examine
the return from investment in the risky stock only. We derive some
optimality properties for the two portfolio management
strategies. We show that the limiting behaviour of the rate of
return on total investment is determined by the limiting behaviour
of a related diffusion process.
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INTRODUCTION

The rate of return on investment is defined here as the net gain divided by the cumulative
investment. In other words, it is the ratio of money gained or lost whether realized or unrealized
on an investment relative to the amount of money invested. Portfolio strategies on the other
hand are investment tools relating to active investment approaches. An investor can select and
invest based on the conditions of the market. In finance, constant proportions investment
strategies play a major role in the theory of portfolio management. Under these policies, an
investor continuously rebalances his portfolio to enable him allocate fixed constant proportions
of his wealth across the investment opportunities. The above strategy is quite widely used and
is sometimes referred to as constant mix, or continuously rebalanced strategy [1]. It is of
interest to know the stochastic behaviour of the rate of return on total investment for such
policies given the fundamental nature of such policies in theoretical portfolio practice.

Merton [2] introduced the setting for the continuous time financial model which was used in
Black and Scholes [3]. Ethier and Tavare [4] studied the return on investment in a discrete-
time gambling model, where the return on the individual gambles was assumed to follow a
random walk. They showed that the asymptotic distribution of the return is a gamma
distribution as the mean increment in the random walk goes to zero. Kelly [5] studied the
relationship between the logarithm of wealth and expected asymptotic rate at which wealth
compounds. Breiman [6] established that the policy that maximizes the logarithm of wealth is
asymptotically optimal for the objective of minimizing the expected time. The relationship is
however exact only in continuous-time. Thorp [7], Hakansson [8], Finkelstein and Whitely [9]
contain deep analysis of optimality properties in discrete-time of constant proportional
investment policies. Browne and Whitt [10] studied the optimal growth policy in both discrete
and continuous-time of a Bayesian version. Ling et al. [11] examined buy-and-hold investment
strategy in four Asian markets. They described it as passive conservative investment strategy
in which an investor keeps the stocks for a longer period of time. Mattei and Mattei [12] defined
strategies of asset allocation as a device that helps an investor in diversifying his portfolio and
reducing the associated risk. They made an analysis on rebalancing strategies. Zunera and
Ahmad [13] examined four strategies namely buy and hold strategy, dynamic asset allocation,
strategic asset allocation and tactical asset allocation, along with their dimensions.

This work investigates the rate of return from two portfolio management strategies. We first
examine the return from total investment which includes both investment in the risky stock and
investment in the risk-free asset. Secondly, we examine the return from investment in the risky
stock alone, which is the excess return above the risk-free rate.

Basic Tools and Preliminaries

Consider a complete market with constant coefficients having n risky stocks generated by n
independent Brownian motions. Let the stocks be generated by the process, S{:i = 1,---,n. It
is assumed that the price evolves according to

ds® = psPde + 3%, 0y sPdw,?, 1)

fori=1,---,n. y; and g;; are constants and Wt(j) denotes a standard independent Brownian

motion. Let the bond {B,,t > 0} be an available risk-free security for investment. The price of
the bond evolves according to
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dBt = T'Btdt, (2)

where r is a positive constant. The investor is allowed to invest its surplus in the risky stock.
Hence, we denote the total amount of money invested in the risky stock at time ¢ under an
investment policy m as m,: t = 0, where m, is a suitable admissible adapted control process,
that is, i, is a non anticipative function and satisfies for any T,

[} midt < oo 3)

Under the policy m, the investor’s wealth process, Y/* evolves according to the stochastic
differential equation

as{ dB
avy =vr (S, mi5)+vesE, (-m)i (4)
t

Substituting equations (1) and (2), the stochastic differential equation for the wealth process of
the investor reduces to

ayy =Y/ (r + m(u — r))dt +YIY Xia ﬂtaidet(j). (5)

We note that r, may be negative, in which case the investor is short selling a stock. Let g be a
fixed constant vector, where g; denotes the percentage of the investor’s wealth invested in risky
security i for i = 1,---,n. Under this policy, the investor’s wealth is denoted as ¥;7 and it
evolves as

I~ 1 ! ]
vy =/ (7” +g'i—-3g'2 g) E+YE X gioyW. (6)
Hence, Y,/ is the geometric Brownian motion.

I~ 1 ! ]
v=Yoexpexp {(r+gi-39'S g)t+If, T, gy}, @)

where ji = u — r denotes the excess return of the risky stock over the return from the risk free
bond. We allow g < 0 as well as g > 1. In the first instance, the investor is selling the stock
short while in the second instance, the investor borrows money to invest long in the stock.

THE MODEL
Rate of return from investment in risky stock and risk-free asset

Our interest here is to investigate the rate of return from total investment comprising investment
in risky stock and risk-free bond. We define the rate of return from total investment
{py(©):t = 0} as the ratio of the net gain to the cumulative investment. Therefore,

Y7 -Yo
t g )
Jo YSds

py(t) = £20 (®)

where p,(t) is @ measure of the wealth it takes to finance a gain. If p, (t) is large, the investor
is accumulating gains at a faster rate than if it is small. If we divide the numerator and the
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denominator by t in equation (8), we also interpret p,(t) as the average net gain over the
average wealth level. But

Y? =Y, exp exp {(r + gi)dt + go¥7dW,}, 9)
and

fot YJds =Y, fot exp exp {(r + gi)dt + go¥JdW,}ds . (10)

From geometric Brownian motion,
Y7 =Y, exp exp {(r + gii — %gzaz) t+ gaWt} , (11)
and
fot YJds =Y, fot exp exp {(r + gii — %gzaz) s+ gaWS} ds. (12)
Substituting equations (11) and (12) in equation (8) gives

Yoexpexp {(r+gﬁ—%g2 02)t+gaWt} -Yo

Pg (t) - Yy fot expexp {(r+g/7—%g202)s+gaws} ds’ (13)
That is,
Yolexpexp [(r+gfi-2g20?)t+gow,|-1
py(6) = el |(rroie o )eroril1) (14)
Yo, expexp {(r+gu—§g202)s+gaW5} ds
Simplifying equation (14) gives
~_ 12 2
expexp [(r+gli—zg“o“ |t+goWi|—1
PO Pl (o 2)2 . (15)
Jo expexp {(r+gu—ag o )s+gaW5} ds
Let g = 0, equation (15) becomes
e’ -1
po(t) = [T ersas (16)
But
fot e"Sds = %(e” - 1). (17
Substituting equation (17) in equation (16) gives
e’ -1
po(t) = oD (18)
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Considering the case when g # 0 in equation (15):

expexp [(r+gii—%gzoz)t+gowt]

t ~_1 2 2 — _
fo exp exp {(r +gu 5970 )s + gaWS} ds r+gii—%gzaz+gadwt 1.
(19)
Substituting equation (19) in equation (15) gives
fi—>g%a? we| -1 i—>g%a2+godWw,
pg(t) _ {expexp [(r+gu S9°0 )t+ga t] }(r+gu S0 +go t) (20)

expexp [(r+gii—%g202)t+gawt] —(r+gi1—%gzaz +gath) '
Forg # 0, {pg(t), t> 0} does not yield to a simple direct analysis. Since
r+ gii — %gzaz > 0, (21)

the process {pg (t),t> 0} admits a unique limiting distribution, which is a gamma distribution.
That is,

pg(t) d > py~gamma (2(;+g;7) —1,= ), (22)

2g2 0-2g2

where d — stands for convergence in distribution. Hence,

Ery) = (A1) (22)

~\_ 22
_ 2(r+g;12) ag°g (23)

=r+g,L~t—%Uzg2 > 0.
To obtain the ratio of the expected gain to the expected total investment for ¢t > 0, we have

E(total gain) _ E(Ytg—Yo)
E(total investment) E(fot Ys‘gds)

(24)

E(total gain) _ Ypertamt_y,
E(total investment) E(f(f Ysgds) .

(25)
But

fot Yids =Y, fot exp exp {(r + gii — %gzaz) s+ gaWs} ds

fmmlm ]} g

r+gil—%g202+gadwt r+g;’1—%g202

=Y, {ngﬁ (elrromt — 1)},f0rg + 0.
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Substituting equation (26) in equation (25) gives

E(total gain) Y (e(”g“)t—l) ot
L (eCrami1) i

(27)

E(total investment) Yoy

To show that equation (15) converges in distribution to gamma distribution for g + 0, we first
show that p, (t) — Q4 where

Qq(t) = m =
with Q4(0) = 1.
pa(®) = 0,0 (157) ()
= 0,0 (1-35) (o + 1) )

= Q@ - e (14 I—Bd)

2,2
where {B,,s = 0} is the linear Brownian motion defined thus: B; = (r + g — g; )s +
gO-VVS, With BO = 0.

-1
If equation (21) holds, then e~Bt = 0 and (fot eBsds) = 0. Hence, from equation (29),
Qg = pg. The process Q4 (t) follows the stochastic differential equation

dQy (1) = {(r + gQy(t) — Q5 (O)}dt + gaQ,(t)dW,. (30)

Leta;, = fot YJds. Hence, equation (28) becomes

Q9(®) = - (31)
Applying Ito’s rule on equation (31) gives
< 1 ) _ (Yotapdy?-d(Yo+ap)y?
Yot+a; - (Yo+at)2
g g
=2 % _gq. (32)

Y0+at (Y0+at)2

ButdY? =Y/ (r + gi)dt + Y7 gadW, and da, = Y, dt. Equation (32) becomes

< 14 ) Y? (r+gm)dt+v? goaw, v?
== - d(lt
Yot+at Yot+at (Y0+at)2
2
Y‘g
(Y +at) dt, (33)
which is equivalent to equation (30).
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Rate of return from investment in risky stock

Here, we focus on the excess return above the risk-free rate, that is, the gain and return from
the investment in the risky stock alone. Hence, the excess gain in wealth above what could
have been obtained by investing in the risk-free asset is the discounted or present value of the
gain e Y — Y. If g = 0, it means that all the wealth is always invested in the risk-free asset,
then the quantity becomes zero. Since g is the proportion of wealth invested in the risky stock,
the total amount invested at time ¢ is g¥;7. Hence, the cumulative amount of money invested
in the risky stock until t is g fot YJds. Similarly, g fot e "SY ds becomes the discounted
or present value of the cumulative amount of money invested in the risky stock until time t¢.

Let p,(t) denote the return on the risky investment which can be defined as the discounted
gain divided by the discounted cumulative investment in the risky stock. Therefore,

e "tyJ -y,
t _ g '
gf, eTYyds

Pg(t) = (34)

We then show that the limiting distribution of equation (34) is gamma distribution. For any
constant g such that

.
0<g< G—‘z‘ (35)

equation (34) converges as t — oo to a gamma distribution, that is,

py(t)d — py~gamma (% -1 i) : (36)

) ga_z

where d — stands for convergence in distribution. Hence,
5 ) = (2R _ 1) (2
E(pg) = (5 - 1) (%)

_ 2fi-go?
- (37

~ 1
=ﬂ—5902-

To obtain the ratio of the expected values of the discounted gain to the discounted cumulative
investment, for t > 0, we have

E(discounted gain) _ E(e_rtyég_yo)
E(discounted cumulative risky investment) gE fot e—TSysgds

_ E(e"Y?)-E(¥y)
gE f(f esy9ds’

(38)
But E(e™"Y,?) = Yye9P* and

Efot e SYIds =Y, fot exp exp ((gﬁ —%gzaz)s + gaWS> ds
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~ 1
_y expexp [(gu—agzaz)ttgawt] 1
0 gii-5g202+godW, gfi-3g202
1 ~
= Y0—~(e(gﬂt) — 1)
gu

Substituting equation (39) in equation (38) gives

E(discounted gain) _ YeedHt_y,

E(discounted cumulative risky investment) gYog—lﬁ(egm—l)

Yo(e9Rt—1)
- 1 (gt
gYOgu(e # 1)

-G -n

for any value of g > 0 and t > 0.
To study the limiting distribution of 5, (t), we first define the process

-rty9
e )&

Yo+f0t e‘rSYSgds)'

ég () = g(

For any constant g satisfying equation (35) as
t > ,55(t)d > Qy,
we first define the discounted wealth process X7 = e~ "tY,?.
Applying Ito’s formula gives
dx; = giax?dt + agX?dw,.
Therefore,
X? =Y, exp exp {(gﬁ - %gzaz) t+ gaWt} ,

and from equation (34),

X7 -Xo

pg(t) = m-

We can then write

t
Xo+], X;"ds)

f(f xJas

= 0,(®) (1 _ j{‘—;) (1 + ﬁ)

a(®) = o0 () (
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Since equation (35) holds, from classical results on geometric Brownian motion infi.oX? > 0

and X a.s.—> oo, which implies that fot XJds a.s.— oo. It therefore follows from equation
(46) that if equation (35) holds, we have

x$-%\ _ Xo+ [y X;"ds) B
(—th ) =1la.s. and <—fot as ) T la.s., 47)

which then implies equation (42). The process Qg(t) satisfies the stochastic differential
equation

dQy (1) = (9iaQy () — gQy(1)*)dt + gaQ,(t)dw,. (48)
Leta, =g (X0 + fot ngds). Hence, equation (41) becomes

)
X

Qu(t) = (49)

~
at

with X7 = e7"tv,?. Since da, = gX?dt, applying Ito’s formula on equation (49) gives

@2

g ~ 9_vI9 %
d (x_t) _ &dX{-X{da
at

g 9
_ aXy _ XtNdZ“f (50)

&t at
- - x2\ -
= at 1dXi.g - (a_zz) dat.
ButdX? = giX?dt + ogX?dWw, and d&@, = gX?dt. Equation (50) becomes
t — GUAL g t t — g4

x9 gixddt+agxdaw, x9 g
() -t ()t

@ ar
_ (% (i NEAY
= |=* | (gidt + godW,) — g | =+ dt,
a; ag

which is equivalent to equation (48).

CONCLUSION

The quantity in equation (27) is maximized by a strategy that invests as much as possible in
the risky asset while the mean of equation (23) is maximized at a finite value. Since p,(t) is a
measure of the level of wealth needed to finance a gain, the investor is accumulating gains at a
higher rate when p, (t) is large than when it is small. Equation (34) is the present value of the
gain from risky investment divided by the present value of the total amount of wealth invested
in the risky stock that is needed to obtain the gain. It is therefore a measure of the effectiveness
of an investment strategy which signifies a better strategy since it has larger values. The mean
in equation (37) is a strictly decreasing function of g which is the proportion invested in the
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risky stock for g > 0. Hence, looking at the ratio of the expected values of the discounted gain
to the discounted cumulative investment, we have a value that is independent of the proportion
invested, for any t > 0. If the returns of contingent claim follow geometric Brownian motion,
then the resulting distribution is gamma distribution. The mean return on investment is
maximized by the strategy that maximizes logarithm utility. It also maximizes the exponential
rate at which wealth grows. The return from this policy turns out to have stochastic dominance

properties.
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