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ABSTRACT: Balanced incomplete block design is an
incomplete block design in which any two varieties appear
together an equal number of times. In algebra, the existence
of block design is closely related to balanced incomplete
block design. To ascertain the claim, this research aim to
employ some algebraic structures to examine whether or not
balanced incomplete block design is related to the above
statement. The methods adopted are finite group, ring and
field algebra. The result shows that balanced incomplete
block design (BIBD) cannot form a finite group under
multiplication binary operation, but it is for additive case.
It is also revealed that balanced incomplete block design is
not a field algebra in both binary operations no matter the
size of the design, but it is a ring in all cases. In conclusion,
BIBD of the form (X,B) is a semigroup, commutative
group, semiring, commutative ring and subfield in both
binary operations. Several theorems with proofs have been
established in harmony with the algebraic structure
mentioned above.
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INTRODUCTION

Block design is a branch of combinatorial mathematics which underlines the study of existence,
construction and properties of finite sets whose arrangements satisfy some concepts of balance
and symmetry BIBD [8]. The generation of block designs is a well-known combinatorial
problem, which is very hard to solve [2]. Block design is a type of combinatorial design defined
as a pair (V, B) such that V is a finite set and B is a collection of nonempty subsets of V, the
elements in V are called points while subsets in B are called blocks. This design has wider
applications from many areas, including experimental design, finite geometry, physical
chemistry, software testing, cryptography and algebraic units [10]. A regular block design with
V- varieties and b blocks is balanced and is called (v, b, r, k, A) - design or (v, k, A) - design if
each pair of elements x; and x;has the same covalence called index of the design. An

incomplete block design (k < t) is said to be a balanced incomplete block design (¢, b,r,k, 1)
or (t,k,A) - BIBD is a design (X, A) if the following postulates are satisfied;

M IXl=t
(i)  Each block contains exactly k points
(iii)  Every pair of distinct contained points exactlyAblocks

A BIBD is specified by five parameters(v,b,r,k,A). The five parameters defined
as(v,b,r, k,A) - BIBD are related and satisfy the following two relations: bk = vrand A(v —
1) = r(k — 1). Clearly, these relations restrict the set of admissible parameters for a BIBD.
However, a balanced incomplete block design is an incomplete block design in which any two
varieties appear together an equal number of times. This design can be constructed by taking

(Z)blocks and assigning a different combination of varieties to each block [5]. [9] developed

balanced incomplete block design using Hadamard rhotrices. [4] Applied Galois field to
construct balanced incomplete block design. [1] constructed balanced incomplete block design
using the concept of finite Euclidean geometry of N — dimensional space. One of the most
powerful techniques for determining the existence of combinatorial designs is the idea of partial
balanced design (PBD) — closure [3]. [11] Introduced three types of new combinatorial designs,
external difference families (EDF), external BIBDs (EBIBD) and splitting BIBDs and showed
their applications to splitting authentication codes and secret sharing schemes secure against
cheaters. An EDF can be considered as an extension of different sets and different families. An
EBIBD is a generalization of a balanced incomplete block design (BIBD). Two of these
combinatorial designs, external difference families (EDF) and external BIBDs (EBIBD), are to
show that EDF is equivalent to EBIBD with a particular automorphism. As one of the
fundamental discrete structures, combinatorial designs are used in fields as diverse as error-
correcting codes, statistical design of experiments, cryptography and information security,
mobile and wireless communications, group testing algorithms in DNA screening, software
and hardware testing, and interconnection networks [6]. Combinatorial design is one of the
fastest growing areas of modern mathematics focusing on a major part of introduction to
Combinatorial Designs which provides a solid foundation in the classical areas of design theory
as well as in more contemporary designs based on applications in a variety of fields [12].
Suggestions have been made by several authors that balanced incomplete block design as a
combinatorial design is related to algebra concept. [7] apply methods of modern algebra to
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construct a BIBD. Then, the objective of this research is to examine whether BIBD using
algebraic approach can form a finite group, rings and field algebra.

METHODOLOGY
Finite group in balanced incomplete block design (BIBD)

A finite group is a group of which the underlying set contains a finite number of elements. In
other words, a group of finite number of elements is called a finite group. A group is a desigh<
X,*>, where X is a non — empty set in BIBD with a binary operation (*) that satisfied the
following axioms. For any a, b, c € X

Q) ax(bxc)=(axb)*c
(i) Al eXs.taxI =1xa=a,Va€eX
(iii) foreacha € X3a leXs.tarxa l=alxa=1
The design X is commutative or abelian group if, Va,b € X,a*b = b * a.
A group is always a semigroup while the converse is not true in general.
Ring algebra in balanced incomplete block design (BIBD)
A BIBD defined as < X, +,*> is a ring iff the following properties hold. For any a, b, c € X
Q) a+b=b+a
(i) (@+b)y+c=a+bd+0)
(i) 30€eXs.ta+0=0+a=aVaeX
(iv) ForeachaeX3—-a€Xs.ta+(—a)=(—a)+a=0
(v) (axb)*xc=ax*(bxc)
(vij ax(b+c)=a*xb+axc
(bxc)*xa=bx*xa+c*a
A design X in which ab = ba for everya, b € Xis a commutative ring.

The postulates R1 — R4 show that a ring R is an abelian additive group < R, +>. R5 show that
aring R is associative law under semigroup< R,e>. Aring R inwhich ab = ba for everya, b €
R; is a commutative ring. In other words, a ring < R, +,¢> is commutative if < R,e> is a
commutative semigroup. An element e of a ring R is called unity (or an identity) of R if ae =
ea = afor every a € R. A non - empty subsetSof a ring < R, +,¢> is called a subring of <
R,+,¢> if< S, +,> is also a ring. In general, a ring may or may not have a unity, however it
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can be easily shown that if a ring R has an elementes. tae = eaVa € R, then e is unique and
this e is called the unity or the identity of R. the unity of a ring R is denoted by I.

Field algebra in balanced incomplete block design (BIBD)

A commutative division ring is called a field. A ring with unity in which all non — zero elements
form a group under multiplication is called a division ring. A design X from BIBD of the form
(X, +,%) is a finite field algebra with two binary operations which satisfies the following
postulates:

X;1: (X, +) is an abelian (additive) group. The axioms of a ring (i) — (iv) is an abelian additive
group.

X5: (X — {03},)is an abelian (multiplicative) group defined as:

Q) a*b =>bxa,foreverya,b,c € X

(i) (axb)*c=ax(bxc)

(i) 3JIeXs.taxI=I1+xa=aVa€eX

(iv) Va#0€X3daleXstarxal=alxa=],
X;3:Va,b,c€X,a*x(bxc)=axb+axc

A non — void subset Sof a field < F >is said to be a sub — field of < F > if;
@aeS,hbeS=>a+beS,abeSs

(b) Sis a field under the induced < +,e>0perations

Any subset Sof a field < F >, containing at least two elements is a subfield of < F >iff;
(laeS,hbeS=>a—-beS

(iaeS,beS,b+0=>(ab) t€S
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RESULTS
Ilustration 1

Let (X, B) be a BIBD where (X = Z,5) and B is a subset of X, then{X}1% is a finite group,
semigroup and abelian group under additive and multiplicative operations.

LetB;, B,, ..., B;s € X, then selecting any three elementsin X,saya =3,b=6andc =7. It
follows that:

Q) a*xb € X,Va,b € Zs (i) (a*b)*xc=ax(bx*c),Va,b,c € Zs (iii) b *
c=c*b,Vb,c €Z;

In Table 1, the identity element does not exist in some rows and some integers occur more than
once in a column. Therefore, not all integers have an inverse. Hence (X,*) is not a group. But
from (ii) and (iii), X form a semigroup and abelian group.

Table 1: Group table for(Z5,*) design

* 0 |1 2 3 4 5 6 7 8 9 10 |11 |12 |13 |14
0 0 |0 |0 0 0 0 0 0 0 0 0 0 0 0 0
1 0 |1 2 3 4 5 6 7 8 9 10 |11 |12 |13 |14
2 0 2 4 6 8 10 |12 |14 |1 3 5 7 9 11 |13
3 0 |3 |6 9 12 |0 3 6 9 12 |0 3 6 9 12
4 0 4 8 12 |1 5 9 13 |2 6 10 |14 |3 7 11
5 0 |5 10 |0 5 10 |0 5 10 |0 5 10 |0 5 10
6 0 |6 12 |3 9 0 6 12 |3 9 0 6 12 |3 9
7 0 7 14 |6 13 |5 7 4 11 |3 10 |2 9 1 8
8 0 |8 1 9 2 10 |3 11 |4 12 |5 13 |6 14 |7
9 0O |9 |3 12 |6 0 9 3 12 |6 0 9 3 12 |6
10 |0 |10 |5 0 10 |5 0 10 |5 0 10 |5 0 10 |5
11 |0 11 |7 3 14 |10 |6 2 13 |9 5 1 12 |8 4
12 |0 |12 |9 6 3 0 12 |9 6 3 0 12 |9 6 3
13 |0 |13 |11 |9 7 5 3 1 14 |12 |10 |8 6 4 2
14 |0 14 |13 |12 |11 |10 |9 8 7 6 5 4 3 2 1
Illustration 2

Let a system(X, +,*) be a design with two binary compositions defined on the varieties(X =
R;s), then(X, B's) is a ring algebra and a commutative ring.

To show that (X, B's) is a ring algebra and a commutative ring, the design must be abelian
additive group and semigroup defined on (X, +,*). Also, the left and right distributive law must
hold. For the design(X, +,*), let a, b, cbe any three real number in X, say a = 4,b = 10 and
c =13, thenforany a,b,c € X:

Q) (a+b)+c=a+(b+c)=>12mod15-12€ X
(i) a+b=b+a=>14mod15=>14€X
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@) (axb)y*c=ax(b*xc)=>10mod15=>10€ X
(iv) ax(b+c)=ax*xb+a*xc=>2modl5=>2€X

(b+c)*xa=b*xa+c*xa=>2modl15=>2€X
(V) a*b=bxa=10mod15=>10€ X

Table 2 illustrates the existence of inverse and identity elements. The table shows that X is
closed under @ and zero (0) is the identity element. The inverse of the elements are; -0 = 0, -
1=14,-2=13,-3=12,-4=11,-5=10,-6=9,-7=8,-8=7,-9=6,-10=5,-11 =4, -12 =
3,-13=2,-14 =1. Since all the axioms of ring algebra are satisfied, therefore the design (X, +,*
) is aring and a commutative ring.

Table 2: Group table for(X, +) design

@ |0 |1 |2 |3 |4 |5 |6 |7 [8 |9 10 |11 |12 |13 |14
0 O |1 |2 [3 |4 |5 |6 |7 |8 |9 10 |11 |12 |13 |14
1 1 2 3 4 5 6 7 8 9 10 |11 |12 |13 (14 |0
2 2 |3 |4 |5 |6 |7 [8 1|9 10 |11 |12 |13 |14 |0 1
3 3 |4 |5 |6 |7 |8 |9 10 |11 |12 |13 |14 |0 1 2
4 4 |5 |6 |7 [8 |9 |10 [11 |12 |13 |14 |O 1 2 3
5 5 |6 |7 [8 19 10 |11 |12 |13 |14 |0 1 2 3 4
6 6 7 8 9 10 |11 |12 |13 |14 |0 1 2 3 4 B
7 7 18 |9 10 |11 |12 |13 |14 |0 1 |2 3 4 5 6
8 8 9 10 |11 |12 |13 |14 |0 1 2 3 4 5 6 7
9 9 |10 |11 |12 |13 |14 |0 1 |2 |3 |4 5 6 7 8
10 |10 |11 |12 |13 |14 |0 |1 |2 [3 |4 |5 6 7 8 9
11 |11 |12 |13 |14 |0 1 |2 |3 |4 |5 |6 7 8 9 10
12 |12 |13 |14 |0 1 |2 |3 |4 |5 |6 |7 8 9 10 |11
13 |13 |14 |0 1 2 3 4 5 6 7 8 9 10 |11 |12
14 |14 |0 |1 |2 |3 [4 |5 |6 |7 |8 |9 10 [11 |12 |13

Illustration 3
Let(X = Z,5) be BIBD, then (X, +,¢) is not a finite field.

Based on the axioms of field and from table 3, (Z;5, +) is an abelian group. Consider(Z,5 —
{0},¢), then Z;5 — {0}is closed under(e). Associativity, commutative and distributive law
follow from those of integers. One (1) is the multiplicative identity. But from Table 1, some
integers have no inverse. Therefore, Z,5 — {0}does not satisfy the second properties of a field.
Hence (X, +,¢) is not a finite field.
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Theorem 1

Suppose B = {vy,v,,...,v:}be a semigroup and X be a non — void design s.t(X,B) =
{>ta;v;/a; € X,v; € Blthen (X, B, +,%) is a ring.

Proof

For any a, b, c € Xand v; € B, then (+,*)defined on (X, B) as;

() Yiav; + X by = Li(a; + b))

(i) Cfaw)Eibv) = Xf cpvpwhereX; a;b; = cand v;v; = vy

Then

@  Claw +Xibvy) + Xy = Xi(a; + b)v + X cvg = Yil(a; + by) + ¢i]v;
= Yilai(b; + c)lv; = Xf av; + Xi(b; + c)vi = Lf vy + Bibiv; + L vy)
= (B aw + Xibv) + i cvy = Xi av + (Bibivy + L ¢y vy)

(b)  Xfaw +Zibv = Xi(a; + b)v; = Li(b; + a)v; = Xibiv; + X} aiv;

(C) Let folvl = Owhere fl = 0, Vi, then Zf a;v; + folvl = Zf(ai + fi)vi = Zf a;v;as
f, = 0,vi

(d) Also).(—a))v; + Y a;v; = Y.(—a; + a;))v; = 0,Vi, Hence(X,B,+) is an abelian
group.

Similarly, let Z(Vivj)vk=vu a;bjciand Z(viv,-)vkwp a;bjcyrepresent the elements a, =
Z(Uivj)vk=vu a;bjcpand B, = Z(,,ivj)vkz,,u a;bjc,of the ring X, where the two summations run
over triples a;, bj, cys.t

(viv;)vg = randv; (vjvy) = vyrespectively. Now

(e) [(Z aivi)(Z b,-v,-)](Z av) = Qr axv) (X vy), Wherea,, = Zvivj=,,k a;b; =
Zu .Buvu

BUt By = Yvyvi=v, Ak Ci = Dvgvi=v, (Zviujwk aibj) €1 = Xwwyvi=v, 4ibjCy

Again (¥ a;v;) [(2 ijj)(Z szz)] = (X 4;vy) Xk BrvrWhere By = Zvivj=,,k bic; = Yp Vop
But vy = Yvvp=v, XiBk = Lvgwy=v, @i Lvv=v; bjCt = Lvyw,vp)=v, GibjC1

Since f is a semi — group under multiplication, v, = v,,Vu,p = 1,2,..... ,t. Hence

[T av)(Zbv) ]| cv) = E aiv)[(T bjv;)(E cvp)]. Thus (X, B,x) is a semi — group.

(f) Zf a;v; (25 b]U] + Zf clvl) = Zf a;v; (Z](b] + Cl)vj) = Zf a;v; (Z] mjvj)where
m; =b; + ¢, Vj = 1,2,...,t = ¥} a, vy, Where ), = L= UMYy = Bpywj=v; @i(Dj + €1)
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Lvwj=vy, Qibj + Lo wi=v, @€t = Pr + ViWherefy = Yy =y, a;ibjand vy = Xy =v, @iy
Also (Z; av) (X bjvi) + (T aiv) Ciavr) = i Bievie + T ViV
= 2k(Br + Vi) Vi = Lk wiveWherewy, = By + vy
Hence ¥ a;v; (Zf bjv; + chlvl) = (Ziaivi)(z:j ijj) + (Ziaivi)(Zlcjvj)
Also

t ¢ t t
z byv; + Z v z a;v; = (bj + ¢;)v; Z a;v;
J i i J i

(X;nv;) Xiayv;wheren; = b; +¢;,¥j = 1,2,3,.....,¢
= Yk ZVWherez, = ZvivJ-:vk nja; = Zvivjz,,k(bj + ¢j)a;
Zviv,:vk bja, + Zvi”/’:vk cja; = Ty + SpwhereT), = Zvi,,jwk bja,and
Sk = Z cja;
V¥,

Also (3 bv;) (i avy) + (Zi6vy) Ci aivi) = X Tie ie + Xk Sk Vi

= Z(Tk + Sp)vk = szvk
X K

{ijvj +chvj]2aivi =
Hence \ I i i (ZJ ijj)(Ziaivi) + (chjvj)(Zi a;v;)

Therefore < X, B, +,x> is aring.

Proposition 1

Let a design (X,B) be (t,b,r,k,A) - BIBD, thenB = {by, b,, bs,..., b, }is multiplicative
abelian group (B — {0},e).

Theorem 2
A design (X, B, +,¢) isafield if f(X, +) is an abelian group.
Proof

For any x,y, z € X, then the binary operation (+) defines on X as; ¢(x) + ¢(y) = o(x + ),
where gpdenote the number of each variety in X. Given x, y, z € X, then;
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) () +eO)) +9(2) =px+y)+¢) =9((x +y) +2)
=p(x+ (¥ +2) =0 +ox+2)=90x)+(@®) +¢(2)

Hence (@(x) + @ (¥)) + ¢(2) = @(x) + (¢(y¥) + ¢(2)). X is associative under (+)

(i) e +o0) =ex+y) =0y +x) =91 +eoX)

Therefore X is commutative under (+)

(i) vxeXIp(—x)€eXs.to(—x)+oXx)=@p(—x+x)=0
Hence the inverse exists in X

(iv) Lete(t)=0,wheret=0,0€X, s.tox)+o(t)=px+t)=¢px)ast=0
Then x € X, hence ¢(x) is an identity element in X

The results (i) — (iv) shows that the design (X, +) under the additive binary operation is an
abelian group. And since Bis an abelian multiplicative group (B — {0},#) , then the design
(X, B, +,) is afield.

DISCUSSION OF RESULTS

From the above results, X is used as a variety and B as blocks which are represented as(X, B).
The result shows that the design (X,B) form a group, semigroup under additive binary
operation but failed under the multiplicative binary operation. The design X satisfied all the
postulates of the ring algebra. Therefore, the design X form a ring. Based on the axioms of a
field, the varieties(X) form an abelian group (X, +) but (X — {0},¢)do not satisfy the second
properties of a field as an abelian multiplicative group. Hence the variety (X) with two binary
operations (X, +,¢) cannot form a field.

CONCLUSION

Based on the findings, it is observed that irrespective of the block sizes and number of varieties
the design(X, B) cannot form a group and a field under multiplicative binary operation but it is
under additive binary operation. However, the design (X, B) form a ring algebra in all cases.
Hence, balanced incomplete block design of the form (X, B) is a semigroup, commutative
group, semiring, commutative ring and subfield.
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