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ABSTRACT: The primary aim of this study was to conduct a
comparative analysis of the performance of parsimonious models,
specifically the Diagonal Vector Autoregressive (VAR) and
Multivariate Autoregressive Distributed Lag (MARDL) Models,
using their respective Autocovariance and Autocorrelation
properties. This comparison was driven by the imposition of
restrictions on parameters within the coefficient matrices,
specifically limiting them to diagonal elements. To assess the
efficacy of these novel multivariate lag models, we utilised data
derived from key macroeconomic variables, including Nigeria's
Gross Domestic Product (GDP), Crude Oil Petroleum (C/PET),
Agriculture (AGRIC), and Telecommunication (TELECOM). The
data was subjected to first-order differencing of the logarithm of
the series to ensure stationarity. Subsequently, the models were
estimated, and autocovariances and autocorrelations of the
processes were derived for the analysis. The empirical findings
revealed notable patterns, particularly the direct converse
autocorrelation observed in both VAR and MARDL models. The
negative autocorrelation identified in the macroeconomic
variables suggests that periods of economic expansion were
succeeded by contractions and vice versa. This implies a
complementary relationship between the two models in effectively
capturing the dynamics of multivariate lag variables. In
conclusion, our study underscores the significance of considering
the Diagonal Vector Autoregressive and Multivariate
Autoregressive Distributed Lag Models with restricted parameters
in the diagonal elements when modelling multivariate lag
variables. These findings contribute to a nuanced understanding
of the interplay between economic variables and provide valuable
insights for researchers and practitioners in the field.

KEYWORDS: Variances, Autocovariance, Autocorrelation,
Upper and lower diagonal VAR Models, Upper and lower
diagonal MARDL models.
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INTRODUCTION

VAR models extend univariate time series models by incorporating a response variable as a
function of its lag terms, emphasising a feed-forward and feed-back mechanism. Each response
variable in Vector Autoregressive Models is a linear combination of its lag terms, predictors,
and an error term, mirroring a multiple linear regression model. This characteristic, capturing
the interdependence and dynamics among response and predictor variables, contributes to the
versatility of VAR models in predicting economic and financial time series dynamics. The
Vector Autoregressive model is one of the models for the analysis of multivariate time series.
VAR models gained prominence in the field of economics following the work of Sims (1980)
and represent a logical expansion of the univariate autoregressive model. The VAR model is
useful for describing the dynamic behaviour of time series data. There are many studies about
modelling financial time series with VAR models, one of which includes Chatfield (1996).
Vector autoregressive (VAR) models are one of the econometric models which provide a
simple tool for characterising the dynamic interaction of the data, which can be displayed either
by their autocovariance and autocorrelation functions or by their impulse response functions.
The latter may be sensitive to the validity of a set of assumptions used to identify particular
structural shocks in the data (Bernanke & Mihov, 1998; Christiano, Eichenbaum & Evans,
1999). To avoid the need to identify structural shocks, McCallum (1999) advocated the use of
autocovariance and autocorrelation functions as a more appropriate device for confronting
economic models with the data. The autocovariance and autocorrelation functions are
computed from coefficients of VAR models which are estimates of a data set. Giinter (2000),
in his work, “Asymptotic confidence bands for the estimated autocovariance and
autocorrelation functions of vector autoregressive models” provided formulae for computing
the asymptotic standard errors of the estimated autocovariance and autocorrelation functions
of stable VAR models; these he stipulated can be used to construct asymptotic confidence
bands, where the sample autocovariance and the sample autocorrelations are asymptotically
normal.

Hannan (1970) and Anderson (1971) indicated that the test relying on sample autocorrelations
is easily conducted, with standard errors approximately equal to 1/NT. However, Dufour and
Roy (1985) demonstrated that these tests may exhibit a lower frequency of rejecting the null
hypothesis than expected. Coenen and Giinter (2000) established asymptotic normality for
estimating autocovariance and autocorrelation functions under specific conditions, suggesting
that data from a VAR process might be rejected if the process is inconsistent with its nominal
size. VARMA models are discussed in works like Reinsel (1993), while the SCA Statistical
System of Liu and Gregory (1994) is also relevant to this context, and provides the available
software for forecasting and time series analysis using VARMA models. SCA only uses
relatively simple and effective tools to determine the order of a pure vector moving average
(VMA) or a pure vector autoregressive (VAR) model (Tiao & Box, 1981). Also, Pestano and
Gonzalez (2004) provide new answers to difficult questions on identifiability, minimality and
exchangeability. They mention several possible ways to analyse the problems through the use
of the autocovariance matrices, the coefficients of the infinite VAR form, the coefficients of
the infinite VMA form. Furthermore, Hamilton (1994), Lutkepohl (2005), Amisano and
Giannini (1997) and Stock and Watson (2001) offer a comprehensive, non-technical
exploration of vector autoregressions and their significance in macroeconomics. Becketti
(2013) serves as a valuable resource for an introductory understanding of VAR analysis, with
a focus on practical implementation.
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In the absence of constraints on the coefficients, the VAR(p) can be viewed as a seemingly
unrelated regression model, featuring identical explanatory variables in each equation. As
elucidated in Lutkepohl (2005) and Greene (2008), conducting linear regression on each
equation yields maximum likelihood estimates of the coefficients. The authoritative technical
reference for VAR models is Lutkepohl (1991), and updated surveys on VAR techniques can
be found in the works of Watson (1994), Lutkepohl (1999), and Waggoner and Zha (1999).
Noteworthy applications of VAR models to financial data are detailed in the contributions of
Campbell, Lo, and MacKinlay (1997) and Tsay (2001).

Multivariate Autoregressive Distributed Lag Models (MARDLM) constitute a framework
designed for the analysis of multiple responses. These models hinge on both lagged and non-
lagged terms of predictor variables, along with exclusively lagged terms of the response. In the
context of multivariate time series, each temporal variable is expressed as a linear combination
of its lagged terms and those of other variables. Usoro (2019) innovatively introduced
MARDLM by amalgamating Multivariate Linear Regression Models (MLRM) and Vector
Autoregressive Models (VARM). The Multivariate Linear Regression Models delineate the
linear relationship between the present response time and predictor variables, while Vector
Autoregressive Models are renowned for modelling various time series characterised by
autoregressive processes. Multivariate Autoregressive Distributed Lag Models were developed
to represent the contemporary influence of predictor factors in a multiple linear relationship
between the response and a set of predictor variables. What sets MARDLM apart from VARM
IS its incorporation of the present time of the predictor variable in each relationship, whereas
VARM confines independent variables to predictor lagged terms. This distinction is rooted in
the inherent causal relationship between the current time of predictor variables and the
response, underscoring the practical significance of MARDLM in capturing real-world
dynamics. Usoro (2020), on the stationarity of multivariate time series, applied cross-
autocorrelation and cross-autocorrelation matrix to ascertain the stationarity. The investigation
revealed that in instances of instability within a multivariate time series, the stability of the
multivariate process is influenced through partial stationarity. Usoro (2019) developed the
MARDL model by combining the multiple linear regression model with the VAR model. Also,
Usoro and Udoh (2021) applied the MARDL model in the modelling of Nigerian Gross
Domestic Product and other macroeconomic variables. The result showed a complementary
role of these models to one another.

Autocovariance and Autocorrelation Application in Time Series

Bouri et al. (2017) delved into autocorrelation and volatility patterns within the cryptocurrency
market. The authors employed GARCH models to capture time-varying volatility. Their
findings indicated a significant role of autocorrelation in predicting future price movements.
Anselin (2002) proposed an autocovariance-based approach to estimate spatial dependence in
econometric models. The study demonstrated the effectiveness of this method in capturing
spatial patterns and dependencies, providing a valuable tool for spatial econometric analysis.
Jiang et al. (2015) investigated autocorrelation and volatility clustering phenomena in Chinese
stock returns. By utilising ARCH models, the study identified significant autocorrelation and
clustering patterns, thereby contributing to the understanding of market dynamics. Dogan and
Deger (2017) examined the autocorrelation and cross-correlation between electricity
consumption and economic indicators in Turkey. Through time-series analysis, the study
revealed dynamic relationships that could inform energy policy decisions. Omay and Yuksel
(2013) analysed the autocorrelation structure of exchange rate returns, focusing on the Turkish
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lira. The study utilised ARIMA models and identified unique autocorrelation patterns,
contributing to the understanding of currency market dynamics.

Véazquez (2006) employed a regime-switching framework to analyse autocorrelation in credit
spreads. The study provided insights into the dynamic behaviour of credit spreads, with
implications for risk management and financial decision-making. Li and Hamori (2013)
investigated the autocorrelation and cross-correlation between global oil prices and stock
returns. Through time-series analysis, the study revealed significant relationships with
implications for portfolio management and investment strategies. Doz (2012) proposed
autocovariance-based estimators for large dynamic factor models, aiming to enhance the
efficiency of estimation. The study introduced novel techniques to handle large datasets,
offering improved statistical inference in factor modelling. Cuestas and Tang (2018) examined
autocorrelation in the stock returns of systemically important banks in the globalised financial
system. Using time-series techniques, the study uncovered autocorrelation patterns,
contributing to the understanding of interconnectedness in the banking sector.

Wang et al. (2018) presented a comprehensive review analysing autocorrelation in financial
time series data. The authors summarised various methods used for financial autocorrelation
analysis and discussed their applications. Gelfand et al. (2012) introduced a Bayesian approach
to model spatial autocorrelation in ecological data. The study illustrated their method with an
application to species distribution modeling. Smith et al. (2016) investigated autocorrelation
patterns in climate data and their implications for trend detection. The authors proposed a
methodology to account for autocorrelation when analysing long-term climate trends. Li et al.
(2019) explored autocovariance analysis for detecting sleep stages based on neurophysiological
signals. The authors presented a novel approach and validated it using polysomnography data.
Zhang et al. (2017) applied autocorrelation analysis to DNA sequence patterns to predict gene
expression levels. The authors demonstrated the effectiveness of their approach through
computational experiments.

General VAR Model

Definition

Let Z, = (Z1¢) Z3t, -, Zme)" be the vector of response time variables, @ = ((D,“-j) is the vector
of coefficients, Z,_x = (Z1—k» Zat—» > Zne—i)" be defined as the vector of the predictive lag
time variables, § = (81,85, ..., 6)" is the vector of constants and w;, = (Weq, Wag, oo, Wine)' iS

the vector of error terms associated with the response time variables. The Vector
Autoregressive Model is presented in the form,

(th ZZt th) = (51 62 5m )+(¢1.11 ¢1.12 ®1.1n ¢1.21 ¢1.22 ¢1.2n Q)l.ml

Q)l.mz Pl ¢1.mn )(th—l ZZt—l : th—l)

+(¢2.11 92.12 ¢2.1n ®2.21 ®2.22 ®2.2n : ®2.m1 : ®2.m2 e

Domn V) Z1t—2Zat—2 i Ze—z )t +(®p.11 DPpi1z = Dpan DPp21 Dpaz - Dpon
Q)p.ml : Qp.mz P (Z)p.mn )(th—p ZZt—p : th—p ) + (Wlt Wat :

Wit ) (D
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The more simplified form of Equation (1) by Gujarati and Porter (2009) is

]:
=1,..,m 2)
The set of General Vector Autoregressive Models Is defined below,

Zit = {51 + ®k.1ijt—k + Wit i = 1,] = 1, e, N, k= 1, P 62 + ®k.2jzjt—k + Wy, i=
2;j=1..,mk=1,.,003+0r3;Zjt-x t W3, i =3;j=1,..m;k=1,..,p } 6+
PrmjZit-k + Wme, i =m;j=nmk=1,..,p (3)

Autocovariances of the General VAR Models.
Autocovariances of Z:Z1;_;
for 6; = 0,i = 1, multiply Equation (3) by Z;,_; and take the expectations.

E(Z1¢Z1¢-1) = 01.11E(Z1e-1Z10-1) + 01.12E (Z1e-1Z2t-1) + -+ @1.4nE (Z1e1Zne—
+ ©211E(Z1e—1Z1t-2) + 0212E(Z1e1Ze—3) + - + @210 E(Z1e—iZne—2) + -
+ Op11E(Z1e—iZ1t—p) + Op12E(Z1e-1Zat—p) + -+ OpanE (Z1t—1Zni—p)
+ E(Z1¢-1€61¢)

E(Z1tZ1t—z) = f1t,1t(l)

$1t,1t(l) = §01.11€1t(l—1),1t + §01.12<>z1t(l—1),2t + -+ (P1.1nf1t(l—1),nt + 902.11f1t(l—2),1t
+ ©21281c0-2)2¢ T+ P21n$1ea—2)ne T F Ppar§ieiea-p)
+ @p1281t2ei-p) T F Ppandicnea-p)

E(Zit-1€1t) = 0 (uncorrelated stationary process)

p

n
$1t1eD) ZZ Z Pr1jS1e(-k),jt l
j

k=1 =1
=123, .. (4)

Autocovariance of Z,:Z,;_;
for 6, = 0,i = 2, multiply Equation (3) by Z, ;_; and take the expectations.

E(ZytZye—) = 0121E(Zpe1Z1¢-1) + 0122E(Zpe1Z¢—1) +  + @12nE(Zot—1Zpnt—1
+ ©221E(Z2e-1Z1t-2) + P222E(Z2e—1Z2¢—2) + -+ Pa22nE (Zor1Zni—2) + -
+ (pp.21E(ZZt—lzlt—p) + (pp.zzE(ZZt—lZZt—p) + -t (pp.ZnE(ZZt—lZnt—p)
+ E(Z3¢-1€2¢)

E(ZZtZZt—l) = EZt,Zt(l)
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$at2t) = P1.2182ca-1)1e T P12282ea-1)2¢ T F Pran$ac-1)me T P22182t0-2)1¢
+ (p2.22€2t(l—2),2t + -t 902.2n'>;2t(l—2),nt + -t (pp.21'>;2t(l—p),1t
+ (pp.22€2t(l—p),2t + -t (pp.ZnEZt(l—p),nt

E(Z,:_1€5:) = 0 (uncorrelated processes)

p n
Sz = ). ). Geauaioge 5 L=123,. (5)
=1

k=1
Autocovariance of Z,,; Z,:—;
for 63 = 0,i = 3, multiply Equation (3) by Z,,;_; and take the expectations.

E(ZmtZmi-1) = P1m1EZme-1Z1t-1) + O1.m2E Cme—iZ2e-1) + - + @1mnE Zme—1Zne—1
+ Oom1EZme—1Z1t-2) + Pom2E Zme—iZ2t-2) + -+ OomnE (Zime—1Zne—2)
+ -+ (pp.mlE(th—lzlt—p) + Qpp.mZE(th—lZZt—p) +
+ (pp.mnE(th—lZnt—p) + E(th—lemt)

E(ZmtZme-1) = Emt,mt(l)

Ememe) = Prmi$mea-1t T Prm2Smea-2¢ T+ Ormnéme-1ne + Pomiéme-2),1¢
+ (pz.mzfmt(l—z),Zt + -+ (pz.mnfmt(l—p),nt + -+ ‘pp.mlfmt(l—p),lt
+ (pp.mzfmt(l—p),zt + o+ Qop.mnfmt(l—p),nt

E(Zt—1€me) = 0 (uncorrelated processes)

14 n
gmt,mt(l) = Z z QDk.mj‘fmt(l—k),jt ; l
=1

k=1 j=
=123, .. (6)

Autocorrelations of the General VAR Models.

The Autocorrelation of Z;; and Z;:_;

EEITETI0)
Pit1t) = —fu o
4 n
Where &1, 1¢ is given as Z Z Prajéaejece) + a‘f,lt, Usoro and Udoh (2023)
k=1 j=1

Therefore, from Equation (4)

p n
k=1 Zj:l €0k.1jf1t(l—k),jt

P1t1tq ={1,l=0 )
® izl Z;'l:l ¢k.1j51t,jt(k) + O-V%’lt

=1,2,3.. (7)
P1e,1¢qry 1S the autocorrelation of &, and &,y
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The Autocorrelation of Z,; and Z,;_,

_ S2t2e)
P2t2t) = Ereas
14 n
Where &,, 5¢ is given as z Z Dr2jé2t,jei) + cr‘f,zt; Usoro and Udoh (2023)
k=1 j=2
Therefore, from Equation (5)
§=1 7:1 ‘Pk.2j52t(l—k),jt
P2t2e) = {1 A =0 F n 2’
k=1 j=2 ¢k.2j52t,jt(k) + o,
=1,2,3.. ©))
P22ty 1S the autocorrelation of &, and &5y
The Autocorrelation of Z,,,; and Z,,;_;
_ fmt,mt(l)
Pmt,mt() = fmt - )

p
Where &pneme IS given as Z Ok mnment) T+ a‘f,mt ; Usoro and Udoh (2023)
k=1

Therefore, from Equation (6)

i:l Z?:l on.mjfmt(l—k),jt
pmt,mt(l) = {1 ,l =0 D 2 'l
k=1 Qk.mnfmt,nt(k) + O-wmt
=1,2,3.. 9
Pmemery 1S the autocorrelation of &, and &y
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Upper Diagonal VAR Models and Their Properties

Model Derivation

This section considers upper diagonal VAR models from the general form.
Give the following equation matrix of upper diagonal coefficients,

(Z1tZye F Ze) = (6162 & 8 )4(@D111 D112 = Pran 00120 o P10 80 10
Drmn ) (Z1e-1Z2t-1 ¢ Zme-1)¥(@211 D212 =+ P2an 00222 o P2 80 0
Domn )(Z1t-2Z26-2 ¢ Zme—2)

o +(®p.11 ®p.12 Qp.ln 0®p.22 Qp.Zn P00 P Qp.mn )(th—p Z2t—p 5
th—p ) + (Wit Waor | Wipe ) (10)

Usoro and Udoh (2023) reduced the above set of diagonal models to the form,

Zit = {61 + Q)k.ljzjt—k + Wie, [ = 1,] = 1, e, G k= 1, Y 62 + ®k.2ijt—k + Wyt i =
2;j=2,..m;k=1,...,p63 + (Dk_3ijt_k +ws,i=3;j=3,...m;k=1,...,p ! 6, +
®k.mjzjt—k + Wint ,i = m,] =n, k = 1, P (11)

Equation (11) defines a set of Upper Diagonal Vector Autoregressive Models.
Autocovariances of Upper Diagonal VAR Models

Autocovariances of Z;,Z1;_;

for 8, = 0,i =1, multiply Equation (11) by Z,,_; and take the expectations.

E(Z1tZ1t-1) = E[Z14-1(D111Z1¢-1 + P112Z2¢—1 + -+ B11nZne-1 + 2112142 +
®2.12Z2t—2 + -+ @2.1nZnt—2 + -+ Q)p.11Z1t—p + ¢p.1222t—p + -+ Q)p.annt—p + Elt)]

E(Z1¢Z1t-1) = 01.11E(Z1t—1Z1¢-1) + B1.12E(Z1t-1Z2¢-1) + -+ O11nE(Z1e—1Zne—1) +
B211E(Z1t-1Z1¢t-2) + P212E(Z1t-1Z2¢—2) + -+ Oo1nE(Z1t—1Zne—2) + -+
Pp11E(Z1t-1Z1t—p) + Bp12E (Z1t-1Z2t—p) + ** + DpanE (Z1t-1Zni—p) + E(Z1t-181¢)

E(Z1tZye1) = Elt,lt(l)

f1t,1t(l) = @1.11f1t(l—1),1t + ®1.12°f1t(l—1),2t + -+ ¢1.1nf1t(l—1),nt + ®2.11f1t(l—2),1t
+ B2.1281t0-2)2¢ T+ D21n1ea—2)me + -+ Ppa1é1e—py e
+ Bpa281ta-p)2t T+ DpanSie-p)ne
where, E(Z1+-1&1¢) = 0 (uncorrelated stationary processes)

p n
S1eaey = ). O rectoiojorl = 123, (12)
1

k=1 j=
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Autocovariances of Z,,Z,;_;
for 8, =0, i=2, multiply Equation (11) by Z,,_,; and take the expectations.

E(ZZtZZt—l) = E[ZZt—l(Q)l.ZZZZt—l + ®1.23Z3t—1 + et ¢1.2nZnt—1 + ¢2.2222t—2 +
®2.2323t—2 + -+ ®2.2nznt—2 + -+ (Z)p.ZZZZt—p + ®p.23Z3t—p + -+ (Z)p.ZnZnt—p + 52t)]

E(ZyZyt-1) = P122E(Zop-1Z30-1) + O123E(Zoe—1Z3¢-1) + -+ + D120E (Lo 1Zye—1) +
P222E(Zat-1Z2¢-2) + P223E(Zot-1Z3¢t-2) + -+ PoonE (Zoe—1Zne—2) + - +
Q)p.ZZE(ZZt—lZZt—p) + ®p.23E(ZZt—lZ3t—p) + -t ¢p.2nE(Zzt—lZnt—p) + E(Zzt—lgzt)
E(Z2tZ3-1) = &at2t(1)

$at2e) = Dr2282e-1)2¢ T D12382t-1)3t T+ Dr2nata-1)ne T D2228201-2),2¢
+ 022382t0-2)3¢ + -+ D22nS2cq-2)me 0 F Dp2282601-p),2t
+ ®p.23€2t(l—p),3t + -+ Qp.Zn’th(l—p),nt

where, E(Z,:_;&,:) = 0 (uncorrelated stationary process)

p n
$at 2ty = Z Z Dr2j2t-k)jel = 12,3, ... (13)
k=1 j=2

Autocovariances of Z,,,;: Z ;-1
for 6, = 0,i =m multiply Equation (11) by Z,,,;_; and take the expectations.

E(thzmt—l) = E[th—l(q)l.mnznt—l + Q)Z.ngnt—Z + -t Qp.ngnt—p + gmt)]

E(ZmtZmt-1) = D1mnE Zmi-1Znt—1) + DomnE (Zimt-1Znt-2) + -+
@p.mnE(th—lZnt—p) + E(th—lgmt)

E(ZmtZme-1) = gmt,mt(l)

gmt,mt(l) = Q)l.mnfmt(l—l),nt + (Z)Z.mnfmt(l—z),nt + -+ Q)p.mnfmt(l—p),nt

where, E (Z:—1€m:) = 0 (uncorrelated stationary process)

14
Emt,mt(l) = Z Qk.mnfmt(l—k),nt'l =123,.. (14)
k=1
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Autocorrelations of the Upper Diagonal VAR Models

The Autocorrelation of Z;; and Z;;_;

$16,16)
Pitit) = )
Elt,lt
14 n
Where &4 1¢ is given as z Z Dr1jé1eje) T+ cr‘f,lt, Usoro and Udoh (2023)
k=1 j=1
Therefore, from Equation (12)
) — 0 =0 b=t X1 OraiSiea-n)je
1t,1t()) — L= )
® et Yic1 Prajéicjece T 0w,
=123, .. (15)

P11y 1S the autocorrelation of &, and &,y

The Autocorrelation of Z,; and Z,;_,;

_ Sat2eq
Pat2t() = —thZt )
14 n
Where &, 5, is given as Z z Br2jéatjtk) + O,y Usoro and Udoh (2023)
k=1 j=2
Therefore, from Equation (13)
p = {1 I =0 £=1 Z?=1 Or.2j2t(1-k),jt
2t,2t(l) — U — )
® o1 Xhen Braiborjin T 0D,
=123, ... (16)
P22ty 1S the autocorrelation of &, and &5
The Autocorrelation of Z,,; and Z,,;_;
. fmt,mt(l)
Pmt,mt1) = fmt - )

P
Where &pneme IS given as Z Dy mnémenek) + a,f,mt , Usoro and Udoh (2023)
k=1
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Therefore, from Equation (14)

14 (Z) E
=1 | = k=1 kmnSmt(l-k)nt
Pmt,mt () { ) D o
k=1 (Dk.mnfmt,nt(k) + oW,
=m (17)

Pme,mery 1S the autocorrelation of &, and &y

Lower Diagonal VAR Models and Their Variances

This section considers the conditions for identification of the upper diagonal VAR models from
the general form.

(th ZZt : th) = (61 62 : 6m )+(®1.11 0--0 ®1.21 ¢1.22 w0 (Dl.ml : ®1.m2
Ql.mn )(th—l ZZt—l : th—l) +(®2.11 0--0 ®2.21 ¢2.22 w00 ®2.m1 : Qz.mz
Qz.mn )(th—z ZZt—Z : th—Z )

o +(®p.110 = 0 (Z)p.21 (Z)p.zz w0 Qp.ml : Q)p.mz Pt Qp.mn )(th—p Z2t—p 5
Zmt—p ) + (Wit War | Wiyt ) (18)

Usoro and Udoh (2023) presented the above set of models in the form,

Zit ={61+ OkajZjt—k t Wi, i=Lj=Lk=1,...,0;(s # 1) 6, + @r2jZjt—i +
Wor, i =2j=1,2k=1,..,p;(s #2) 63+ @r3jZjt—x t W3, i =3;j=1,2,3;k =
Lo,ps(s#3) : O+ OxmiZjt-k t Wi, L=m; j=1,2,3,..,m; k=1,..,p;(s #
m) (19)

Equation (19) defines a set of Lower Diagonal Vector Autoregressive Models.

Autocovariances of Lower Diagonal VAR Models

Autocovariances of Z;,Z,;_;

for 8, =0,i =1 . multiply Equation (19) by Z,,_; and take the expectations.
E(ZyZyi-1) = E[Z1—1(D111Z1¢-1 + P211Z1¢—2 + = + Bp11Z1—p + €1¢)]

E(Z1¢Z1¢-1) = 0111E(Z1t-1Z1t-1) + D211 E(Z1t—1Z1t—2) + -+ Op11E(Z1t-1Z1t—p) +
E(Z1t-151t)

E(Z1tZye1) = flt,1t(l)

f1t,1t(l) = ¢1.11Sz1t(l—1),1t + ¢2.11Sz1t(l—2),1t +-+ ¢p.11€1t(l—p),1t

where, E(Z:-1€1:) = 0 (uncorrelated stationary process)
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€1t,1t(l) = z ®k.11€1t(l—k),1t;l =123,.. (20)
k=1

Autocovariances of Z,:Z,;_,

for 6, = 0,i = 2 multiply Equation (19) by Z,,_; and take the expectations.

E(Z3tZ3t—1) = ElZ3t-1(D121Z1¢-1 + B122Z2¢-1 + D221Z10—2 + D222Z2¢—2 + - +
Bp21Z1t-p + Dp22Zt—p + €2¢)]

E(Z3tZ3t-1) = B121E(Zt-1Z10-1) + P122E(Z2e-1Z2¢-1) + D221E(Zot—1Z1¢-2) +
D2.22E(Zye—1Z2¢—2) +  + Op21E(Zye—1Z1¢—p) + Bp22E (Zae—1Z2¢—p) + E(Zp—152¢)

E(ZyZye-1) = Ezt,zt(l)

52t,2t(1) = ®1.21€2t(l—1),1t + ®1.2252t(l—1)2t + -+ Q)Z.Zlfzt(l—z),lt + ®2.2252t(l—2),2t +
+ ®p.21€2t(l—p),1t + Q)p.zszt(l—p),Zt
where, E(Z,:_s€5:) = 0 (uncorrelated stationary process)

p 2
$at2t)) = 2 Dr.2j$2ta—k)jo L = 12,3, ... (21)
1

k=1 j=
Autocovariances Z,,: Zmi—1
for &, = 0,1l =m . multiply Equation (19) by Z,,,;_; and take the expectations.
E(ZmeZme-1) = E[th—l(¢1.m1z1t—1 + O1m2Zat-1+ -+ DimnZne—1 + DamiZit—2
+ Q)Z.mZZZt—Z + -+ Q)Z.mnznt—z + ..+ ¢p.m1Z1t—p + Q)p.mZZZt—p + -
+ Q)p.ngnt—p + Emt )]
E(thth—l) = (Dl.mlE(th—lth—l) + ¢1.m2E(th—lZZt—1) + -+ ®1.mnE(th—lZnt—1)

+ ¢2.m1E(th—lzlt—2) + Q)Z.mZE(th—lZZt—Z) + -t Q)Z.mnE(th—lZnt—Z)
+ ..+ Q)p.mlE(th—lth—p) + (Z)p.mZE(th—lZZt—p) +

+ Q)p.mnE(th—lZnt—p) + E(th—lgmt )
E(ZmtZme-1) = Szmt,mt(l)

Smeme) = Drmi$me—1)1¢ T Drmaéme2ea-1) T+ DrmnSmenc-1) T D2m1émea—2),1¢
+ ®2.m26mt,2t(l—2) + et Q)Z.mnfmt,nt(l—z) T+t Q)p.mlfmt(l—p),lt
+ Q)p.mzfmt,Zt(l—p) + -t Qp.mnfmt,nt(l—p)
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where, E(Zmi—1€Eme) = 0 (uncorrelated stationary Process)émemeqry =
et 21 PrmEmea—rje L = 12,3, .. (22)

Autocorrelations of Lower Diagonal VAR Models

The Autocorrelation of Z;; and Z;;_;

161t
Pitit) = g )
1t,1t
p
Where &1, 1¢ s given as Pra1é1e1er) T a‘f,lt ; Usoro and Udoh (2023)
k=1
Therefore, from Equation (20)
b=t X1 OraiSiea-n)je
Pie1eqy = {1 =0 D e
w=1  Draibicie) + 0y,
=123, .. (23)
P1e1¢qy 1S the autocorrelation of &, and &,y
The Autocorrelation of Z,; and Z,;_;
$2t,2e1)
Pat2t() = —f )
2t,2t
p 2
Where &,. 54 is given as Z Dr2jSat jeck) a‘f,zt ; Usoro and Udoh (2023)
k=1 j=1
Therefore, from Equation (21)
p = {1 [ =0 £=1 ?:1 Ok.2j2t(1-k),jt
2t,2t(l) — U — )
® b1 Zi=2 Br2jSarjeco T Od,
=123, .. (24)
P22ty 1S the autocorrelation of &, and &5
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The Autocorrelation of Z,,; and Z,,;_;

Emt,mt(l)
Pmt,mt1) = =)
Emt,mt
14 n
Where & me is given as z Z Dremjéme,jek) + a,f,mt, Usoro and Udoh (2023)
k=1 j=1
Therefore, from Equation (22)
p (Z) S;
k=1 kmnSmt(l-k)nt
Pmtmey = {1 , =0 )
meme he1 =1 PrmjiSmeje) T O
=123, .. (25)

Pme,mery 1S the autocorrelation of &, and &y

General MARDL Model.
Definition

Let Z, = (Z1t, Z2¢s - » Zine)" be the vector of response time variables, @ = ((Dk_ij) is the
coefficients vector,Z.(s # i) is the non-lag predictor, @ s=;is a vector of non-lag
coefficients, Z,_x = (Z1t—k» Zat—1» - » Zne—x)'is defined as the vector of the predictive lag time
variables, § = (84,685, ...,8,,)" is the vector of constants and &; = (&1, €2¢, -, Eme)’ 1S the
vector of error terms associated with the vector of response time variables.

The above definition is presented in the following form,

(thrZZt' "'tht)I = (61'62' T Sm)l + (Qis)(zlt' ZZt' ""Znt)l +
(Qk.ij)(zlt—kr ZZt—kr e Znt—k)l-l_ (Etlt E2tr ey Smt)l (26)
The expanded form of Equation (26) is

(th ZZt th) = (51 52 5m )+(O ®12 (Z)ln ®210 Q)Zn Q)ml ®m2

0 )(th Zyt P L )+(®1.11 D112 = Dran D121 D122 - Pion | Drma | Dime :
Q)l.mn )(th—l ZZt—l th—l) +(¢2.11 ®2.12 ¢2.1n ®2.21 ¢2.22 Q)Z.Zn Q)Z.ml
Q)Z.mz P Q)Z.mn )(th—z ZZt—Z :

Zimt—2 )+-~-+(¢p.11 Qp.lz Q)p.ln ®p.21 ®p.22 ¢p.2n : ®p.m1 : ®p.m2

¢p.mn )(th—p ZZt—p E th—p ) + (glt &t : gmt) (27)

Equation (27) is reduced to the form,
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m b n
Zit = 6i + Z (Z)iszst + Z Z Q)k.ijzjt—k + Ejt,i =1, ,m(m = Tl), (l
s=1 k=1 j=1
*5) (28)

@;s is a matrix non-lag coefficients of the predictor variables,®, ;; are matrices of coefficients
of j predictors to i responses at k lags, &;(;—1,.,m) are constants.

The set of General Multivariate Autoregressive Distributed Lag Model Is defined below,

Zit = {61 + ®1SZSL' + ¢k.1ijt—k + glt’i = 1,] = 1, s, N, k= 1, o, D (S * 1) 62 +
®25Z5t + Q)k.Zijt—k + thli = 2,] = 1, e, NG k = 1, o P (S * 2) 63 + @35251- +
Qk.:’)]‘th—k + 83t,i = 3,] = 1, e, nG k = 1, ...,p; (S * 3) : 6m + @mszst + ka]Z]t—k +
Emey L=m; j=n; k=1, .,p;(s#m) (29)

Autocovariances of the General MARDL Models.
Autocovariances of Z:Z1;_;
for 8, = 0,i = 1, Multiplying Equation (29) by Z,,_; and taking the expectations,

E(Zy¢Z1c1)

= E[Z1t—l(<P1zzzt + Q1323tF . A O Zne T P111216-1 F Q11222021 0+ Prannea
+ Q2112102+ 2122221 F Qoanlne—2 + ot Opa1lie—p + Ppazlor—p + o

+ Opinlni—p

+ &1 )]

E(Z1¢Z1t-0) = 912E(Z1t-1Z2¢) + 13E(Z1e-iZ3¢) + -+ @1nE (Z1t-1Zn¢)
+ @111 E(Z1e—1Z1e-1) + 01.12E(ZemiZ2e-1) + -+ @11nE (Z1e—iZne—1)
+ @211E(Z1t-1Z1t-2) + 9212E (Z1t-1Z2t-2) o+ 0210 E(Z1t—1Zni—2) + -
+ Op11E(Z1e—iZ1t—p) + Op12E(Z1e-iZop—p + -+ ‘Pp.1nE(th—LZnt—p)
+ E(Z1¢—161¢)

$1e1e) = P1281e)2e T P13S1ey3e T F P1nSene T Pr11$1ea-,1e T Pra281e0-1),2¢
+ o+ Qranéica-nne T P211160-2)1t TP 2128160-2)2¢ T
+ §02.1nflt,(l—2)nt + -+ ¢p.11f1t,1t(l—p) + (Pp.1zf1t,2t(l—p)
+ (pp.lnflt,nt(l—p)

E(&1:—1€1¢) = 0 (uncorrelated processes)

m 14 n
$16,1e) = Z V15 $1e ), st T Z Z Or1j1t, jea-i)p (s # 1), 1
s=2 k=1 j=1
=123, .. (30)
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Autocovariance of Z,:Z,:_;
for §, = 0,i = 2, Multiplying Equation (29) by Z,,_,; and taking the expectations,

E(ZZtZZt—l) = E[ZZt—l((Z)Zlth + ®23Z3t+ e +®2n Znt + ¢1.2121t—1 + (Z)l.ZZZZt—l + e
+ ®1.2nYnt—1 + Q)Z.Zlth—Z + Q)Z.ZZZZt—Z + ot ®2.2nZnt—2 + e
+ ®p.21zlt—p + ®p.22®2t—p + -t Q)p.ZnZnt—p

+ 52t)]

E(ZyZpt-1) = D21E(Zpe-1Z11) + Bo3E (Zoe—1Z3¢) + -+ + DonE (Zoe—1Znt)
+ D121E(Zye-1Z10-1) + 0122E(Zoe1Z2¢—1) + + + B12nE (Zot—1Zne—1)
+ P221E(Zat-1Z10-2) +0222E (Ze1Z2¢-2) + ++* + B 2nE(Zot—1Zni—2)
o+ Op21E(Zot—1Z1t—p) + Dp22E(Zot—1Z2¢—p) o+ Dp2nE (Zt-1Znt—p)
+ E(Z3i-181¢)

fzt,Zt(l) = ®21€2t(l),1t + ®23$2t(l),3t +-t Q)anZt(l),nt + ®1.21€2t(l—1),1t + ¢1.2252t(l—1),2t
+ o+ D1 2nota-1)ne T P22182e-2),1t T D22282t1-2)2¢ +
+ Q)Z.anzt(l—z),nt + -+ Q)p.ZIEZt(l—p),lt + ®p.22€2t(l—p),2t + -
+ ®p.2n€2t(l—p),nt

E(&5:-182:) = 0 (uncorrelated processes)

m
$at, 2e() = Z Q25 $26 (), st T z
s=2 k

p
Or2jat, jra-i) (s £ 2), 1
=
= 1,2’31 e ( 1 s

n

j=1

Autocovariance of Z,,; Z:—;
for &, = 0,i = m, Multiplying Equation (29) by Z,,;_; and taking the expectations,

E(ZmtZme—1) = E[th—l(®m1Z1t + OmaZott oo A Omn Zne + D1m1Zie—1 + B1maZar—1
+ -+ ¢1.mnYnt—1 + ¢2.m1Z1t—2 + Q)Z.mZZZt—Z + -t Q)Z.mnznt—z +
+ Qp.mlzlt—p + Qp.mZ(DZt—p + o+ Q)p.mnznt—p

+ gmt)]

E(ZmtZme-1) = D1 EZpe—1Z1¢) + OmaE (Zope—1Z2¢) + ++ + OpnE (Zine—1Znt)
+ 01 EZme-iZ1e-1) + O1m2E Cme—iZae—1) + - + OronnE Zone—1Zni—1)
+ 0 2mE Zme-i1Z10-2) P 2m2E Zine—1Zae—2) + -+ + OoinnE L1 Znt—2)
+- + ®p.m1E(th—lzlt—p) + ®p.m2E(th—lZZt—p)
+ Qp.mnE(th—lZnt—p) + E(th—lgmt)

Szmt,mt(l) = Q)mlfmt(l),lt + szfmt(l),Zt + -t Q)mnfmt(l),nt + ¢1.m1€mt(l—1),1t
+ ¢1.m2€mt(l—1),2t + -t ®1.mnfmt(l—1),nt + Q)z.mlfmt(l—Z),u
+ ®2.m2€mt(l—2),2t + -+ (Z)Z.mn’fmt(l—z),nt + -t Q)p.mlfmt(l—p),lt
+ Q)p.mzfmt(l—p),Zt + ot ®p.mnfmt(l—p),nt
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E(&mi—1€Eme) = 0 (uncorrelated processes)

m-—1 14 n
fmt,mt(l) = Z (pmsfmt(l), st T Z Z wk.mjfmt,jt(l—k): s #m,l
=123, .. (32)
Autocorrelations of General MARDL Models
The Autocorrelation of Z;; and Z;;_;

$1616)

P1t1t) = Eretr

m 14 n
Where 141 Us given as Z Y1515 T Z Z Prajéiejraey T Oy S
s=2 k=1 j=1
# 1; Usoro and Udoh (2023)
Therefore, from Equation (30)

P1t1eq) = {1 ) l
Yo Piséie@, st T Xher Xje1 Prajéie jea-k) 1), 1
Yo O1b1st Xhoy Xhn Orajbicjeco t 0%y, '
=123,.. (33)
P1t,1c 1S the autocorrelation of &, and &1y
The Autocorrelation of Z,; and Z,;_,;
$at,26(1)
P2t2t () = )
EZLZt
m p n
Where ;15 is given as Z V2525 + Z Z Pr2j2tjtie)y T Oimyyr
s=1 k=1 j=1
s # 2; Usoro and Udoh (2023)
Therefore, from Equation (31)
P2e2e) = {1 L
s +Xh- j= 2j$2t, jta-
s=2  Pas 2t (), st k=1 j=1  Pr.2jSz2t, jt(—k) (s%2), 1

Ty 02 T Xhsy Xy Praibaejeto t 02,
—123,.. (34)

P22ty 1S the autocorrelation of &5, and &5

130 Article DOI: 10.52589/AJMSS-LUF1ET0Z
DOI URL: https://doi.org/10.52589/AJMSS-LUF1ET0Z



African Journal of Agriculture and Food Science
ISSN: 2689-5331
Volume 7, Issue 1, 2024 (pp. 114-142) www.abjournals.org

il

The Autocorrelation of Z,,; and Z,,;_;

_ Emt,mt(l)
pmt,mt(l) - ’
Emt,mt
m-1 p n
. . 2
Where Emt,mt ls given as (pmsfms + z (pk.mjfmt,jt(k) + Owmye? S
s=1 k=1 j=1

# m; Usoro and Udoh (2023)

Therefore, from Equation (32)

Pmtmt() = {1 )1
—0 §n=_11 (pmsfmt(l), st T Zi:l Z?=1 (pk.mjfmt,jt(l—k) I
- m-—1 p n ] ] 2 ;S * m,
s=1 mes‘fms + Zk=1 j=1 (Pk.m]fmt,jt(k) + Ot
=1.23,.. (35)

Pme,mery 1S the autocorrelation of &, and &y

Upper Diagonal MARDL Model
Model Derivation

This section considers the conditions for identification of the upper diagonal MARDL models
from the general form.

From Equation (27), the following set of models is obtained

Zit = {61 + ®1SZSt + ¢k.1ijt—k + €1t,i = 1,] = 1, (N k= 1, -, D (S * 1) 62 +
@25251- + Q)k.Zijt—k + thli = 2,] = 2, e, NG k= 1, v D (S +* 2) 63 + QSSZSt +
@k.?)ijt—k + g3t1i = 3;_] = 3, s, N, k= 1, o, D (S * 3) : 6m + (Dmszst + ka]Z]t—k +
Eme» L=m; j=n; k=1,..,p;(s #m) (36)

Equation (36) defines a set of Upper Diagonal Multivariate Autoregressive Distributed Lag
Models (UDMARDL).

Model Expansion:

Given Equation (28)

m 4
Zit = 51’ + (Dl-sZst + Z Q)k.l’ijt—k + Sjt,i = 1, e, m (l * S)

s=1 k=1 j=1
Autocovariance of Upper Diagonal MARDL Model

This section considers derivation of autocovariances of Upper Diagonal Multivariate
Autoregressive Distributed Lag (MARDL) Models.
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Autocovariance of Z,,Z;,_;
for §; = 0,i = 1, Multiplying Equation (36) by Z;,_; and taking the expectations,

E(Z1¢Z1e) = E[Z1t—l((P1222t + Q1323+ - A Q1 Zne + Q1112161 F Pr12Z2e-1
+ Qrinlne-1 T P211Z1t—2 F P212Z2¢—2 F 0+ Qranlpe2 +
+ (pp.llzlt—p + (pp.12Z2t—p + -t QDp.annt—p
+ &4 )]

E(Z1¢Z1t-0) = 912E(Z11-1Z21) + 13E(Z1e-1Z3¢) + -+ @1nE (Z10-1Zn¢)
+ @111 E(Z1t-1Z1t-1) + P112E(ZemiZ2e-1) + -+ @1.1nE (Z1e—1Zne—1)
+ ©211E(Z1e-1Z1t-2) + 0212E(Z1e—1Z2t-2) -+ 0210 E(Z1-1Zne—2) + -
+ Op11E(Z1e—iZ1t—p) + Op12E(Z1e-1Zop—p + -+ ‘Pp.lnE(th—lZnt—p)
+ E(Z1t—1816)

$1e1t1) = P1281e) 2t T P13bieyze T+ Pnene T Pra1éiea-,1e T Prazéiea-1),2¢
+ o+ Q11081c0-Dne T P2118160-2)1t TP 2128100-2)2¢ T
+ @21né1t0-2)nt T T Pp11éic1ca-p) T Ppa28162e-p) -
+ Qop.lnflt,nt(l—p)

E(&1t—1€1¢) = 0 (uncorrelated processes)

m 14 n
$1e, 16 = Z V15 $1e (), st T Z Orajéie, je-k) (8 # 1), 1
s=2 =1 =1
=123,.. (37

Autocovariance of Z,:Z,;_;
for 2 =0,i = 2, Multiplying Equation (36) by Z,;_; and taking the expectations,

E(Z3tZe—1) = 021E(Zot—1Z1¢) + 023E(Zoe—1Z3¢) + -+ QonE(Zop—1Znt)
+ @121E(Zot1Z1t-1) + P1.22E(Zot—1Z2¢-1) + -+ Q120 E (Z2t—1Znt-1)
+ 0221E(Zot1Z10-2) + 0222E(Zo—1Z2¢—2) o+ Q2onE(Zot_1Zne—2) + -+
+ Op21E(Zyi—i1Z1t—p) + Pp22E(Zoe—iZoe—p + -+ (Pp.ZnE(ZZt—lZnt—p)
+ E(Z3—1611)

$at2e) = P2182ty1e + P2382e)3e 0 F PoanS2cme T P1.21820a-1,18 T P1228260-1),2¢
+ o+ Qroné2t-0me T 221820 0-2)10 TP 2.2282e1-2)2¢ o
+ Q220820 0-2)nt T F Pp21$201t-p) T Pp228262¢1-p) -
+ Qop.anZt,nt(l—p)

E(&,:-1€1¢) = 0 (uncorrelated processes)

m 14 n
th,Zt(z) = Z P25 €2t O Z Z §0k.2j52t,jt(z—k):
s=3 k=1 j=1

(s#2),1=123,.. (38)
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Autocovariance of Z,,; Z,:—;
for §,, = 0,i = 1, Multiplying Equation (36) by Z,,;_; and taking the expectations,

E(thzmt—l) = E[th—l((bmlzlt + ®m222t+ ---+®mn Znt + Q)l.lelt—l + ®1.m222t—1
+ -+ (Z)l.mnynt—l + Q)Z.lelt—Z + ¢2.m222t—2 + -t (Z)Z.ngnt—Z +
+ (Z)p.mlzlt—p + (Z)p.mz(azt—p + -t ¢p.mnznt—p + gmt)]

E(ZmiZme-1) = OmiE Cmi-1Z1t) + OmoE Zme-1Z2) + - + OmnE (Zne—1Znt)
+ 011 EEme-1Z1t-1) + P1m2E Zme—iZ2¢-1) + - + @ramnE Zne—1Zne-1)
+ OomiEZme-iZ1t-2) + Pom2E (Zme—1Z2¢-2) -+ P2mnE (Zmt—1Zne—2)
+ -+ (pp.mlE(th—lzlt—p) + QDp.mZE(th—lZZt—p + -
+ (pp.mnE(th—lZnt—p) + E(th—lglt)

fmt,mt(l) = (pmlfmt(l),lt + (szfmt(l)st + -+ (pmn’fmt(l),nt + ‘pl.ml’fmt(l—l),lt
+ P1m2éme-n2¢ T F PrmnSme-1)nt
+ P 2mi1$me,a-2)1¢ TP2m28me-2,2¢ T+ QamnSme,1-2ne +
+ Qop.ml‘fmt,lt(l—p) + Qap.mz‘fmt,zt(l—p)
+ (pp.mnfmt,nt(l—p):

E(&me—1&Eme) = 0 (uncorrelated processes)

m-—1 14 n
Emt,mt(l) = Z PmsSme ), st + Z Z ‘pk.mjfmt, jt(l—k)
s=1 J=1 k=1

(s+m),l=123,.. (39)
Autocorrelation of Upper Diagonal MARDL Models

The Autocorrelation of Z;; and Z;;_;

EEITETI0)
Pit1t) = —fu o

m p n
Where 141 Us given as Z Y1515 T Z Z (Pk.ljflt,jt(k) + U\let' S
s=2

k=1  j=1
# 1; Usoro and Udoh (2023)

Therefore, from Equation (37)

P1e1eqy = {1 1
— 0o Yo @1s&1e@), st T 2pe1 21 Prajéie jra—k) 1) L
se2 P1séis t+ Zzzl ?:1 Or1jéiejeay T 05, ' '
=123, .. (40)

P1e,1¢qy 1S the autocorrelation of &, and &,y
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The Autocorrelation of Z,; and Z,;_,

$at,26(1)
P2t2t) = )
$at2¢
m 14
Where §;¢5; is given as z Y2525 + 2 z Pr2jS2t,jege) T Uv%zt;
s=1 k=1 j=1

s # 2; Usoro and Udoh (2023)

Therefore, from Equation (38)

P2t2t) = {1 )1
stz PasSae), st T Yhor Xhar Orzibar jea-k (s %2), 1
Yot1  @aséas t Zzﬂ ?:1 <Pk.2j52t,jt(k) + Uvzvﬂ ’ ’
=123, .. (41)
P2¢2¢(y 1S the autocorrelation of &, and &5,
The Autocorrelation of Z,,,; and Z,,;_;
Emt,mt(l)
Pmtmt() = g =)
mt,mt
m-—1 p n
Where 'Smt,mt is given as Z q’msé—ms + Z on.mjfmt,jt(k) + U\/%/mt' S
s=1 k=1 ]=1
# m; Usoro and Udoh (2023
Therefore, from Equation (39)
Pmtmt() = {1 'l
—0 ;n=_11 (pmsfmt(l), st T Z£=1 7:1 (pk.mjfmt,jt(l—k) s =ml
§n=_11 q)msfms + Zzzl ?:1 gok.mjfmt,jt(k) + Uvzvmt , ,
=123, .. (42)

Pmemery 1S the autocorrelation of &, and &y
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Lower Diagonal MARDL Model
Model Derivation

This section considers the conditions for identification of the lower diagonal MARDL models
from the general form. From Equation (27), we have a set the following lower diagonal models:

Zip = {61+ O15Zst + Op1jZjt-ktani=Lj=Lk=1,.,p;(#1) 6 +0sZs +
@k.Zijt—k + i =27=1,2k=1,.,p,(s #2) 63+ D3Zs + (Z)k.Sijt—k + &340 =
3;)=1,23k=1,...,p;(s#3) i O+ OmsZst + DrmjZjt— + &me, L=m; j =
1,2,3,.,n; k=1,..,p;(s #m) (43)

Equation (43) defines a set of Lower Diagonal Multivariate Autoregressive Distributed Lag
Models (LDMARDL).

Model Expansion:
Given Equation (28) as
14 n
z Q)k.iijt—k + Sjt,i = 1, e, m (l * S')
=1

m
Ziy =06; + z DisZst +
s=1 k

Autocovariance of Lower Diagonal MARDL Model

This section considers derivations of autocovariances of Lower Diagonal of Multivariate
Autoregressive Distributed Lag (MARDL) Models

Autocovariance of Z,:Z;:;
for 8§, = 0,i = 1, Multiplying Equation (43) by Z,,_; and taking the expectations,

E(Z1tZ14—) = E[th—l(®12Z2t + @13Z3t+ ... +P1nZne + B111Z10-1 + D2101Z10—2 + -
+ Op11Zit—p + €1t)]

E(Z1tZ1t-1) = 012E(Z11-1Z3¢) + @13E(Z10—1Z3¢) + -+ Q1nE (Z1t—1Znt)
+ 01.11E(Z1t-1Z1t-1) + 0211E(Z1t-1Z1t-2) + Op11E(Z1t-1Z1t-p)
+ E(Zye—1€1¢)

flt,lt(l) = (P12§1t(l),2t + (p13€1t(l),3t + -+ Qi@ T Pra1éica-nae T P 211818a-2)1¢
+ ‘Pp.11f1t,1t(l—p)

E(&1:—181¢) = 0 (uncorrelated processes)

p
S1e1e) = z §0k.11f1t,kt(z—p); (44)
k=1
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Autocovariance of Z,:Z,:_;
for §, = 0,i = 2, Multiplying Equation (43) by Z,,_; and taking the expectations,

E(ZZtZZt—l) = E[Zzt—l(Q)Zlth + ¢23Z3t+ e +®2TLZTI.L' + ¢1.2121t—1 + Q)l.ZZZZt—l
+ 0221Z1t-2 + Do22Z2¢—2+ -+ Dp21Zit—p + Dp22Z2t—p
+ &5)]

E(ZyZat-1) = ©21E(Zot—iZ1¢) + ©23E (Zoe—1Z3) + -+ 02nE (Lo 1Znt)
+ 0121E(Z2t-1Z1t-1) + P1.22E(Zot-1Z2¢-1) + 0221 E(Z2e—1211-2)
+ ©222E(Zor1Z2p-2) + -+ ‘Pp.21E(ZZt—lzlt—p) + (Pp.zzE(ZZt—lZZt—p
+ E(Z3t-1811)

$at 2ty = V2182t T P2382t )3t T F Pondorne T Pr2182c0-1)1c T P1.22820-1),2¢
+ §0‘2.21$Zt,(l—2)1t +¢‘2.22€2t(l—2),2t + -+ (Pp.21€2t,1t(l—p) + (pp.22€2t,2t(l—p)

E(&5:-181¢) = 0 (uncorrelated processes)

m p 2
$at2e) = Z V25 $2t (1,5t T Z Z Oi.2jS2t,jt(1-k) (45)
s=1

k=1 j=1
Autocovariance of Z,,; Zc—;
for §,, = 0,i = m, Multiplying Equation (43) by Z,,,;_; and taking the expectations,

E(thth—l) = E[th—l((bmlzlt + QmZZZt + ®m323t+ +®m (n—l)Z(n—l)t
+ O1miZit-1+ D1maZat—1+ -+ DrmnZne-1 + DomiZit—2 + BomaZ2i—2
+ -+ Qz.mnznt—z + -+ Q)p.mlzlt—p + Q)p.mZZZt—p + -+ mp.mnznt—p

+ Emt)]

E(ZmtZme-1) = @miE Cme-iZ1) + OmzE Zmi—1Z2t) + - + Om-1E Cnt-1Z(n-1)¢)
+ P1m1ECme-1Z1t-1) + P1m2E Zmie-1Z2t-1) + - + O1mnE Zme-1Zni-1)
+ QomiE(Zme—1Z1t-2) + P2m2E (Zmi—1Z2t-2) + -+ O2mnE (Zmt—1Znt-2)
+ -t (pp.mlE(th—lzlt—p) + (pp.mZE(th—lZZt—p + -
+ (pp.mnE(th—lZnt—p) + E(th—lglt)
Ememe) = PmiSmeyie T Pmaéme)3e T F Pmmn-1)$me),n-1t + Prm1$me-1) 1t
+ <P1.mzfmt(l—1),2t + e+ ‘Pl.mnfmt(l—l),nt +

+ (p‘z.mlfmt,(l—z)lt +(;0‘2.m2€mt(l—2),2t + o+ Qoz.mnfmt,(l—z)nt +
+ (pp.mlfmt,lt(l—p) + (pp.mzfmt,Zt(l—p) . (pp.mnfmt,nt(l—p)r

E(&mi—1€me) = 0 (uncorrelated processes)

m 14
Emt,mt(l) = Z Pmséme st T Z (pk.mjfmt,jt(l—k)f (46)
s=1 k=1 j=1
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Autocorrelation of Lower Diagonal MARDL Models

The Autocorrelation of Z;; and Z;;_;

$16,16)
Pitit) = )
161t
m 14
Where 111 is given as z P1sé1s T z (Pk.nflt,jt(k) + U\letr S
s=2 k=1 j=1

# 1; Usoro and Udoh (2023)

Therefore, from Equation (44)

Preacqy = {1 /!
Zi:l Pr1181tkt-p)

=0 ,(s#1),1
T, @iséis+ Xhy o1 Praijea) T OOy,
=123, .. (47)
P11y 1S the autocorrelation of &, and &,y
The Autocorrelation of Z,; and Z,;_,;
$at,2t(D)
fPat2ey = )
EZLZt
m p n
Where &5t 5 is given as Z P2562s + Z Z Pr2j2tjtie) T Omypr
s=1 k=1 j=1
s # 2; Usoro and Udoh (2023)
Therefore, from Equation (45)
P2t2t) = {1 L
pya + X1 2= 2j82t jea-
s=1  Pas th(Z),st k=1 j=1 (szjfzmt(l k) (s 2), 1

Yt Pasbas+Xhoy X Pr2ibanjian T Oy,
—1,23,.. (48)

P2¢2¢(y 1S the autocorrelation of &, and &5
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The Autocorrelation of Z,,; and Z,,;_;

_ Emt,mt(l)
Pmt,mt1) = B
Emt,mt
m-1 p n
. . 2
Where fmt,mt ls given as Z (pmsfms + z <pk.mjfmt,jt(k) + Owmye? S

# m; Usoro and Udoh (2023

Therefore, from Equation (46)

Pmtmt() = {1 )1
m 14 n
s=1 (pmsfmt D),st + Zk=1 Zj:l (pk.mjfmt,jt(l—k)
=0 m—1 p n 2 s #Fm,l
so1 PmsSms + Zk=1 j=1 (pk.mjfmt,jt(k) t 0w,
=123, .. (49)
Pmemery 1S the autocorrelation of &, and &y
Trend Analysis:
Trend Analysis Plot for Y1t-2
Linear Trend Model
Yt = 0.0033 - 0.000114>= t
wvariable
0.050 +.* 'ﬁ;tit:;ual
"
; 0.000 MSD 0.001
=

-0.025

-0.050

-0.075

4 8 12 16 20 249 28 32 36

Index

Trend Analysis Plot for Y2t-2
Linear Trend Model
Yt = 0.0005 - 0.00006>< &

0.2 Variable
—®— Actual
—=— Fits

Accuracy Measures

0.1 MAFPE 970580
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Y3t-2
o

EMPIRICAL RESULTS

Trend Analysis Plot for Y3t-2

Linear Trend Model

Yt = 0.0023 - 0.000710x< t

Index

Trend Analysis Plot for Y4t-2

24 28

Linear Trend Model

Yit= 0.0010 + 0.00006x t

Index

24 28

32

32

wVariable
—®— Actual
—®— Fits

Accuracy Measures
MAPE 113.188
MAD 0.037
mMsD 0.006

36

wvariable
— % — Actual
—m— Fits

Accuracy Measures
MAPE 184.273
MAD
MSD

0.052
0.009

36

In this section, we examine outcomes derived from the diagonal VAR and MARDL models.
These encompass the autocovariance and autocorrelations from both models. The validation of
the model was done using data on Nigeria's Gross Domestic Product, Crude Oil Petroleum,
Agricultural production, and Telecommunication for the analysis and estimation of model
parameters. The data source is the CBN Statistical Bulletin covering the period from 1988 to
2020. The findings are showcased in the tables provided below.

S/ VAR
UPPER
5, 0.0128
5,  0.00343
5, 0.02449
5,  0.04198
0.000147
0.069944
0.026252
Eseae  0.001198
E1e1e(1y —0.000107
10 &1 142 0.000031
11 &peqry 0.001351

zZ

flt,lt
EZt,Zt
€3t,3t

© 00N Ol WN -

139

LOWER
0.01940
0.00338
0.02423
0.04229
0.000119
0.000196
0.001000
0.001650
0.000109
0.000028
0.000148

MARDL
UPPER
0.00118
0.00849
0.00605
0.0019
0.000072
0.000272
0.329621
0.000177
0.000001
0.000007
0.000111

LOWER
0.00765
0.00561
0.00432
0.0121
0.000137
0.0007
0.000051
0.0010
0.000132
0.000193
—0.000079
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12 &30 -0.000490  —0.000191  —0.000223 ~0.000161
13 &3, 0000927  0.000273  -0.011400 ~0.000020
14 £33, —0.000377  -0.000368  —0.000316.  —0.000023
15 &4 401y 0001168 —0.000246  —0.000107 ~0.000631
16 &4e402) 0.000536  —0.000968  —0.000104 0.000966
17 presecry 0727891 0915966  0.013888 0.963503
17 pierecy 0210884 0235294  0.037222 -0.576642
18  pyeaeay 0.019315  -0.755102  0.408088 0.219346
19 pyesezy 0000700  -0.974489  -0.819852 -0.230000
20 paeaq 0035311 0273000  -0.034585 -0.392156
21 paraz -0.014360  -0.368000  -0.000035 -0.450980
22 paeacry 0.974958  -0.143030  0.914529 0.631000
23 puiacey 0447412 -0.586666  -0.587570 0.966000

DISCUSSION AND CONCLUSION

The purpose of this work was to determine the autocovariance and the autocorrelations
properties of the upper and lower diagonals of VAR and MARDL models. Usoro and Udoh
(2023) established the prerequisites for identifying the diagonal VAR and MARDL models and
their validity. The performances of the new classes of multivariate lag models were tested using
data from certain macroeconomic variables such as Nigeria's Gross Domestic Product (GDP),
Crude Oil Petroleum (C/PET), Agriculture (AGRIC), and Telecommunication (TELECOM)
used after the first order difference of the logarithm of the series to achieve stationarity. Using
the model parameters, the models were estimated, and the Autocovariances and autocorrelation
of the processes were derived. According to the findings, the two exhibit both converse and
inverse linear relationships. As a result, the negative autocorrelation in the macroeconomic
variables implies that the periods of economic expansion were followed by contractions and
vice versa. This implies that the two models complement one another when it comes to
modelling multivariate lag variables.
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