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ABSTRACT: The choice of selecting the best among the types of
balanced incomplete block designs (BIBDs) have brought about
some controversies in combinatorial design. Prominent methods
of constructing BIBD have been proposed by different authors, but
none has been juxtaposed the designs with respect to type. In this
paper, we proposed the adoption of the concept of optimality
criteria such as: A-, D-, E-, and T — optimality criterion to select
the best design based on their optimality values using a (15, 15, 7,
7, 3) simulated balanced incomplete block design. A dual design,
residue design and derived design were selected as the major three
types of BIBDs for investigation. The findings revealed that dual
design is the best balanced incomplete block design based on its
high optimal value. We discovered that residue and derived design
obtained from the simulated balanced incomplete block design by
method of block selection and intersection becomes a standard
balanced incomplete block design.

KEYWORDS: Optimal, Block design, Incomplete block design
and Balanced design.
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INTRODUCTION

A block design is a non-empty domain T ={t;, t,, ... .,t,}whose elements are varieties and a

non-empty collection of subsets of T is blocks. This design has wide applications in many
areas, including experimental design, finite geometry, physical chemistry, software testing,
cryptography and algebraic units. When the copious numbers of similar experimental units are
not accessible to contain all the treatments in a block, then the used of incomplete block design
is applied [1]. A block design is incomplete if the number of varieties is greater than the block
size that is (k <t), then the design is incomplete block design. [2] Investigated the best

balanced incomplete block design used to estimate the parameter rates for a smaller variance
than estimates obtained using the similar design.

A balanced incomplete block design (BIBD) is an incomplete block design which consists of
a set of t points that is divided into b subsets in such a way that each point in t is contained in
I’ different subsets and any couple of points in t is contained in A < bsubsets with k < t points
in each subset. A BIBD is known with the five parameters (t,b,r,k, A) which satisfy the

following axioms that bk =trand A(t —1) = r(k —1) . A standard way of representing a BIBD
is in terms of its incidence matrix M ={m;;},.p, , which is at xbbinary matrix with exactly I

once per row, K once per column, a scalar product of A between any pair of distinct rows, and
where m;; €{0,1}is equal to 1 if the i" object is contained in the jth block, and O otherwise. In

this context, m;;represents the incidence of object i in block j of M . There are various types

of balanced incomplete block design named according to different authors by the method of
their construction.

It has been seen in the literature that all symmetric balanced incomplete block design is a
balanced incomplete block design. Different methods of balanced incomplete block designs
have been given in the literature, like, [3] applied Galois field to construct balanced incomplete
block design. [4] constructed of efficiency-balanced design, [5] constructed balanced
incomplete block designs using method of lattice or orthogonal designs of series | and 11 due
to Yates Algorithm and Khare and Federer, [6] developed balanced incomplete block design
using Hadamardrhotrices, [7] constructed orthogonal balanced incomplete block design, [8]
evaluation of some algebraic structures in BIBD, [9] showed construction of mutually
orthogonal Latin square, [10] applied the methods of modern algebra to construct a BIBD, [11]
construction of BIBD, [12] constructed balanced incomplete block design using finite
Euclidean geometry approach and the construction of balanced incomplete block design using
cyclic shift was done by [13].

However, this paper emphasized on three types of designs namely dual design, residue design
and derived design for investigation. This singular problem of making a choice of best design
has brought a lot of controversies to be handled in the field of combinatorial design. The
outcome of the findings will serve as a significant evidence and also prove the best out of the
three types of the balanced incomplete block designs.
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Definition 1: Dual design

The dual design is a design with the parameters t'=b, b’=t, r' =k, k'= robtained by

interchanging the treatment and block symbols in the original design. The dual of a balanced
incomplete block design is not always a balanced incomplete block design (BIBD). If the
original design is a symmetric balanced incomplete block design (SBIBD), then its dual is also
a balanced incomplete block design (BIBD) with the same parameter.

Definition 2: Residual design

A residue design is a design with the parameterst” =t—k ,b” =t—-1,r" =r k" =k-r, A" = 1
a where the given block and treatment from the other blocks occurs in the block are omitted.

Definition 3: Derived design

A design with the parameterst” =k,b™ =b-1,r" =r-1,k” = 4,4” = A-1is a derived
design when blocks are omitted but keep in the others blocks those A treatment occurs in the
given block.

CONCEPT OF OPTIMALITY CRITERIA

Design optimality is a variance-type criterion that involves optimizing various individual
properties of the information matrix (N'N) . Optimal designs are experimental designs that are

generated based on a particular optimality criterion and are generally optimal only for a specific
design. An optimality criterion is a criterion which summarizes how good a design is, and it is
maximized or minimized by an optimal design. Design optimality is often called the
alphabetical optimality criteria because they are named by some of the letters of the alphabet.

(a) A-optimality criterion

This criterion seeks to minimize the trace of the inverse of the information matrix (N'N ).
A" = argmintrace [A ()]

= argmintrace [(N'N)™] 1)
Where A(y) = NN
(b) D-optimality criterion

D-optimality seeks to maximize the determinant of the information matrix NN or equivalently
seeks to minimize the inverse of the information matrix. Symbolically

Dopt = Max|N'N| or min (N'N)™ 2

Where N'N the information matrix, N represents the incidence matrix associated with the
designand N’ represents its transpose.
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(c) E — optimality criterion

This criterion minimizes the maximum eigenvalues of the dispersion matrix A(y) ™. In other
word, a design A(y) is said to be E — optimality if it gives min{max(A ™)}, where A is the
largest eigenvalue of the information matrix A(y) . Symbolically, we have;

Eopt = min{max(4 )} ©)

(d) T — optimality criterion

This criterion seeks to maximize the trace of the information matrix (N'N).
A" = argmaxtrace [A(v)]

= arg max trace [A(N'N)] (4)
Where v = N'N

Incidence matrices

Incidence matrix is a useful tool and a convenient way of expressing balanced incomplete block

designs in a matrix form. By definition, we have;

Let (X,w)be a design where T =(t1,t2,- - -,tn)andl//={l//1, oy o -J//b}- The

incidence matrix of (T,y)is the t xDy_y matrix M = (M;;) defined as:
ij —

()

IMPLEMENTATION/RESULTS

Consider the simulated balanced incomplete block design (SBIBD) with parameters
(t =b=15, r=k =7, A=3) where the treatment(T)and nonempty collection subset of

blocks (B) are given as;

T =123 4,5 6,7 8 9 10, 11, 12, 13, 14, 15

(L2,345,6,7), (1238,910.11), (14,589.1213),(2,4,6,8101214),(1,2,312,1314,15),
B =1 (1,4,5101114.5),(2,4,6,9111315), (18,9,6,7,14.15), (2,8,10,5,7,1315), (4,8,12,3,7,1115),
(35,6,8111314),(3,9,.10,4,7,1314), (5,912,2,7.1114),(6,0,12,1,7,1113), (35,6,9.10,12,15)
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Residue design analysis

From the (t=b =15, r=k=7, 1=3)BIB design, a residue balanced incomplete block design
(BIBD) with parameterst =8, b=14,r =7, k =4, 2 = 3 isobtained as;

T=0134,781112

(34,7,8),(341112),(3,711,0),(3,4,0,1),(11121,0),
B ={(3,7121),(7,8,0),(31182),(4,8121),(4,7,12,0)
(4118,0),(3,812,0),(7,11,812),(4,7111)

This design can be presented in an incidence matrix form as;

o
o

o O OO0 Ok Ok O F FF Pk -k
R O Ok kP kP OO OO Fr O F -
- P OO Pk OO kFr B O O Fr O Bk

O O R, P RFPR OORFR OFRFR KL KL O
P O 0O 0O O RFR B RPB P REPRELR OO

Det (N'N) = 458752

0223 -0.027
-0.027 0.223
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027

(NN)* =

Eigenv(4™)=0.875 0.875 0.875 0.875 0.875 0.875 0.875 0.000
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o r P P O F P P OO O o o -
- rophbrr oo pkrr oo pr O Fr +—» O

-0.027
-0.027
0.223
-0.027
-0.027
-0.027
-0.027
-0.027

, N'N

o r PO P PP OOk O o+ o

-0.027
-0.027
-0.027
0.223
-0.027
-0.027
-0.027
-0.027

-0.027
-0.027
-0.027
-0.027
0.223
-0.027
-0.027
-0.027

W W W w w w w N

W W W w w w N w
W W W W w N W w

-0.027
-0.027
-0.027
-0.027
-0.027
0.223
-0.027
-0.027

W W W w N W w w
W W W N W w w w
W W N W W w w w
W N WwWwwww w

-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
-0.027 -0.027
0.223 -0.027
-0.027 0.223
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Optimality’s result for residue design

1 A — Optimality =tra(N'N)" = 1.784

2 D — Optimality max{det(N'N)} = 458752

w

E — Optimality max(A™') = 0.875

4 T — Optimality tra(N'N) = 56

Derived design analysis

From the (t=b =15, r=k=7, 2=3)BIB design, a derived balanced incomplete block design

(BIBD) with parameters t~ =7, b~ =14, k =3, r =6, A = 2are obtained and is
given as;

T = 14,510,111 14,15

5 _ [@45), (L1011), (5.41), (41014), (11415), (41115), (15141)
N {(10,5,15), (11,4,15), (14,511), (10,4,14), (51114), (10111), (5,10,15)}

This design can be presented in an incidence matrix form as;

11100 00 6 2 2 2 2 2 2
1001100 26 22 2 22
1 1 1 0O O O O
1010 10 2 26 2 2 22
1000011/ NN = |222©8622 2|
O 1 O 0O 1 0 1 29 2 2.6 2 2
1 0O O O 0 1 1

N = 1600110 01 2 222 26 2
0100 10 1 2 222 2 26
O 01 01 1 O
0O 1 0 1 0 1 O
O 01 01 1 O
1 0 0 1 1 O O
O 01 1 0o o0 1

Det(N'N) = 73728

184 Article DOI: 10.52589/AJMSS-MK1IJNMKX

DOI URL: https://doi.org/10.52589/AIJMSS-MK1INMKX



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 7, Issue 3, 2024 (pp. 179-189) www.abjournals.org

il

0.222 -0.028 -0.028 -0.028 -0.028 -0.028 -0.028
-0.028 0.222 -0.028 -0.028 -0.028 -0.028 -0.028
-0.028 -0.028 0.222 -0.028 -0.028 -0.028 -0.028
(NN)™ = |-0.028 -0.028 -0.028 0.222 -0.028 -0.028 -0.028
-0.028 -0.028 -0.028 -0.028 0.222 -0.028 -0.028
—-0.028 -0.028 -0.028 -0.028 -0.028 0.222 -0.028
—-0.028 -0.028 -0.028 -0.028 -0.028 -0.028 0.222

Eigenv (1™") = 0.8570.857 0.857 0.857 0.857 0.857 0.000
Optimality’s result for derived design

1 A — Optimality =tra(N'N)™" = 1.554

2 D — Optimality max{det(N'N)} = 73728

3 E — Optimality max(A') = 0.857

4 T — Optimality =tra(NN) = 42
Dual design analysis

The SSBIBD with parameters(t=b =15, r=k=7, 1=3) is also a dual design balanced
incomplete block design (BIBD) given as;

T =123 4,5 6,7, 8 9 10, 11, 12, 13, 14, 15

(L2,345,6,7), (12,38910.11), (14,5891213),(2,4,6,81012.14),(1,2,312,1314,15),
B =1{(14,5101114.5),(2,4,6,9111315), (18,9,6,7,14.15), (2,8,10,5,7,1315), (4,8,12,3,7,1115),
(35,6,8111314),(3,9,10,4,7,13.14), (59,12,2,7.11.14),(6,0012,1,7,1113), (3,5,6,9,10,12,15)

The incidence matrix for the design is;
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v/iB 1 2 3 456 7 8 9 10 11 12 13 14 15

O O O O o A =+ o+ 1 O O O O -
O O O «f «+ 1 O =1 O O o o 4 O O
O O «+1 O 1 O +1 O 1 O «+H 1 O 4 O
O O +H +d 1 O O O O «+1 O O «+ «—d
O 1 O O O 1 =1 O O o 1 O « «— O
O v+1 O 1 O «+1 O O 1 O O «+1 O «
O 1 1 O O O +H 1 O O O 1 1 O
O e =+ =1 O O O I =1 1 1 O O O O
- O O O O O O +d «+d 1 O 1 1 1 O
= O O «1 O O «1 «1 O O « O O « «
= O «+d O O «1 O O «1 O « O « O
T O o 1 O «+H 1 O O «1 O 1 O O O
T 1 O O 1 O O O O «+ o o O O «
T 1 O Hd+H O 1 O 4 O O O 1 O O
I A O -+ O 4 O O O O O 1 O
O 4 N M < 10
I N MO < IO © ™~ 0 O O H o o o o

I

=z

7 33 3 33 3 33 3 3 3 3 3 3
3 7 3 3 3 3 3 3 3 3 3 3 3 3 3
3 37 33 3 3 3 3 3 3 3 3 3 3
3 337 33 3 3 3 3 3 3 3 3 3
3 3 337 33 3 3 3 3 3 3 3 3
3 33 3 37 33 3 3 3 3 3 3 3
3 3 3 3 3 37 33 3 3 3 3 3 3
3 33 3 3 3 37 3 3 3 3 3 3 3

3 3 3 3 3 3 3 37 3 3 3 3 3 3
3 33 3 3 3 3 3 37 3 3 3 3 3
3 3 3 3 3 3 3 3 3 37 3 3 3 3
3 3 3 3 3 3 3 3 3 3 37 3 3 3
3 3 3 3 3 3 3 3 3 3 3 3 7 3 3
3 33 3 3 3 3 3 3 3 3 3 3 7 3
3 3 3 3 3 3 3 3 3 3 3 3 3 317

NN =
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(NN)?

0.235
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015

-0.015
0.235
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015

-0015 -0015 -0015 -0015 -0015 -0.015 -0015 -0.015 -0.015 -0.015 -0.015
-0015 -0015 -0015 -0015 -0015 -0015 -0015 -0015 -0.015 -0015 -0.015
0235 -0015 -0015 -0015 -0015 -0015 -0015 -0.015 -0.015 -0.015 -0.015

-0.015 0.235

-0.015 -0.015 -0015 -0015 -0.015 -0.015 -0015 -0.015 -0.015

-0015 -0015 0235 -0015 -0015 -0015 -0015 -0015 -0.015 -0015 -0.015
-0015 -0015 -0015 0235 -0015 -0015 -0015 -0015 -0.015 -0.015 -0.015
-0015 -0015 -0015 -0015 0235 -0015 -0015 -0.015 -0.015 -0.015 -0.015
-0015 -0015 -0015 -0015 -0015 0235 -0015 -0015 -0.015 -0015 -0.015
-0015 -0015 -0015 -0015 -0015 -0015 0235 -0015 -0.015 -0.015 -0.015
-0.015 -0015 -0.015 -0015 -0.015 -0.015 -0015 0235 -0.015 -0.015 -0.015
-0015 -0015 -0015 -0015 -0015 -0015 -0015 -0015 0235 -0015 -0.015
-0015 -0015 -0015 -0015 -0015 -0.015 -0015 -0015 -0.015 0235 -0015
-0015 -0015 -0015 -0015 -0015 -0015 -0015 -0015 -0015 -0015 0.235

-0015 -0015 -0015 -0015 -0015 -0.015 -0015 -0.015 -0.015 -0.015 -0.015
-0.015 -0015 -0015 -0015 -0.015 -0.015 -0015 -0.015 -0.015 -0.015 -0.015

-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
0.235
-0.015

-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
-0.015
0.235

Eigenv (17') = 0.933, 0.933, 0.933, 0.933, 0.933, 0.933, 0.933, 0.933, 0.933, 0.933, 0.933,
0.933, 0.933, 0.933, 0.000

Optimality’s for dual design

1

2

3

4

A — Optimality = tra(N'N)™" = 3.525

D — Optimality = max{det(N'N)} = 13153337344

E — Optimality

T — Optimality

max(A') = 0.933

tra(N'N) = 105

The optimality criteria for three types balanced incomplete block designs are summarized in
Tables 1.

Table 1: BIBDs with optimality criteria

Designs A —opt D — opt E —opt T —opt
Residue 1.784 458752 0.875 56
Derived 1.554 73728 0.857 42
Dual 3.525 1315334 0.933 105
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DISCUSSION

A simulated balanced incomplete block design (SSBIBD) with the parameters
(t, v,r,k, 1) -> (15, 15, 7,7, 3)produced a residue and derived balanced incomplete block

design with the parameters (t,b, r,k, ) —> (8,14, 7, 4, 3)and
(t, b, r, k, 1) —> (7,14, 3, 6, 2) by methods of block selection and block intersection.

Therefore, the two designs in turned become a standard balanced incomplete block design but
the duality of the design is the same as the simulated design. From Table 1, D — optimality has
the highest values compared with the three design followed by T-, A — and E — optimality.
Again Table 1 shows that dual design has the highest values across all the optimality criteria
followed by residue and derived design.

CONCLUSION

In the context of this paper, we discovered that D — optimality is the best optimality criterion
followed by T - optimality, A — optimality and E — optimality. In relation of these four
optimality criteria to the three designs, it is shown that dual design is the best symmetric
balanced incomplete block design among others due to its high optimal values. The findings
also revealed that all dual designs are symmetric balanced incomplete block design and
balanced incomplete block design but the converse is not true especially for balanced
incomplete block design. Therefore, it is recommended that dual design be used as a standard
balanced incomplete block design.

REFERENCES

[1] Neil, J. S.: Construction of balanced incomplete block design. Journal of Statistics and
Probability, 12(5); 231 — 343 (2010).

[2] Smith, N. F., and Street, D. J.: The Use of Balanced Incomplete Block Designs in
Designing Randomized Response Surveys. Australian and New Zealand Journal of
Statistics, 45(2); 181-194 (2003).

[3] Janardan, M.: Construction of Balanced Incomplete Block Design: An Application of
Galois Field. Open Science Journal of Statistics and Application, 5(3), 32-39 (2018).

[4] Arunachalam, R. S and Ghosh, D. K.: Construction of efficiency-balanced design using
factorial design. Journal of Modern Applied Statistical Methods. 15 (1), 239-254 (2016).

[5] Alabi, M. A.: Construction of Balanced Incomplete Block Design of Lattice Series | and
I1. International Journal of Innovative Scientific & Engineering Technologies Research
6(4):10-22 (2018).

[6] Sharma, P. L., and Kumar, S.: Balanced incomplete block design (BIBD) using
HadamardRhotrices. International Journal of Technology. 4 (1). 62-66 (2014).
https://doi.org/10.5958/2231-3915

[7] Bayrak, H. and Bulut. H.: On the construction of orthogonal balanced incomplete block
designs. Hecettepe Journal of Mathematics and Statistics. 35 (2), 235-240 (2006).

[8] Akra, U. P., Ntekin, O. E., Robinson, G. S., and Etim, A. C.. Evaluation of Some
Algebraic Structures in Balanced Incomplete Block Design (BIBD). British - African

188 Acrticle DOI: 10.52589/AJMSS-MK1INMKX
DOI URL: https://doi.org/10.52589/AIJMSS-MK1INMKX



African Journal of Mathematics and Statistics Studies

||II'|'|

ISSN: 2689-5323
Volume 7, Issue 3, 2024 (pp. 179-189) www.abjournals.org

[9]

[10]
[11]

[12]

[13]

189

Journal of Mathematics and Statistics Studies, 5 (4), 34 - 43 (2023).
https://doi.org/10.52589/ajmss.toisir8c

Pachamuthu, P.: Construction of mutually orthogonal Latin square and check parameter
relationship of balanced incomplete block design. International journal of Mathematical
Sciences and Applications, 1(2); 911-922 (2011).

Muhammad, A., and Wahida, S.: The Application of Algebraic Methods in Balanced
Incomplete Block Design. Journal of Physics: Conferences Series 1028 (2018).

Goud, S. T., and Charyulu, N. B.: Construction of Balanced Incomplete Block Designs.
International Journal of Mathematics and Statistics Invention, 4(1); 9 — 11 (2016).
Akra, U. P., Akpan, S. S., Ugbe, T. A, and Ntekin, O. E.: Finite Euclidean Geometry
Approach for Constructing Balanced Incomplete Block Design (BIBD). Asian Journal of
Probability and Statistics, 11 4), 47 — 59 (2021).
https://doi.org/10.9734/ajpas/2021/v11i430274

Fariha, Y., Rashid, A., and Munir, A.: Construction of Balanced Incomplete Block
Designs Using Cyclic Shifts. Journal of Communications in Statistics -Simulation and
Computation, 44(2); 525-532 (2015). https://doi.org/10.1080/03610918.2013.784984.

Acrticle DOI: 10.52589/AJMSS-MK1INMKX
DOI URL: https://doi.org/10.52589/AIJMSS-MK1INMKX



