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ABSTRACT: Let u,v € N(u <v) and {T(x,y) =p*q”:x,y =
u,u+1,u+2,u+3,..,v} be a string of sequence of success-
failure events constituting the Bernoulli trials, with success p and
failure q. Several probability distributions have derived their
roots from the sequences of this form. However, it is our purpose
to introduce new probability distribution functions that unify some
of the existing ones generated by sets of this form mentioned in the
literature and then give some of the statistics associated with it.
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INTRODUCTION AND PRELIMINARIES

In 1994, Balasubramanian [3] considered the set {Ex € [0,1]:x € {0,1,2,3,...,m — 1}} of turn-
up side probability of sequence of events, by taking

E,=p*q™ '™;x=0123,...,m—1 (1.0)

They used this set to describe a die that has m faces marked {0,1,2,3, ..., m — 1} with E,
representing the turn-up side probabilities which are in geometric progression.

They considered consecutive rolls of this m-faced die with side probabilities E, for a given
positive integer k and the random variable Z,Em) defined as

Z,(cm) = total score until face marked 0 appears k times. (1.1

It was shown that Z,Em) follows the standard negative binomial distribution when m = 2. In

order to derive the PGF of Z ,Em), they viewed the above experiment as a two-stage process first
by generating a value n of

T = number of rolls until face marked 0 appears k times (1.2)

Then, secondly, rolling n times a "reduced" die with faces marked {1,2,3, ..., m — 1} with the

X ,m—1—-x
corresponding side probabilities F, = ’(’Ii’q—m_l). They computed the total score among the n
rolls to obtain Z,Em) with the convention that Z,(lm) = 0 whenever n = 0, where the pmf of

T, k. has the negative binomial distribution given by

x+k—-1
P(Tm,k = x; p) — (ﬁ) q(TH—l)k(l _ qm—l)x;o <x <o (13)

which is a standard negative binomial distribution if m = 2. It was observed that Z,Em) can be
seen as the total score from a negative binomial random number of rolls of the reduced die and

from the basic theory on compounding of distributions [see 13, pp. 44-45]. The PGF of Z,Em)
can be written as

H(t) = E@%") = Gr, (Ge(©) (1.4)

where Gr, . (¢) is the PGF of Ty, and (GR(t)) is the PGF of the score in one roll of the
"reduced" die. With

m-—1 m—ltm—l

k

q pt q"'-p
G t) = ,Gr(t) =
Tm,k( ) (1 -(1- qm—l)t) r(t) 1—qm-1 q —pt

which implies that

m—-1 __ m—ltm—l —k
1 P ) (1.5)

H(t) = qim—Dk <1 —pt
q—pt
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Using the familiar negative binomial expansion, it follows that the probability distribution of
the random variable Z,((m) is given by

(Z(m) . p z Z( 1)5 (x +k — 1> (r - (77;:11)5 — 1) e

x=0s=

0<r<o (1.6)

(@™ 1-p™1h)

with the condition that g™ =1 —F , where B = {x, [%]} and the mean of

q-p
z{™ is given as

E(Z,Em)) — (1) = kp 1—mp™!

When m = 2, we have that E(Z,EZ)) = kq—p , Which is the expected value of a standard negative
binomial random variable.

Let X,Sm) be a random variable that counts the total score in n rolls of the m-sided die with turn-
up side probabilities E, satisfying the condition

qt—-pm=q—p (1.7)

It was showed by Balakrishniam in [3] that X,(lm) has the familiar binomial distribution with
index n and success probability p given by

(n—1+x—ms

1 >pxq<m-1)n-x; 0<x<(m-1n (1.8)

B
fotim) = ) (1 (1)
s=0

where fz(x;p) = P(X,(lm) = x; p), B = min {n%} The combinatorial coefficient in (1.8)

often denoted by C,, (n, x) has been used extensively in probability studies [2,3,6,10,13,19-21]
and related areas like reliability and inferential statistics [1,11,19]. For more properties on
C,,(n, x), generalized Pascal triangles or Pascal triangles of order m, we refer to [4,9,15,16,26-
28] and the references therein.

In 2017, Okoli O. C. [24] modified the distribution of Balasubramanian in [3] by letting m, k €
N (where m and k are not necessarily equal) and A be as defined in (1.0) above, and then take

T(x,y)=p*¢”: x,y=0123,..m—L; x+y=k—1,0<p,qg<1 (1.9

The following theorem was stated which is a consequence of several corollaries. (For more on
this, see [24].)
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Theorem 1.1
Let X,(lm'k) be a random variable that counts the total score in n rolls of an m-sided die with
range x=012,..,m—1 and turn-up side probabilities T(x,k—1—x) (x€
{0,1,2,3, ..., m — 1}) satisfying the condition (g™ — p™) = q™ ¥ (q — p); then the probability
mass function (pmf) is given by

B
folopy = Y -0 (1) (" T T ) prgt 0 < < - (10)
s=0

where f,, (x;p) = P(X,(lm‘k) = Xx; p), k<m, B =min {n, %}

The distributions described by authors in [3,24] are theoretically consistent with existing
results; however, we worry about its accuracy in terms of practical and computational purposes.
It is important to note that the above distribution(s) fail to give an accurate probability value
when a fair dice is tossed for some given number of times. However, this abnormality was
addressed with a detailed example in [25]; if we are dealing with a fair die (with m = k) then
the results of the theorems of the author(s) in [3, 24] reduce to

B
1 n/m—1+x—ms
(mm) _ _. _ _1\s . _
P(xS —x,p)——mnE( 1) (s)( - ),OSxS(m Dn  (1.11)
s=0

In order to correct the computational inconsistency and accuracy abnormally associated with
Equation (1.11), Okoli [25] redefined the turn-up sides (model) probabilities as

T(x,y) =p*q”: x,y=123,... m;x+y=k;0=a<p,q<1=h. (1.12)
And the following theorem was proven:

Theorem 1.2

Let X,Sm'k) be a random variable that counts the total score in n rolls of an m-sided die with
range x = 1,2, ...,m and turn-up side probabilities T (x, k — x) (x € {1,2,3, ..., m}) satisfying
the condition p(qg™ — p™) = q™ ¥ (q — p); then, the probability mass function (pmf) is
given by

B
(mk) _ . _ _13s n x_ms_l) X kn—x.
P(Xn —x,p)—Z( 1) (S)< L4 JpraTnsx<kn (113)
s=0

X—n

where § = {n, [T]} Jk <m.
If kK = m, Equation (1.13) becomes
P(X™™ = x:p) = (-1 (V™ < < (114)

So that for an m-sided fair (balanced) die, Equation (1.14) becomes
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B
1 n\ /x—ms—1
(mm) _ _, _ __1\s .
P(Xn —x,p)——mn E( 1) (s)< 1 ) n<x<mn (1.15)
s=0

For computational purposes, Okoli [25] showed that Equation (1.15) gives an accurate answer
and is more practically oriented when compared to Equation (1.11).

In order to unify and study the work done by the authors in [3,24,25] under one common
probability distribution function, in 2017, Okoli [24] considered the following model.

Let k € N (where v is not necessarily equal to k) and A be as in (1.0) above and if we define
the turn-up side probabilities as

Tx,y)=p*¢”: x,y=uu+lLu+2,u+3,..,v;x+y=k;0=a<pqg<bhb
=1. (1.16)

where u < k < v,u,k € N U {0}. The following theorem was proven:

Theorem 1.3

Let X"+ he a random variable that counts the total score in n rolls of an (v — u +
1)-sided die and turn-up side probabilities T(x,k —x)  satisfying the condition
p(qv Wt — pvT¥tl) = gV F (g — p), with range x =uw,u+ 1L, u+2,u+3,...,v. Then,
the probability mass function (pmf) is given by

B

_ _ nn—1+x—@w—-u+1)s—un _
P(Xr(lv u+lk-u+1) _ X; p) = Z(_l)s (5)< n1 >pqun X,
s=0

un <x < kn

where y = {n [x_un]} k<.

v—u+1

Then Equation (1.16) describes a (v — u + 1)-sided die with turn-up side probability T (x, y),
so that if

@ u=0andk=v=m-—1, = v—u+1=m, which is the m-sided die studied by
the authors in [3].

(b) u=0andk <v=m-1,= v—u+1=m, which is the m-sided die studied by
the author in [24].

(© u=1land k <v=m,= v—u+1=m,which is the m-sided die studied by the
author in [25].

Motivated by the results of the authors above, it is on the basis of Equation (1.16) that we shall
study the negative binomially distributed random variable of the sum of scores of n rolls of
(v —u + 1)-sided die until the face marked [ (u < I < v) appears j times for a u truncated
turn-up side probability, denoted by T,,(x, k — x). The results obtain in this research shall
include the result of the authors in [3] as a special case as we wish to demonstrate that in the
next section of this research work.

237 Article DOI: 10.52589/AJMSS-UHOWAJOK
DOI URL: https://doi.org/10.52589/AJMSS-UHOWAJOK



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 7, Issue 3, 2024 (pp. 233-248) www.abjournals.org

||II'|'|

METHODOLOGY AND MAIN RESULTS

Consider consecutive rolls of this (v — u + 1)-faced die with side probabilities T (x, k — x) in
(1.16),x =u,u+1,u+ 2,u+ 3,...,v. Foragiven positive integer j and the random variables

ZTHre ) x| defined as

Zl(?_uﬂ'k_uﬂ) = total score until face marked | appears j times. (2.1)

Xk,,j = number of rolls until face marked | appears j times (2.2)

Observe that the reduced die studied in [3] is equivalent to a zero truncated turn-up side E,, in
(1.0), so that in general, if T'(x, k — x) is given by

TG, k—x)=p ¢ % x=uu+1lLu+2,u+3..,v.

then

X o k—x

P q

Ty (x, k —x) = 1= pige’

x=u+lLu+2,u+3,..,v,k<v (2.3)

It is easy to see that the probability that a face marked [ will appear j times in an n rolls is given
by
n+j—1

j—1 )i —plghr 0sn <ok sy (24)

P(Xk,l,j = n;p) = (

Now adopting the basic theory on compounding of distributions in [13, pp. 44-45], the PGF of
(v—u+1,k-u+1) (v-u+lk-u+1)
A > = GXk,l,j (GTu(t))

¥ can be written as R(¢t) = E (tzl'f
where Gr, (t) is the PGF for the u truncated turn-up side probability of a (v —u + 1)-sided
die and GXk,l'j(t) is the PGF for the number of rolls until the face marked [ appears j times.
We state the result for Gr, (t) and Gx,, (t) in the lemma that follows:

Lemma 2.0
Let Gr, (t) and GXk,l,j(t) be as defined above for a (v — u + 1)-sided die, then
k—v

] q qv—u _ pv—utv—u
G t — u+1tu+1 < >
() G, (®) (—1 — qk_u) b -

- J
plqk=D >

(ll) GXk,l,j(t) = <1 _ (1 — plqk_l)t

k—-v

- —upv—u 17/
(iii) R(t) = Pqu(k_l)j 1-1-pig"™H _4 ptigutl <qv it u)
1-— puqk—u q—pt
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v X k—x k v x
t
GTu(t) = Z txlf qu k—u 1— qu k—u Z (p_)
x=u+1 P-q P-q x=u+1l 1
_ ( qk—v ) u+lpu+l (qv—u - pv—utv—u> (2.5)
- 1 — pigk—u p —pt :
b=q q—p
and

[oe]

o xAj—1\ )
GXk,l,j(t) = Z tx P(Xk,l,j = x; p) = Z tx< g >pqu(k 1)1(1 _ plqk l)x —
x=0 x=0

- .Oo x+j—1 B - .oo —J B x
pqu(k 1)12( g )(1_plqk Lyx g =pqu(k Dj Z(_l)x<x>((1_plqk l)t)
x=0

x=0

L (k—1) J
P ) (2.6)

1-(1-pig=He

Now by using Equation (2.5) and Equation (2.6), it follows that

=pYq® V[ - (1 -plg" Dt = <

H(t) = pq*bI [1

k—v

_ _ _ —Jj
>pu+1tu+1 (qv et u)l (2.7)

— (1 = plgkt
(1-p'q )<1 pp——

— puqk—u

It is important to note that the nature of the graph of a distribution function of this form is often
studied by constructing an auxiliary function associated with Equation (2.7). For more on this,
see [3, 12, 17, 23, 24, 25].

Theorem 2.1

Let Zl(,']’._”“’k_u“) be a random variable that count the total score from a negative binomial

random number of rolls of a u truncated turn-up side probabilities T, (x, k — x) of (v —u +
1)-sided die satisfying the condition
qv—u _ pv—u
puqk—u =1— qk—vpu+1( )
qa—p

with range x =u,u+ 1,u+ 2,u+ 3,...,v. Then the probability mass function (pmf) is
given by

P(Zl(j-_u-'-l'k_u-'-l) =7 p) _
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1 o (k=0) [(u+1) x+]—1 *A-p'q"H\ (x—1+7r—(v—ws— (u+x
PR Z Z( o ( )< 1—ptgk ) ( x—1 >

where § = {x [M]} Jk <wv.

v-u

Proof
Now by using Equation (2.7), it follows that

k—-v =J

' ' V-U _ VUV U
lj,(k=0)j 1—(1- 1 k-1 q u+l,u+1 (q p )
p’q [ (1-p'q )<—1_puqk—u>p t q—pt

' _ k(1 — plgk-t 1 — Tv-u —J ¢
_ plig (D) [1 _ (q ( P >) — (_)] Pt

1 — pugk—u 1-T

Now

k L k-1 w1
pYq-0i|1 — q“(1-pq") Ut (1—T” u)
1—pugk 1-T
k l k-1 - x
= pligk- z)]z( 1)* (‘]) (1-p'q“) — (1—T” ”)
1—puqk 1-T
> X
= pqu(k_l)j Z (x +-] - 1) qk(]‘ - plqk_l) * Tu+1 (1 - TU—‘U,) _
X 1—prg™ 1-T

x=0

k(1 = plgk—)\*
q 1(_ pqu—u )> T(u+1)x(1 _ Tv—u)x(l _ T)—x

)(

X +i— 1) <qk1(1_;fczz’_‘;l)> T (u+1)x (Z( 1)5 T(v u)s)Z( 1)17
I
)(

qkl(l_;fczz’_(;l)>x T (ut1)x (ZO(_DS (5) T(v—u)s) (Z <X - 11] + 17) Tv)

v=0

n

k [ A
"1 -p'q"™) Z Z (—1)s (x) (x -1+ U) T 0-ws+v+(ut Dz
1-— puqk—u S v

v=0s=0

_ pligk- 1)12 Z Z( 1)5 (x+]—1)<q1(_p qkkul)>

x=0r=(u+1)x s=

x—1+r—w—-ws—(u+1x r
< r—(w—-u)s—(u+1x )
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o) o9} X

— pligk=Dij Z Z Z( 1)5( ) (x +i— 1) <q 1(_;5;21_:1))9:

x=0r=(u+1)x s=0

x—1+r—(@w-ws—(u+Dx\ = __
< r—w—-—us—(u+1x > ‘

gy 5 S (O (SR

x=0r=(u+1)x s=0
—1+r—(v—- - 1 r
X(x r—w—-ws—(u+ )x)(g) o
x—1 q
0 [(uil)] k I k=IN\ X

1j o (e=D)j s X+J—1 q"(A-pq™™)
=p’q Z Z Z( 1) Yy

1-p“q

X<x—1+r—(v—u)s—(u+1)x>(g>rtr
q

x—1

Thus, this implies that

P(Zl(,?_u+1'k_u+1) =7 p) _

[(u+1) X
g k=D Z Z( 1)5 <X+J—1) q“(1 —p'e* ™ ¥ x—14+r—(w—-ws—(u+x (E)r
v 1—prgk™ x—1 q/’
0<r<ow
Corollary 2.2

Let Zl("]’._““'”_”“) be a random variable that counts the total score from a negative binomial

random number of rolls of a u truncated turn-up side probabilities T,,(x,v — x) of (v —u +
1)-sided die satisfying the condition

v-u __

q pv u
puqv—u =1- pu+1( )
q—-p

with range x =u,u+ 1,u+ 2,u+ 3,...,v. Then the probability mass function (pmf) is
given by

P(Zl(’?_u+1'v_u+1) =7 p) _

pli q(v=Dj [(uil)]z( 1)5 (x +j— 1) <qv1(1_;f(;z:l)>x <x —14+7r— (1;:1;)5 —(u+ 1)x> <§)r;

0<r<ow
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Corollary 2.3

Let Zéf’j“‘”“) be a random variable that counts the total score from a negative binomial random

number of rolls of a u truncated turn-up side probabilities Ty(x, v — x) of (m)-sided die
satisfying the condition

qu _p(qv_pv>
q—p

with range x = 0,1, 2, 3, ..., v. Then the probability mass function (pmf) is given by

P(Z(()?-l'v-'-l) = r; p) _

r Y

—1\ (r—s—1\
3y (-1 e () (7 +i )(r :7_)51 >prq”f‘r 0<r<oo
0

x=0s=
where y = {x %]} .

We quickly note that Corollary 2.3 above is the result obtained by the authors in [3] if we put
v=m-—1.

Theorem 2.4

Let Zf’}"”“'kﬂﬂ) be a random variable that counts the total score from a negative binomial

random number of rolls of a u — truncated turn-up side probabilities T,,(x, k — x) of (v —u +
1)-sided die satisfying the condition

qv—u _ pv—u
)

with range x = u,u+ 1,u+ 2,u + 3, ..., v. Then the mean and variance are determined by

puqk—u =1— qk—vpu+1(

(l) E(Z£1;—u+1,k—u+1)) — R,(l)

(ii)Var(Zl(f]’.‘”“"“”*”) =R"(1)+R'(D) - (R'(D)"

where
u+l  k—v 1— l k-1 V—U __ ., VU
R'(1) = jr*q k(_ z;o t(zk_l)) [(u ) (q p )
(1 —-p*q**)p'q q—p
N (p(q"‘” -p'™ (w—-wp'™ )l
(q — p)? q—p
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k_
R"(1) =j(G - DIp'¢""1~ ((1—19 q*" ’)< qp qk u> ) [(u
q"t—p T (——wp'  p(g" ™ —p ]
+1)( q—7p )+< q—p + (q —p)? >l

k-v
; gk
+j(1 - )(W> p*t

| et g —pv —(w—-wp'* p(g" v - pv—u)>
x [plq*1] [u(u+1)(—q_p )+(u+1)< - +

-p (q —p)?
— _ v-u v-u _ VU
+ (u+ 1)t”< v —we + LG pz )>
q—p (g —p)
[—(v —wWw—u—-1p"* —2v-—-up’ "
+ 2
q—p (q—p)
2 2(,V-U __ v—utv—u
L 2P (q P 3 )l
(g —p)
Proof
Recall that
, Y qv—u _pv—utv—u -Jj
R(t) = pYgk-bilq — gk ”+1t”+1( )
(t) =p'q ) T pugh—u p——
V=U __ 2 V—ULV—U —-j-1
q—pt
-V v—u V—U+V—U
q —-p 7t
—(1 — plqkt u+1 1 u( )
x —( )( A ) [(u+ e (L2
1 — — -
. (-(v—u)p” A il S ))l
q—pt (q —pt)

R'(1) = jpYq*=Di(1 - p'qkh) x

k—v k-v v—u v—u 1/
q u+1 L k-1 q u+1 (q —p )
—_— 1-(1- _— _— X
(1 - p“q"‘”>p [ A=Pa O\ pigi )P q-—p
vV-uU _ ., V-U v—1u v—utv—u—l
l(u+ H —-p )+ <p(q P ) (w-wp )l
—p (g —p) q—p
By applying the normalization condition, we have

E(Z£1;—u+1,k—u+1)) _
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1 — pugk—u)pl (k=1 (u + ) —
(1—p*q"“*)p'q q—p
<p(qv—u _ pv—u) (17 _ u)pv—utv—u—1>l
+ — =
(g —p) q—p

Now, by differentiating H'(t), it implies that

k-v 2
R"(t) = j(j — DpYqk~tJ ((1 —plg*H <—q >pu+1> Il

1-— puqk—u
k—-v v—u V-ULV—U —-j-2
_ q —-p 7t
—_ (1 _ plqk l) < >pu+1tu+1 ( ) x
1—pugk q—pt
l(u N 1)tu (qv—u _ pv—utv—u) N 1 <—(U _ u)pv—utv—u—l N p(qv—u _ pv—utv—u)>r
q—pt q—pt (q — pt)?
k_
+jpliq®kDi(1 — plgkh) q—v putl x
1— puqk—u
k-v v—u V-U+V—U -j-1
_ q q —-p 7t
1—(1—plgk-—1T u+1tu+1< ) %
[ (1-pq )<1__puqk_u>p =t

VU _ pV-UpV—U
[u(u + v ! (q P )

q—pt
—(v—1u v—utv—u—l VoU )V ULV—U
+(u+1)tu< (v = wp AC i )>
q—pt (g —pt)
—(v—1u v—utv—u—l VoU )V ULV—U
+(u+1)tu< (v = wp AC i )>
q—pt (g —pt)
N —w—w)(w—u-—1Dp" %tV %42 2w —u)prutir-u-l
q-pt (q —pt)?
2p2(qv—u _ pv—utv—u)>l
+
(q —pt)?
Thus,
244 Article DOI: 10.52589/AJMSS-UHOWAJOK

DOI URL: https://doi.org/10.52589/AJMSS-UHOWAJOK



African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 7, Issue 3, 2024 (pp. 233-248) www.abjournals.org

k—v
R"(1) =j( - 1)p”q(""‘”1<(1—p’q"‘1) (1 qp qk u) ) [1

||II'|'|

qk—v
— (1 _ plqk—l) <W> pu+1 l [(u
1) (q”‘“ - p”‘“) s <—(v —u)p¥- +p(q —p”” “))lz
q—p q—p (q —p)?
k—v
Ty _ q
+]pqu(k l)](l _ plqk l) <1 — puqk—u> pu+1 %

-j-1

e (222

k-v v-u v-u
(1 — ol k=1 q u+1 (q —p )
ll (1=va )<1—p”q"‘” P q-p

it <—(v —wp’ N p(q" ™ — p”‘”))
9-p (c_z - p)z_
it <—(v—u)p +p(q -p ))
q—p (q —p)?
—v-w@w-u-p"™* -2(w-wp’"™* 2p*@" " -p"™)
+< q—p " (q —p)? " (q—p)3 )l

The result follows by applying the normalization condition and the variance can be computed
using the standard definition, Var(Zl(_’;_““"‘_”“)) =R"(1)+R'(1) — (R’(l))z. This
completes the proof.

Corollary 2.5

Let Zl("]’._““'”_”“) be a random variable that counts the total score from a negative binomial

random number of rolls of a u truncated turn-up side probabilities T,,(x,v — x) of (v —u +
1)-sided die satisfying the condition

qv—u _

pU u
puqv—u =1- pu+1 ( )
qa—p
with range x = u,u+ 1,u+ 2,u + 3, ..., v. Then the mean and variance are determined by
(l) E(Z£T;—u+1,v—u+1)) — R/(l)

v u pv—u p(qv—u _ pv—u) (U _ u)pv—u
q—p >+< (q —p)? q—p )l

jpu+1(1 _ plqv—l)
(1 —-p¥qv"*)p'q¥Y

I( + 1)
(ii)Var(zl(f;‘““"“”“)) = R"() +R'(1) - (R'(D)"

Rl(l) — E(Zl('?—u+1lv_u+1)) —
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1— lv-1
R'(1) = (i~ Dlp'q""" ((%) ) [(u+1) #)

—(v—1u v-u V-U __ VU 1 _
+< ( )P +p(q pz ))l +J.< puqk_u> pirtl
q—p (q—p) 1-p¥q

L ot qv—u _ pv—u —(U _ u)pv—u p(qv—u _ pv—u)>
x [p'q"] u(u+1)<—q_p )_+(u+1)_< i 5
it <—(v—u)p +p(q -p ))
q—p (q —p)?
—v-w@-u-p"™* -2(w-wp’"™* 2p*@" " -p"™)
+< q—p " (q —p)? " (q—p)? )l
Corollary 2.6

Let Zéf’.“’"“) be a random variable that counts the total score from a negative binomial random
number of rolls of a u truncated turn-up side probabilities Ty (x, v — x) of (v + 1)-sided die
satisfying the condition
vV _ .,V
¢’ =1—-p (q p >

q—p

with range x = 0,1,2,3, ..., v. Then the mean E(Zg}“'”“)) is given by

E(Z(v.+1,v+1)) _ J_P(l -(v+ 1)pv>
0 q q-p

It is important to note that if we take v = m — 1 in Corollary 2.3 and Corollary 2.6, we obtain
the result of the authors in [3].

In conclusion, however, we can go on to obtain several other results (corollaries) by varying
and adjusting the parameters k, [, u, v in the theories stated above. This is an indication that the
probability distribution in [3] for Zéf’j“'”“), a random variable that counts the total score from
a negative binomial random number of rolls of a zero-truncated turn-up side probabilities
To(x,v — x) of (v + 1)-sided die, is domiciled in the probability distribution we defined in
this paper, hence an improvement and a generalization of the result obtained in [3].
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