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ABSTRACT: Let 𝑢, 𝑣 ∈ 𝑁(𝑢 < 𝑣) and ሼ𝑇(𝑥, 𝑦) = 𝑝𝑥𝑞𝑦: 𝑥, 𝑦 =
𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣ሽ be a string of sequence of success-

failure events constituting the Bernoulli trials, with success 𝑝 and 

failure 𝑞. Several probability distributions have derived their 

roots from the sequences of this form. However, it is our purpose 

to introduce new probability distribution functions that unify some 

of the existing ones generated by sets of this form mentioned in the 

literature and then give some of the statistics associated with it.  
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geometric random variable, independent identically distributed 

(iid) random variable, moments, binomial expansion. 
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INTRODUCTION AND PRELIMINARIES 

In 1994, Balasubramanian [3] considered the set {𝐸𝑥 ∈ [0,1]: 𝑥 ∈ ሼ0,1,2,3, … , 𝑚 − 1ሽ} of turn-

up side probability of sequence of events, by taking  

𝐸𝑥 = 𝑝𝑥𝑞𝑚−1−𝑥 ; 𝑥 = 0,1,2,3, … , 𝑚 − 1    (1.0) 

They used this set to describe a die that has 𝑚 faces marked ሼ0,1,2,3, … , 𝑚 − 1ሽ with 𝐸𝑥 

representing the turn-up side probabilities which are in geometric progression. 

They considered consecutive rolls of this m-faced die with side probabilities 𝐸𝑥 for a given 

positive integer k and the random variable 𝑍𝑘
(𝑚)

 defined as  

𝑍𝑘
(𝑚)

 =  𝑡𝑜𝑡𝑎𝑙 𝑠𝑐𝑜𝑟𝑒 𝑢𝑛𝑡𝑖𝑙 𝑓𝑎𝑐𝑒 𝑚𝑎𝑟𝑘𝑒𝑑 0 𝑎𝑝𝑝𝑒𝑎𝑟𝑠 𝑘 𝑡𝑖𝑚𝑒𝑠.                  (1.1) 

It was shown that 𝑍𝑘
(𝑚)

 follows the standard negative binomial distribution when 𝑚 = 2. In 

order to derive the PGF of  𝑍𝑘
(𝑚)

, they viewed the above experiment as a two-stage process first 

by generating a value 𝑛 of  

 𝑇𝑚,𝑘  =  𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑙𝑙𝑠 𝑢𝑛𝑡𝑖𝑙 𝑓𝑎𝑐𝑒 𝑚𝑎𝑟𝑘𝑒𝑑 0 𝑎𝑝𝑝𝑒𝑎𝑟𝑠 𝑘 𝑡𝑖𝑚𝑒𝑠                      (1.2) 

Then, secondly, rolling 𝑛 times a "reduced" die with faces marked ሼ1,2,3, … , 𝑚 − 1ሽ with the 

corresponding side probabilities 𝐹𝑥 =
𝑝𝑥𝑞𝑚−1−𝑥

(1−𝑞𝑚−1)
. They computed the total score among the 𝑛 

rolls to obtain 𝑍𝑘
(𝑚)

 with the convention that 𝑍𝑛
(𝑚)

=  0 whenever  𝑛 =  0, where the  𝑝𝑚𝑓 of  

𝑇𝑚,𝑘 has the negative binomial distribution given by 

𝑃(𝑇𝑚,𝑘 = 𝑥; 𝑝) = (
𝑥 + 𝑘 − 1

𝑘 − 1
) 𝑞(𝑚−1)𝑘(1 − 𝑞𝑚−1)𝑥 ; 0 ≤ 𝑥 < ∞                       (1.3) 

which is a standard negative binomial distribution if 𝑚 = 2. It was observed that 𝑍𝑘
(𝑚)

 can be 

seen as the total score from a negative binomial random number of rolls of the reduced die and 

from the basic theory on compounding of distributions [see 13, pp. 44-45]. The PGF of 𝑍𝑘
(𝑚)

 

can be written as 

𝐻(𝑡)  =  𝐸(𝑡𝑍𝑘
(𝑚)

)  =  𝐺𝑇𝑚,𝑘
(𝐺𝑅(𝑡))                                                   (1.4) 

where 𝐺𝑇𝑚,𝑘
(𝑡) is the PGF of 𝑇𝑚,𝑘 and (𝐺𝑅(𝑡)) is the PGF of the score in one roll of the 

"reduced" die. With 

𝐺𝑇𝑚,𝑘
(𝑡)  = (

𝑞𝑚−1

1 − (1 − 𝑞𝑚−1)𝑡
)

𝑘

, 𝐺𝑅(𝑡) =
𝑝𝑡

1 − 𝑞𝑚−1

𝑞𝑚−1 − 𝑝𝑚−1𝑡𝑚−1

𝑞 − 𝑝𝑡
    

which implies that  

𝐻(𝑡) = 𝑞(𝑚−1)𝑘 (1 − 𝑝𝑡
𝑞𝑚−1 − 𝑝𝑚−1𝑡𝑚−1

𝑞 − 𝑝𝑡
)

−𝑘

                                          (1.5) 
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Using the familiar negative binomial expansion, it follows that the probability distribution of 

the random variable 𝑍𝑘
(𝑚)

 is given by 

𝑃(𝑍𝑘
(𝑚)

= 𝑟; 𝑝) = ∑ ∑(−1)𝑠

𝛽

𝑠=0

(
𝑥

𝑠
) (

𝑥 + 𝑘 − 1

𝑥
) (

𝑟 − (𝑚 − 1)𝑠 − 1

𝑥 − 1
) 𝑝𝑟𝑞(𝑚−1)𝑘−𝑟

𝑟

𝑥=0

; 

0 ≤ 𝑟 < ∞                        (1.6) 

with the condition that 𝑞(𝑚−1) = 1 −
𝑝(𝑞𝑚−1−𝑝𝑚−1)

𝑞−𝑝
, where 𝛽 = {𝑥, [

𝑟−𝑥

𝑚−1
]}  and the mean of  

𝑍𝑛
(𝑚)

 is given as  

𝐸(𝑍𝑘
(𝑚)

) = 𝐻′(1) =
𝑘𝑝

𝑞𝑚−1

1 − 𝑚𝑝𝑚−1

𝑞 − 𝑝
 

When 𝑚 = 2, we have that 𝐸(𝑍𝑘
(2)

) =
𝑘𝑝

𝑞
 , which is the expected value of a standard negative 

binomial random variable. 

Let 𝑋𝑛
(𝑚)

 be a random variable that counts the total score in n rolls of the 𝑚-sided die with turn-

up side probabilities 𝐸𝑥  satisfying the condition 

𝑞𝑚 − 𝑝𝑚 = 𝑞 − 𝑝                                                                (1.7) 

It was showed by Balakrishniam in [3] that 𝑋𝑛
(𝑚)

 has the familiar binomial distribution with 

index 𝑛 and success probability 𝑝 given by 

𝑓𝐵(𝑥; 𝑝) = ∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑛 − 1 + 𝑥 − 𝑚𝑠

𝑛 − 1
) 𝑝𝑥𝑞(𝑚−1)𝑛−𝑥 ; 0 ≤ 𝑥 ≤ (𝑚 − 1)𝑛          (1.8) 

where 𝑓𝐵(𝑥; 𝑝) = 𝑃(𝑋𝑛
(𝑚)

= 𝑥; 𝑝), 𝛽 = 𝑚𝑖𝑛 {𝑛,
𝑥

𝑚
}. The combinatorial coefficient in (1.8) 

often denoted by 𝐶𝑚(𝑛, 𝑥) has been used extensively in probability studies [2,3,6,10,13,19-21] 

and related areas like reliability and inferential statistics [1,11,19]. For more properties on 

𝐶𝑚(𝑛, 𝑥), generalized Pascal triangles or Pascal triangles of order 𝑚, we refer to [4,9,15,16,26-

28] and the references therein.  

In 2017, Okoli O. C. [24] modified the distribution of Balasubramanian in [3] by letting  𝑚, 𝑘 ∈
𝑁 (where 𝑚 and 𝑘 are not necessarily equal) and ∆ be as defined in (1.0) above, and then take 

𝑇(𝑥, 𝑦) = 𝑝𝑥𝑞𝑦:  𝑥, 𝑦 = 0,1,2,3, … , 𝑚 − 1;  𝑥 + 𝑦 = 𝑘 − 1; 0 ≤ 𝑝, 𝑞 ≤ 1          (1.9) 

The following theorem was stated which is a consequence of several corollaries. (For more on 

this, see [24].) 
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Theorem 1.1 

Let 𝑋𝑛
(𝑚,𝑘)

 be a random variable that counts the total score in n rolls of an 𝑚-sided die with 

range  𝑥 = 0,1,2, … , 𝑚 − 1 and turn-up side probabilities 𝑇(𝑥, 𝑘 − 1 − 𝑥) (𝑥 ∈
ሼ0,1,2,3, … , 𝑚 − 1ሽ) satisfying the condition (𝑞𝑚 − 𝑝𝑚) = 𝑞𝑚−𝑘 (𝑞 − 𝑝); then the probability 

mass function (𝑝𝑚𝑓) is given by 

𝑓𝑂1
(𝑥; 𝑝) = ∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑛 − 1 + 𝑥 − 𝑚𝑠

𝑛 − 1
) 𝑝𝑥𝑞(𝑘−1)𝑛−𝑥 ; 0 ≤ 𝑥 ≤ (𝑘 − 1)𝑛           (1.10) 

where 𝑓𝑂1
(𝑥; 𝑝) = 𝑃(𝑋𝑛

(𝑚,𝑘)
= 𝑥; 𝑝), 𝑘 ≤ 𝑚, 𝛽 = 𝑚𝑖𝑛 {𝑛,

𝑥

𝑚
}. 

The distributions described by authors in [3,24] are theoretically consistent with existing 

results; however, we worry about its accuracy in terms of practical and computational purposes. 

It is important to note that the above distribution(s) fail to give an accurate probability value 

when a fair dice is tossed for some given number of times. However, this abnormality was 

addressed with a detailed example in [25]; if we are dealing with a fair die (with 𝑚 = 𝑘) then 

the results of the theorems of the author(s) in [3, 24] reduce to 

𝑃(𝑋𝑛
(𝑚,𝑚)

= 𝑥; 𝑝) =
1

𝑚𝑛
∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑛 − 1 + 𝑥 − 𝑚𝑠

𝑛 − 1
) ; 0 ≤ 𝑥 ≤ (𝑚 − 1)𝑛           (1.11) 

In order to correct the computational inconsistency and accuracy abnormally associated with 

Equation (1.11), Okoli [25] redefined the turn-up sides (model) probabilities as 

𝑇(𝑥, 𝑦) = 𝑝𝑥𝑞𝑦:  𝑥, 𝑦 = 1,2,3, … , 𝑚;  𝑥 + 𝑦 = 𝑘; 0 = 𝑎 ≤ 𝑝, 𝑞 ≤ 1 = 𝑏.         (1.12) 

And the following theorem was proven: 

Theorem 1.2 

Let 𝑋𝑛
(𝑚,𝑘)

 be a random variable that counts the total score in n rolls of an 𝑚-sided die with 

range  𝑥 = 1,2, … , 𝑚 and turn-up side probabilities 𝑇(𝑥, 𝑘 − 𝑥) (𝑥 ∈ ሼ1,2,3, … , 𝑚ሽ) satisfying 

the condition 𝑝(𝑞𝑚 − 𝑝𝑚) = 𝑞𝑚−𝑘 (𝑞 − 𝑝); then, the probability mass function (𝑝𝑚𝑓) is 

given by 

𝑃(𝑋𝑛
(𝑚,𝑘)

= 𝑥; 𝑝) = ∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑥 − 𝑚𝑠 − 1

𝑛 − 1
) 𝑝𝑥𝑞𝑘𝑛−𝑥 ; 𝑛 ≤ 𝑥 ≤ 𝑘𝑛       (1.13)  

where 𝛽 = {𝑛, [
𝑥−𝑛

𝑚
]} , 𝑘 ≤ 𝑚. 

If 𝑘 = 𝑚, Equation (1.13) becomes  

𝑃(𝑋𝑛
(𝑚,𝑚)

= 𝑥; 𝑝) = ∑ (−1)𝑠𝛽
𝑠=0 (𝑛

𝑠
)(𝑥−𝑚𝑠−1

𝑛−1
)𝑝𝑥𝑞𝑚𝑛−𝑥 ; 𝑛 ≤ 𝑥 ≤ 𝑚𝑛       (1.14)    

So that for an 𝑚-sided fair (balanced) die, Equation (1.14) becomes 
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𝑃(𝑋𝑛
(𝑚,𝑚)

= 𝑥; 𝑝) =
1

𝑚𝑛
∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑥 − 𝑚𝑠 − 1

𝑛 − 1
) ;   𝑛 ≤ 𝑥 ≤ 𝑚𝑛          (1.15) 

For computational purposes, Okoli [25] showed that Equation (1.15) gives an accurate answer 

and is more practically oriented when compared to Equation (1.11). 

In order to unify and study the work done by the authors in [3,24,25] under one common 

probability distribution function, in 2017, Okoli  [24] considered the following model. 

Let  𝑘 ∈ 𝑁 (where 𝑣 is not necessarily equal to 𝑘) and ∆ be as in (1.0) above and if we define 

the turn-up side probabilities as 

𝑇(𝑥, 𝑦) = 𝑝𝑥𝑞𝑦:  𝑥, 𝑦 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣;  𝑥 + 𝑦 = 𝑘; 0 = 𝑎 ≤ 𝑝, 𝑞 ≤ 𝑏
= 1.   (1.16) 

where 𝑢 < 𝑘 ≤ 𝑣, 𝑢, 𝑘 ∈ 𝑁 ∪ ሼ0ሽ. The following theorem was proven: 

Theorem 1.3 

Let 𝑋𝑛
(𝑣−𝑢+1,𝑘−𝑢+1)

 be a random variable that counts the total score in n rolls of an (𝑣 − 𝑢 +
1)-sided die and turn-up side probabilities 𝑇(𝑥, 𝑘 − 𝑥)  satisfying the condition 

𝑝𝑢(𝑞𝑣−𝑢+1 − 𝑝𝑣−𝑢+1) = 𝑞𝑣−𝑘 (𝑞 − 𝑝) , with range  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. Then, 

the probability mass function (𝑝𝑚𝑓) is given by 

𝑃(𝑋𝑛
(𝑣−𝑢+1,𝑘−𝑢+1)

= 𝑥; 𝑝) = ∑(−1)𝑠

𝛽

𝑠=0

(
𝑛

𝑠
) (

𝑛 − 1 + 𝑥 − (𝑣 − 𝑢 + 1)𝑠 − 𝑢𝑛

𝑛 − 1
) 𝑝𝑥𝑞𝑘𝑛−𝑥 ; 

𝑢𝑛 ≤ 𝑥 ≤ 𝑘𝑛  

where 𝛾 = {𝑛, [
𝑥−𝑢𝑛

𝑣−𝑢+1
]} , 𝑘 ≤ 𝑣. 

Then Equation (1.16) describes a (𝑣 − 𝑢 + 1)-sided die with turn-up side probability 𝑇(𝑥, 𝑦), 

so that if 

(a) 𝑢 = 0 and 𝑘 = 𝑣 = 𝑚 − 1, ⟹  𝑣 − 𝑢 + 1 = 𝑚, which is the 𝑚-sided die studied by 

the authors in [3]. 

(b) 𝑢 = 0 and 𝑘 ≤ 𝑣 = 𝑚 − 1, ⟹  𝑣 − 𝑢 + 1 = 𝑚, which is the 𝑚-sided die studied by 

the author in [24].  

(c)  𝑢 = 1 and 𝑘 ≤ 𝑣 = 𝑚, ⟹  𝑣 − 𝑢 + 1 = 𝑚, which is the 𝑚-sided die studied by the 

author in [25]. 

Motivated by the results of the authors above, it is on the basis of Equation (1.16) that we shall 

study the negative binomially distributed random variable of the sum of scores of 𝑛 rolls of 

(𝑣 − 𝑢 + 1)-sided die until the face marked 𝑙 (𝑢 ≤ 𝑙 ≤ 𝑣) appears 𝑗 times for a 𝑢 truncated 

turn-up side probability, denoted by 𝑇𝑢(𝑥, 𝑘 − 𝑥). The results obtain in this research shall 

include the result of the authors in [3] as a special case as we wish to demonstrate that in the 

next section of this research work. 
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METHODOLOGY AND MAIN RESULTS 

Consider consecutive rolls of this (𝑣 − 𝑢 + 1)-faced die with side probabilities 𝑇(𝑥, 𝑘 − 𝑥) in 

(1.16), 𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. For a given positive integer 𝑗 and the random variables 

𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

, 𝑋𝑙,𝑗 defined as  

𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

 =  𝑡𝑜𝑡𝑎𝑙 𝑠𝑐𝑜𝑟𝑒 𝑢𝑛𝑡𝑖𝑙 𝑓𝑎𝑐𝑒 𝑚𝑎𝑟𝑘𝑒𝑑 𝑙 𝑎𝑝𝑝𝑒𝑎𝑟𝑠 𝑗 𝑡𝑖𝑚𝑒𝑠.         (2.1) 

𝑋𝑘,𝑙,𝑗  =  𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑟𝑜𝑙𝑙𝑠 𝑢𝑛𝑡𝑖𝑙 𝑓𝑎𝑐𝑒 𝑚𝑎𝑟𝑘𝑒𝑑 𝑙 𝑎𝑝𝑝𝑒𝑎𝑟𝑠 𝑗 𝑡𝑖𝑚𝑒𝑠            (2.2) 

Observe that the reduced die studied in [3] is equivalent to a zero truncated turn-up side 𝐸𝑥 in 

(1.0), so that in general, if 𝑇(𝑥, 𝑘 − 𝑥) is given by   

𝑇(𝑥, 𝑘 − 𝑥) = 𝑝𝑥𝑞𝑘−𝑥;  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. 

then 

𝑇𝑢(𝑥, 𝑘 − 𝑥) =
𝑝𝑥𝑞𝑘−𝑥

1 − 𝑝𝑢𝑞𝑘−𝑢
;  𝑥 = 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣, 𝑘 ≤ 𝑣.                  (2.3) 

It is easy to see that the probability that a face marked 𝑙 will appear 𝑗 times in an 𝑛 rolls is given 

by  

𝑃(𝑋𝑘,𝑙,𝑗 = 𝑛; 𝑝) = (
𝑛 + 𝑗 − 1

𝑗 − 1
) 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙)𝑛 ;  0 ≤ 𝑛 < ∞, 𝑘 ≤ 𝑣           (2.4) 

Now adopting the basic theory on compounding of distributions in [13, pp. 44-45], the PGF of 

𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

 can be written as 𝑅(𝑡) = 𝐸 (𝑡
𝑍𝑙,𝑗

(𝑣−𝑢+1,𝑘−𝑢+1)

) = 𝐺𝑋𝑘,𝑙,𝑗
(𝐺𝑇𝑢

(𝑡)). 

where 𝐺𝑇𝑢
(𝑡) is the PGF for the 𝑢 truncated turn-up side probability of a (𝑣 − 𝑢 + 1)-sided 

die and  𝐺𝑋𝑘,𝑙,𝑗
(𝑡) is the PGF for the number of rolls until the face marked 𝑙 appears 𝑗 times. 

We state the result for 𝐺𝑇𝑢
(𝑡) and 𝐺𝑋𝑘,𝑙,𝑗

(𝑡) in the lemma that follows: 

Lemma 2.0 

Let 𝐺𝑇𝑢
(𝑡) and 𝐺𝑋𝑘,𝑙,𝑗

(𝑡) be as defined above for a (𝑣 − 𝑢 + 1)-sided die, then  

(𝑖)  𝐺𝑇𝑢
(𝑡) = (

𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
) 

(𝑖𝑖)  𝐺𝑋𝑘,𝑙,𝑗
(𝑡) = (

𝑝𝑙𝑞(𝑘−𝑙)

1 − (1 − 𝑝𝑙𝑞𝑘−𝑙)𝑡
)

𝑗

 

(𝑖𝑖𝑖)  𝑅(𝑡) = 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗
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Proof 

𝐺𝑇𝑢
(𝑡) = ∑ 𝑡𝑥

𝑣

𝑥=𝑢+1

𝑝𝑥𝑞𝑘−𝑥

1 − 𝑝𝑢𝑞𝑘−𝑢
=

𝑞𝑘

1 − 𝑝𝑢𝑞𝑘−𝑢
∑ (

𝑝𝑡

𝑞
)

𝑥
𝑣

𝑥=𝑢+1

 

= (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)                                      (2.5) 

and 

𝐺𝑋𝑘,𝑙,𝑗
(𝑡) = ∑ 𝑡𝑥

∞

𝑥=0

𝑃(𝑋𝑘,𝑙,𝑗 = 𝑥; 𝑝) = ∑ 𝑡𝑥

∞

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙)𝑥 = 

𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (1 − 𝑝𝑙𝑞𝑘−𝑙)𝑥 𝑡𝑥

∞

𝑥=0

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑(−1)𝑥 (
−𝑗

𝑥
) ((1 − 𝑝𝑙𝑞𝑘−𝑙)𝑡)

𝑥 
∞

𝑥=0

 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗[1 − (1 − 𝑝𝑙𝑞𝑘−𝑙)𝑡]−𝑗  = (
𝑝𝑙𝑞(𝑘−𝑙)

1 − (1 − 𝑝𝑙𝑞𝑘−𝑙)𝑡
)

𝑗

                         (2.6) 

Now by using Equation (2.5) and Equation (2.6), it follows that 

𝐻(𝑡) = 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1

− (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗

    (2.7) 

It is important to note that the nature of the graph of a distribution function of this form is often 

studied by constructing an auxiliary function associated with Equation (2.7). For more on this, 

see [3, 12, 17, 23, 24, 25]. 

Theorem 2.1 

Let 𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

 be a random variable that count the total score from a negative binomial 

random number of rolls of a 𝑢 truncated turn-up side probabilities 𝑇𝑢(𝑥, 𝑘 − 𝑥) of (𝑣 − 𝑢 +
1)-sided die satisfying the condition 

𝑝𝑢𝑞𝑘−𝑢 = 1 − 𝑞𝑘−𝑣𝑝𝑢+1 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) 

 with range  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. Then the probability mass function (𝑝𝑚𝑓) is 

given by 

𝑃(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

= 𝑟; 𝑝) = 
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𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑(−1)𝑠

𝛽

𝑠=0

(
𝑥

𝑠
)

[
𝑟

(𝑢+1)
]

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥

(
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑥 − 1
) 

where 𝛽 = {𝑥, [
𝑟−(𝑢+1)𝑥

𝑣−𝑢
]} , 𝑘 ≤ 𝑣. 

Proof 

Now by using Equation (2.7), it follows that 

𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗

 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (
𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑇𝑢+1 (

1 − 𝑇𝑣−𝑢

1 − 𝑇
)]

−𝑗

; 𝑇 =
𝑝𝑡

𝑞
    

Now 

𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (
𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑇𝑢+1 (

1 − 𝑇𝑣−𝑢

1 − 𝑇
)]

−𝑗

 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑(−1)𝑥 (
−𝑗

𝑥
) ((

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑇𝑢+1 (

1 − 𝑇𝑣−𝑢

1 − 𝑇
))

𝑥 ∞

𝑥=0

 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

(𝑇𝑢+1 (
1 − 𝑇𝑣−𝑢

1 − 𝑇
))

𝑥 

= 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

𝑇(𝑢+1)𝑥(1 − 𝑇𝑣−𝑢)𝑥(1 − 𝑇)−𝑥

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

𝑇(𝑢+1)𝑥 (∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
) 𝑇(𝑣−𝑢)𝑠) ∑(−1)𝑣 (

−𝑥

𝑣
) 𝑇𝑣

∞

𝑣=0

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

𝑇(𝑢+1)𝑥 (∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
) 𝑇(𝑣−𝑢)𝑠) (∑ (

𝑥 − 1 + 𝑣

𝑣
) 𝑇𝑣

∞

𝑣=0

) 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ (
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

∑ ∑(−1)𝑠

𝑛

𝑠=0

(
𝑥

𝑠
)

∞

𝑣=0

(
𝑥 − 1 + 𝑣

𝑣
) 𝑇(𝑣−𝑢)𝑠+𝑣+(𝑢+1)𝑥 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑ ∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
) (

𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑟=(𝑢+1)𝑥

∞

𝑥=0

× 

(
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥
) 𝑇𝑟 
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= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑ ∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
) (

𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑟=(𝑢+1)𝑥

∞

𝑥=0

× 

(
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥
) 𝑝𝑟𝑞−𝑟 𝑡𝑟    

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑ ∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
)

∞

𝑟=(𝑢+1)𝑥

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑥=0

 

× (
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑥 − 1
) (

𝑝

𝑞
)

𝑟

𝑡𝑟 

= 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑ ∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
)

[
𝑟

(𝑢+1)
]

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥∞

𝑟=0

 

× (
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑥 − 1
) (

𝑝

𝑞
)

𝑟

𝑡𝑟  

Thus, this implies that 

𝑃(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

= 𝑟; 𝑝) = 

𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ∑ ∑(−1)𝑠

𝑥

𝑠=0

(
𝑥

𝑠
)

[
𝑟

(𝑢+1)
]

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑘(1 − 𝑝𝑙𝑞𝑘−𝑙)

1 − 𝑝𝑢𝑞𝑘−𝑢
)

𝑥

(
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑥 − 1
) (

𝑝

𝑞
)

𝑟

; 

0 ≤ 𝑟 < ∞ 

Corollary 2.2 

Let 𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑣−𝑢+1)

 be a random variable that counts the total score from a negative binomial 

random number of rolls of a 𝑢 truncated turn-up side probabilities 𝑇𝑢(𝑥, 𝑣 − 𝑥) of (𝑣 − 𝑢 +
1)-sided die satisfying the condition 

𝑝𝑢𝑞𝑣−𝑢 = 1 − 𝑝𝑢+1 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) 

 with range  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. Then the probability mass function (𝑝𝑚𝑓) is 

given by 

𝑃(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑣−𝑢+1)

= 𝑟; 𝑝) = 

𝑝𝑙𝑗𝑞(𝑣−𝑙)𝑗 ∑ ∑(−1)𝑠

𝛽

𝑠=0

(
𝑥

𝑠
)

[
𝑟

(𝑢+1)
]

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑞𝑣(1 − 𝑝𝑙𝑞𝑣−𝑙)

1 − 𝑝𝑢𝑞𝑣−𝑢
)

𝑥

(
𝑥 − 1 + 𝑟 − (𝑣 − 𝑢)𝑠 − (𝑢 + 1)𝑥

𝑥 − 1
) (

𝑝

𝑞
)

𝑟

; 

0 ≤ 𝑟 < ∞ 
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Corollary 2.3 

Let 𝑍0,𝑗
(𝑣+1,𝑣+1)

 be a random variable that counts the total score from a negative binomial random 

number of rolls of a 𝑢 truncated turn-up side probabilities 𝑇0(𝑥, 𝑣 − 𝑥) of (𝑚)-sided die 

satisfying the condition 

𝑞𝑣 = 1 − 𝑝 (
𝑞𝑣 − 𝑝𝑣

𝑞 − 𝑝
) 

 with range  𝑥 = 0,1, 2, 3, … , 𝑣. Then the probability mass function (𝑝𝑚𝑓) is given by 

𝑃(𝑍0,𝑗
(𝑣+1,𝑣+1)

= 𝑟; 𝑝) = 

∑ ∑(−1)𝑠

𝛾

𝑠=0

𝑞(𝑚−1)𝑥 (
𝑥

𝑠
)

𝑟

𝑥=0

(
𝑥 + 𝑗 − 1

𝑥
) (

𝑟 − (𝑣)𝑠 − 1

𝑥 − 1
) 𝑝𝑟𝑞𝑣𝑗−𝑟        0 ≤ 𝑟 < ∞ 

where 𝛾 = {𝑥, [
𝑟−𝑥

𝑣
]} . 

We quickly note that Corollary 2.3 above is the result obtained by the authors in [3] if we put 

𝑣 = 𝑚 − 1.  

Theorem 2.4 

Let 𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

 be a random variable that counts the total score from a negative binomial 

random number of rolls of a 𝑢 − truncated turn-up side probabilities 𝑇𝑢(𝑥, 𝑘 − 𝑥) of (𝑣 − 𝑢 +
1)-sided die satisfying the condition 

𝑝𝑢𝑞𝑘−𝑢 = 1 − 𝑞𝑘−𝑣𝑝𝑢+1 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) 

 with range  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. Then the mean and variance are determined by 

 

(𝑖)  𝐸(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

) = 𝑅′(1) 

(𝑖𝑖)𝑉𝑎𝑟(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

) = 𝑅′′(1) + 𝑅′(1) − (𝑅′(1))
2
 

where 

𝑅′(1) =
𝑗𝑝𝑢+1𝑞𝑘−𝑣(1 − 𝑝𝑙𝑞𝑘−𝑙)

(1 − 𝑝𝑢𝑞𝑘−𝑢)𝑝𝑙𝑞(𝑘−𝑙)
[(𝑢 + 1) (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)

+ (
𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
−

(𝑣 − 𝑢)𝑝𝑣−𝑢  

𝑞 − 𝑝
)] 



African Journal of Mathematics and Statistics Studies  

ISSN: 2689-5323 

Volume 7, Issue 3, 2024 (pp. 233-248) 

243  Article DOI: 10.52589/AJMSS-UHOWAJOK 

  DOI URL: https://doi.org/10.52589/AJMSS-UHOWAJOK 

www.abjournals.org 

  𝑅′′(1) = 𝑗(𝑗 − 1)[𝑝𝑙𝑞𝑘−𝑙]−2 ((1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1)

2

 [(𝑢

+ 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (

−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)]

2

 

+ 𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1  

× [𝑝𝑙𝑞𝑘−𝑙]−1 [𝑢(𝑢 + 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (𝑢 + 1) (

−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ (𝑢 + 1)𝑡𝑢 (
−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ [
−(𝑣 − 𝑢)(𝑣 − 𝑢 − 1)𝑝𝑣−𝑢

𝑞 − 𝑝
+

−2(𝑣 − 𝑢)𝑝𝑣−𝑢+1

(𝑞 − 𝑝)2

+
2𝑝2(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝)3
]] 

Proof 

Recall that 

𝑅(𝑡) = 𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗

 

𝑅′(𝑡) = −𝑗𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 [1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗−1

× −(1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 [(𝑢 + 1)𝑡𝑢 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)

+ 𝑡𝑢+1 (
−(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝𝑡
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝𝑡)2
)] 

 

𝑅′(1) = 𝑗𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙) × 

(
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 [1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (

𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)]

−𝑗−1

× 

[(𝑢 + 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
−

(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝
)] 

By applying the normalization condition, we have 

𝐸(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

) = 
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𝑗𝑝𝑢+1𝑞𝑘−𝑣(1 − 𝑝𝑙𝑞𝑘−𝑙)

(1 − 𝑝𝑢𝑞𝑘−𝑢)𝑝𝑙𝑞(𝑘−𝑙)
[(𝑢 + 1) (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)

+ (
𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
−

(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝
)] 

Now, by differentiating 𝐻′(𝑡), it implies that 

𝑅′′(𝑡) = 𝑗(𝑗 − 1)𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ((1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1)

2

[1

− (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗−2

× 

[(𝑢 + 1)𝑡𝑢 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
) + 𝑡𝑢+1 (

−(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝𝑡
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝𝑡)2
)]

2

 

+𝑗𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 × 

[1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1𝑡𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)]

−𝑗−1

× 

   

[𝑢(𝑢 + 1)𝑡𝑢−1 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢

𝑞 − 𝑝𝑡
)

+ (𝑢 + 1)𝑡𝑢 (
−(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝𝑡
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝𝑡)2
)

+ (𝑢 + 1)𝑡𝑢 (
−(𝑣 − 𝑢)𝑝𝑣−𝑢𝑡𝑣−𝑢−1

𝑞 − 𝑝𝑡
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝𝑡)2
)

+ (
−(𝑣 − 𝑢)(𝑣 − 𝑢 − 1)𝑝𝑣−𝑢𝑡𝑣−𝑢−2

𝑞 − 𝑝𝑡
+

−2(𝑣 − 𝑢)𝑝𝑣−𝑢+1𝑡𝑣−𝑢−1

(𝑞 − 𝑝𝑡)2

+
2𝑝2(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢𝑡𝑣−𝑢)

(𝑞 − 𝑝𝑡)3
)] 

Thus,    
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𝑅′′(1) = 𝑗(𝑗 − 1)𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗 ((1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1)

2

[1

− (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)]

−𝑗−2

 [(𝑢

+ 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (

−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)]

2

 

+ 𝑗𝑝𝑙𝑗𝑞(𝑘−𝑙)𝑗(1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 ×  

[1 − (1 − 𝑝𝑙𝑞𝑘−𝑙) (
𝑞𝑘−𝑣

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1 (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)]

−𝑗−1

[𝑢(𝑢 + 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)

+ (𝑢 + 1) (
−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ (𝑢 + 1) (
−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ (
−(𝑣 − 𝑢)(𝑣 − 𝑢 − 1)𝑝𝑣−𝑢

𝑞 − 𝑝
+

−2(𝑣 − 𝑢)𝑝𝑣−𝑢+1

(𝑞 − 𝑝)2
+

2𝑝2(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)3
)] 

The result follows by applying the normalization condition and the variance can be computed 

using the standard definition, 𝑉𝑎𝑟(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

) = 𝑅′′(1) + 𝑅′(1) − (𝑅′(1))
2

. This 

completes the proof. 

Corollary 2.5 

Let 𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑣−𝑢+1)

 be a random variable that counts the total score from a negative binomial 

random number of rolls of a 𝑢 truncated turn-up side probabilities 𝑇𝑢(𝑥, 𝑣 − 𝑥) of (𝑣 − 𝑢 +
1)-sided die satisfying the condition 

𝑝𝑢𝑞𝑣−𝑢 = 1 − 𝑝𝑢+1 (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) 

 with range  𝑥 = 𝑢, 𝑢 + 1, 𝑢 + 2, 𝑢 + 3, … , 𝑣. Then the mean and variance are determined by 

 

(𝑖)   𝐸(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑣−𝑢+1)

) = 𝑅′(1) 

𝑗𝑝𝑢+1(1 − 𝑝𝑙𝑞𝑣−𝑙)

(1 − 𝑝𝑢𝑞𝑣−𝑢)𝑝𝑙𝑞(𝑣−𝑙)
[(𝑢 + 1) (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
−

(𝑣 − 𝑢)𝑝𝑣−𝑢  

𝑞 − 𝑝
)] 

(𝑖𝑖)𝑉𝑎𝑟(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑘−𝑢+1)

) = 𝑅′′(1) + 𝑅′(1) − (𝑅′(1))
2
 

𝑅′(1) = 𝐸(𝑍𝑙,𝑗
(𝑣−𝑢+1,𝑣−𝑢+1)

) = 
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𝑗𝑝𝑢+1(1 − 𝑝𝑙𝑞𝑣−𝑙)

(1 − 𝑝𝑢𝑞𝑣−𝑢)𝑝𝑙𝑞(𝑣−𝑙)
[(𝑢 + 1) (

𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
−

(𝑣 − 𝑢)𝑝𝑣−𝑢  

𝑞 − 𝑝
)] 

𝑅′′(1) = 𝑗(𝑗 − 1)[𝑝𝑙𝑞𝑣−𝑙]−2 ((
1 − 𝑝𝑙𝑞𝑣−𝑙

1 − 𝑝𝑢𝑞𝑣−𝑢
) 𝑝𝑢+1)

2

 [(𝑢 + 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
)

+ (
−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)]

2

 + 𝑗 (
1 − 𝑝𝑙𝑞𝑘−𝑙

1 − 𝑝𝑢𝑞𝑘−𝑢
) 𝑝𝑢+1  

× [𝑝𝑙𝑞𝑣−𝑙]−1 [𝑢(𝑢 + 1) (
𝑞𝑣−𝑢 − 𝑝𝑣−𝑢

𝑞 − 𝑝
) + (𝑢 + 1) (

−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ (𝑢 + 1) (
−(𝑣 − 𝑢)𝑝𝑣−𝑢

𝑞 − 𝑝
+

𝑝(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)2
)

+ (
−(𝑣 − 𝑢)(𝑣 − 𝑢 − 1)𝑝𝑣−𝑢

𝑞 − 𝑝
+

−2(𝑣 − 𝑢)𝑝𝑣−𝑢+1

(𝑞 − 𝑝)2
+

2𝑝2(𝑞𝑣−𝑢 − 𝑝𝑣−𝑢)

(𝑞 − 𝑝)3
)] 

Corollary 2.6 

Let 𝑍0,𝑗
(𝑣+1,𝑣+1)

 be a random variable that counts the total score from a negative binomial random 

number of rolls of a 𝑢 truncated turn-up side probabilities 𝑇0(𝑥, 𝑣 − 𝑥) of (𝑣 + 1)-sided die 

satisfying the condition 

𝑞𝑣 = 1 − 𝑝 (
𝑞𝑣 − 𝑝𝑣

𝑞 − 𝑝
) 

 with range  𝑥 = 0,1,2,3, … , 𝑣. Then the mean 𝐸(𝑍0,𝑗
(𝑣+1,𝑣+1)

) is given by  

𝐸(𝑍0,𝑗
(𝑣+1,𝑣+1)

) =
𝑗𝑝

𝑞𝑣
(

1 − (𝑣 + 1)𝑝𝑣

𝑞 − 𝑝
) 

It is important to note that if we take 𝑣 = 𝑚 − 1 in Corollary 2.3 and Corollary 2.6, we obtain 

the result of the authors in [3].  

In conclusion, however, we can go on to obtain several other results (corollaries) by varying 

and adjusting the parameters 𝑘, 𝑙, 𝑢, 𝑣 in the theories stated above. This is an indication that the 

probability distribution in [3] for  𝑍0,𝑗
(𝑣+1,𝑣+1)

, a random variable that counts the total score from 

a negative binomial random number of rolls of a zero-truncated turn-up side probabilities 

𝑇0(𝑥, 𝑣 − 𝑥) of (𝑣 + 1)-sided die, is domiciled in the probability distribution we defined in 

this paper, hence an improvement and a generalization of the result obtained in [3].    

 

 

 

  



African Journal of Mathematics and Statistics Studies  

ISSN: 2689-5323 

Volume 7, Issue 3, 2024 (pp. 233-248) 

247  Article DOI: 10.52589/AJMSS-UHOWAJOK 

  DOI URL: https://doi.org/10.52589/AJMSS-UHOWAJOK 

www.abjournals.org 

REFERENCES  

A. De Moivre. The Doctrine of Chances: or, A Method of Calculating the Probabilities of 

Events in Play. 3rd ed. London: Millar, 1756; rpt. New York: Chelsea, 1967. 

B. A. Bondarenko. Generalized Pascal Triangles and Pyramids, Their Fractals, Graphs, and 

Applications, The Fibonacci Association, (1993). 

C. Derman, G. Lieberman, S. Ross. “On the Consecutive-k-of n:F System.” IEEE Trans. 

Reliability 31 (1982): 57–63. 

D.W. Ailing. "Estimation of Hit Number." Biometrics 27 (1971):605-13. 

F. S. Makri and A. N. Philippou. “On Binomial and Circular Binomial Distributions of Order 

k for l-overlapping Success Runs of Length k.” Statistical Papers 46.3 (2005): 411–432. 

F. S. Makri, A. N. Philippou, and Z. M. Psillakis. “Polya, Inverse Polya and Circular Polya 

Distributions of Order k for l-overlapping Success Runs.” Communications in Statistics- 

Theory and Methods 36 (2007a): 657–668.  

F. S. Makri, A. N. Philippou, and Z. M. Psillakis. “Shortest and Longest Length of Success 

Runs in Binary Sequences.” Journal of Statistical Planning and Inference 137 (2007b): 

2226–2239. 

H. Gabai. "Generalized Fibonacci ^-Sequences." The Fibonacci Quarterly 8.1 (1970):31-38.  

J. E. Freund. "Restricted Occupancy Theory—A Generalization of Pascal's Triangles." Amer. 

Math. Monthly 63 (1956):20-27.  

J. G. Kalbfleisch & D. A. Sprott. "Inference about Hit Number in a Virological Model." 

Biometrics 30 (1974): 199-208.  

K. Balasubramanian, R. Viveros, &. N. Balakrishnan. “Some Discrete Distribution Related to 

Extened Pascal Triangles” The Fibonacci Quarterly --- (1995): 415–425. 

N. Balakrishnan, K. Balasubramanian, & R. Viveros. "On Sampling Inspection Plans Based on 

the Theory of Runs." The Math. Scientist 18 (1993): 113-26.  

O. C. Okoli, et ‘al. “Construction of Arithmetic Distribution function in a defined interval” 

Journal of the Nigerian Association of Mathematical Physics, Vol.31, No.1 ( 2015): 399-

402. 

O. C. Okoli, G. A. Osuji, D. F. Nwosu and K. N. C. Njoku. “On the Modified Extended 

Generalised Exponential Distribution.” European Journal of Statistics and Probability, 

Vol4 No.4, (2016): 1-11. 

O.C. Okoli, Modified Extended Binomial-Type Probability Distribution Function, JCOOU, 

Vol. 2, 2017 (submitted). 

O.C. Okoli, On the Extended Binomial-Type Probability Distribution Function, JCOOU, Vol. 

2, 2017 (submitted). 

R. A. Fisher. Statistical Methods and Scientific Inference. New York: Hafner Press, 1973.  

R. C. Bollinger & Ch. L. Burchard. "Lucas's Theorem and Some Related Results for Ex- tended 

Pascal Triangles." Amer. Math. Monthly 97 (1990): 198-204. 

R. C. Bollinger. "Extended Pascal Triangles." Math. Magazine 66 (1993):87-94. 

 R. C. Bollinger. "Fibonacci ̂ -Sequences, Pascal-7" Triangles, and £-in-a Row Problems." The 

Fibonacci Quarterly 17.1 (1984):23-28. 

R. C. Bollinger. “A Note on Pascal-T Triangles, Multinomial Coefficients and Pascal 

Pyramids.” The Fibonacci Quarterly 24 (1986): 140–144. 

R. L. Ollerton and A. G. Shannon. “Extensions of Generalized Binomial Coefficients.” In 

Applications of Fibonacci Numbers, Volume 9. Edited by F. T. Howard, Dordrecht: 

Kluwer Academic Publishers, 2004, 187–199.  



African Journal of Mathematics and Statistics Studies  

ISSN: 2689-5323 

Volume 7, Issue 3, 2024 (pp. 233-248) 

248  Article DOI: 10.52589/AJMSS-UHOWAJOK 

  DOI URL: https://doi.org/10.52589/AJMSS-UHOWAJOK 

www.abjournals.org 

R. L. Ollerton and A. G. Shannon. “Further Properties of Generalized Binomial Coefficient k-

extensions.” The Fibonacci Quarterly 43 (2005): 124–129. 

R. L. Ollerton and A. G. Shannon. “Some Properties of Generalized Pascal Squares and 

Triangles.” The Fibonacci Quarterly 36 (1998): 140–144. 

R. V. Hogg & A. T. Craig. Introduction to Mathematical Statistics. 4th ed. New York: 

Macmillan, 1978.  

S. Dharmadhikari & K. Joag-dev. Unimodality, Convexity, and Applications. San Diego: 

Academic Press, 1988. 

S.D. Dafnis, F. S. Makri and A. N. Philippou. “Restricted Occupancy of 𝑠 kind of Cells and 

Generalised Pascal Triangle. ” The Fibonacci Quarterly---(2007): 347-356. 

W. Feller. An Introduction to Probability Theory and Its Applications. Vol.1. 3rd ed. New 

York: Wiley, 1968. 


