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ABSTRACT: In this paper, the existence of maximal solution of
a comparison differential system for a class of piecewise
continuous Lyapunov function is examined. Alongside, the
eventual stability for nonlinear impulsive differential equations
with fixed moments of impulse is established using the Lyapunov
functions. Together with comparison results, sufficient conditions
for eventual stability are presented. Results obtained are
extension and improvements on existing results in the literature.

KEYWORDS: Eventual stability; impulsive differential
equation; Lyapunov functions.

Article DOI: 10.52589/AJMSS-USLHJ4TC
DOI URL: https://doi.org/10.52589/AJMSS-USLHJI4ATC


mailto:jeremiahatsu@unicross.edu.ng
mailto:jackson.ante@topfaith.edu.ng
mailto:ambroseuwem@gmail.com
mailto:samuelessang@arthurjarvisuniversity.edu.ng
mailto:moscomag2k2@gmail.com
mailto:samuel.oyong@topfaith.edu.ng
mailto:runyifrancis@fedpolyugep.edu.ng
mailto:jackson.ante@topfaith.edu.ng

African Journal of Mathematics and Statistics Studies
ISSN: 2689-5323
Volume 8, Issue 2, 2025 (pp. 129-140) www.abjournals.org

1 |

INTRODUCTION

Undoubtedly, one of the central concerns in the qualitative theory of differential equations is
the stability of solutions. Stability allows for the comparison of the behavior of solutions
originating from different initial conditions (see [1]).

Traditionally, the Lyapunov method has been extensively used to investigate the stability of
differential equation solutions. In many practical scenarios, it becomes necessary to study the
stability of sets that are invariant under the dynamics of a given system. However, this
requirement often excludes classical Lyapunov stability [23]. To address this limitation, a
new concept known as eventual stability was introduced (see [14] and the references therein).
This concept posits that a set may not be invariant in the traditional sense but is invariant in
an asymptotic sense (see also [25]).

The theory of impulsive differential equations (IDEs) is more comprehensive than that of
conventional differential equations [11], as it models numerous real-world phenomena more
accurately. Many natural and engineered processes experience sudden state changes at
specific time moments. These abrupt shifts are due to short-term disturbances whose
durations are negligible relative to the total duration of the process. Therefore, it is reasonable
to model such disturbances as instantaneous impulses. For example, impulsive effects are
observed in biological threshold phenomena, bursting rhythms in medical and biological
systems, economic optimal control models, pharmacokinetics, and frequency-modulated
systems [11].

Effective application of impulsive differential systems hinges on the ability to establish
stability criteria for their solutions and one of the most robust tools for analyzing the stability
of impulsive systems is the Lyapunov function method. Among various methods for
assessing stability—such as the Razumikhin technique, matrix inequalities, variational
methods, Banach's fixed point theorem, and monotone iteration—the second method of
Lyapunov stands out. Its primary advantage lies in enabling the study of stability without
needing to solve the system explicitly. This method involves finding a suitable continuously
differentiable Lyapunov function that is positive definite and has a non-positive derivative
along system trajectories. The stability of trivial solutions in impulsive systems has been
thoroughly explored in works such as [3, 6, 20, 21].

The novelty of this paper is two dimensional: establishing the existence of the maximal
solution for the associated comparison system and investigating the eventual stability for a
nonlinear impulsive differential system. Using vector Lyapunov functions—generalized
through a class of piecewise continuous Lyapunov functions—along with comparison
principles, the paper derives sufficient conditions for ensuring the eventual stability of the
system's solutions.
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PRELIMINARY NOTES AND DEFINITIONS

Let R"be the n-dimensional Euclidean space with norm |||. Let Q be a domain in R"
containing the origin; R, =[0,0), R =(-w,x), t,eR,,t>0.

Let J c R,. Define the following class of functions is a piecewise continuous function with
points of discontinuity t, € J atwhich «(t,) exists.

Consider the impulsive differential system
X'=f(t,x),t#t, t>t,
Ax=1,(x),t=t,,keN 2.1)

X(tg) =Xy
under the following assumptions:

A, (i) O<t <t, <...<t, <..,and t, >0 k — oo;
(i) f:R, xR" —>R"iscontinuous in (t,, t,]xR" and foreach xeR", k=12,...,

lim f(t,y)=f(t ", x) exists;

(t,y)=>(t" )
(i) 1, :R" —>R"

In this paper, we assume that the function f is Lipschitz continuous with respect to its
second argument, and f(t,0)=0, 1, (0) =0 for all k, so that we have the trivial solution for

(2.1), and the points t,,k=12,... are fixed such that 0<t <t, <...and I!imtk =o0. The

system (2.1) with initial condition Xx(t,)=Xx, is assumed to have a solution

X(t;t,,%,) € PC([t,, ), R™). Note that some sufficient conditions for the existence and
uniqueness of the global solutions to (2.1) are considered in [9, 15, 16, 18].

Remark 2.1.

The second equation in (2.1) is called the impulsive condition, and the function 1, (x(t,))
gives the amount of jump of the solution at the point t,.

Definition 2.1.

Let V:R, xR" — R} be a continuous mapping of R, xR" into R". Then V is said to
belong to class L if,

(i) Vv is continuous in (t_, t]xR" and for each xeR"Y, k=12,.., and
lim  V(ty)=V( ', x) exists;
)

(ty)-> (4" x
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(i) Vs locally Lipschitz with respect to its second argument x.For (t,, t JxR", we
define the upper right Dini derivative of V with respect to (2.1) as,

D'V (t,x) =limsup£[V (t + h,x+ hf (t,x)) -V (t,x)] (2.2)

h—0*
Note that in (2.1), D'V (t, x) is a functional whereas V is a function.
Definition 2.2.

A function g(t,u) is said to be quasimonotone nondecreasing in u, if u<v and u, =v, for
1<i<N implies g;(t,u) <g;(t,v) forall i.

Definition 2.3.

The trivial solution x =0 of (2.1) is said to be

(ES1) eventually stable if for every e>0andt, € R, there exist 6 =0(e,t,) >0 such that

forany x, € R" the inequality |x,| <& implies |x(t,ty, X,)| <€ for t >t;;

(ES2) uniformly eventually stable if for every e>0andt, e R, there exist 6 =d(e) >0
such that for any x, € R", the inequality ||x,| <& implies ||x(t,t,, x,)| < for t > t,;

(ESs) asymptotically eventually stable if it is stable and if for each e>0and t, € R, there
exist positive numbers &, = &,(t,) >0 and T =T (t,,€) such that for t>t, +T and |x|< &
we have [x(t,t,,%,)| <e.

(ES4) uniformly asymptotically eventually stable if it is uniformly stable and &, = J,(€) and
T =T(e) such that for t >t, +T , the inequality |x,||< & implies [x(t,t,, %,)[ <<.
Definition 2.4.

A function a(r) is said to belong to the class K if aeC[[0,p),R,],a(0) =0, and a(r) is
strictly monotone increasing in T.

In this paper, we define the following sets:

R [ <v

Su/

S, = fxeR": | <)
Remark 2.2.

The inequalities between vectors are understood to be component-wise inequalities.
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Definition 2.5.

A function b(r)is said to belong to a class L if be C[J,R,],b(t) is monotone decreasing in
tand b(t) >0ast — .

Definition 2.6.

A function a(t,r) is said to belong to the class KK if a e C[[0, p),R,],ae Kforeach teJ,
and a is monotone increasing in t for each r >0 and a(t,r) — « as t — o for each r > 0.

Definition 2.7.

A function V (t,x) with V(t,0)=0 is said to be positive definite if there exists a function
a e K such that the relation V (t, x) > a(“x||) is satisfied for (t,x) e J xS .

Definition 2.8.

A function V (t,x) with V (t,0)=0 is said to be negative definite if there exists a function
a K such that the relation V (t,x) < —a(“x||) is satisfied for (t,x) € J xS .

Definition 2.9.

A function V (t,x) >0 is said to be decrescent if there exists a function a e K such that the
relation V (t,x) < a(“x||) is satisfied for (t,x) e J xS .

Alongside (2.1), we shall consider a comparison system of the form

u'=g(tu)t=t, t>t, k=12,...
Au =y, (ut)), t=t, (2.3)
u(ty) =u,

existing for t>t,, where ueR", elation V(t,x)Sa(“x”) is satisfied for (t,x)eJ xS .
existing for t>t,, ueR", R, =[t;,©), g:R, xR > R", g(t,00=0, where g is the
continuous mapping of R, xR into R". The function g € PC[R, xR, R"] is such that for
any initial data (t,,u,)eR, xR", the system (2.3) with initial condition u(t,)=u, is
assumed to have a solution u(t,t,,u,) € PC([t,,),R"). Note that some sufficient conditions
for the existence of solution of (2.3) has been examined in [9,18, 24, 26].

Lemma 2.1. Assume that the hypotheses A, (i), (ii), (iii) hold, and that f(t,0)=0 and that
I, (0) =0. Then the interval J can be extended to the maximal interval of existence [t,,).
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Proof.

Since the conditions A, (i), (ii), (iii) hold, and that f(t,0)=0 and that I, (0) =0, then from
the existence theorem for the equation x’'= f (t,x(t)) [18] with impulses, it follows that the
solution x(t) = x(t,t,,x,) of the IVP (2.1) is defined on each of the intervals
(t. t ], k=12,...Again, since 0<t <t, <..and lifltk =oo,then we conclude that the

interval J can be continued to [t,,o) for t,.

MAIN RESULTS

In this section we begin by proving the comparison results, then proceed to establish the
necessary conditions for the eventual stability of the set x =0 of the impulsive differential
systems with fixed moments of impulse.

Using (2.3), Definition 2.2 can be analogously defined as follows:

Definition 3.1.

The trivial solution u =0 of (2.3) is said to be

(ES:") eventually stable if for every &>0and t, € R, there exist 6 = 5(¢,t,) >0 such that

forany x, € R" the inequality |u,||< & implies |u(t,ty,u,)| <& for t>t,;

(ES2") uniformly eventually stable if the 5 in (Si") above is independent of t, i.e. for every
e>0andt, eR, there exist §=0(¢)>0 such that the inequality [u,|<d& implies

luct.to,up)| < & for t >ty

(ESs") equiasymptotically eventually stable if Si” is satisfied and given £>0andt, eR,
there exist positive numbers 6, = 5,(t,) >0 and T =T (t,,&) > 0 such that for t>t, +T and
lu| < & we have |u(t,ty,up)|<e t=t, +T.

(ES4+") uniformly asymptotically eventually stable if (ES;") is satisfied (ESs") is independent
of t,.

THEOREM 3.1. (Comparison results).  Assume that:

i) g eC[J xR!,R"], g(t,0)=0, and g(t,u)is quasimonotone nondecreasing in u for
each ue R" and ( !Il’p )g(t,u): g(t,,u) exists;
t,y)—>(tu

i) r(t) =r(t,t,,u,) e PC([t,,T),R") is the maximal solution of (2.3) existing for t >t,.

iii) vV eC[IxS,,R'],V el such that for (t,x) e J xS,
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D'V (t,x) <g(t,V(t, X)), t=t,
and

Vit x+ 1, (xt)<p V() t=t,xeS, and the function p, R} >R} s
nondecreasing for k =1,2,...

iv) x(t) = x(t,t,, %,) € PC([t,, T],R") is a solution of (2.1) such that
V (ty, %) < U, (3.1)
existing for t > t,. Then

V (4, x(1) < r(t)
(3.2)

Proof.
Let x(t) = x(t,t,, X,) be any solution of (2.1) existing for t >t,, such that V(t;,x,) <u,.
Set m(t) =V (t, x(t)) for t =t, so that for small h > 0,using (2.2) we have

m(t+h) —m(t) =V (t + h,x(t + h)) =V (t + h, x(t) + hf (t, x(t)) + V (t + h, x(t) + hf (t, x(t)) =V (t, X)

Since V (t, x) is locally Lipschitzian in x for t [t, o), we have
m(t +h) —m(t) <k||x(t +h) — (x(t) + hf (t, x(2))]|+V (t+h, x(t) + hf (£, X(£)) -V (¢, X)
Dividing through by h >0, and taking the limsup as h— 0" we have

limsup £[m(t + h) —m(t)] < lim supﬁ[k”x(t +h) — x(t) = hf (t, x(t)||e]+ limsup [V (t+h, x(t) +

h—0* h—0*
hf (t, x(t)) -V (t, x)]
where k is the local Lipschitz constant and e = (L1,...1)".

It follows that,
D 'm(t) = DV (t, x(t)) < g(t,m(t))
and using condition (ii) of Theorem 3.1 we arrive at
V (t, x() < r(t)
provided

V (t,, %) < U,
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Also,
m(t ) =V (te, () + L (x(t)) <y (M(t, )
Hence, by Cor. 1.7.1 in [13], we obtain the desired estimate of (3.1).

Corollary 3.2. Assume that:

)] g eC[J xR!,R"], g(t,0) =0, and g(t,u)is quasimonotone nondecreasing in u for
each u e R" and ) !IFH )g(t,u): g(t,,u) exists;
1Y) (U

i) p(t) = p(t,ty,u,) € PC([t,,T),R") is the minimal solution of (2.3) existing for
t>t,.

i) VeC[IxS,,R'],V el suchthatfor (t,x) e J xS,
D'V (t,x)>g(t,V(t,x)), t#t,

and

V(i x+1,(xt)=p V(X)) t=t,xeS, and the function p, R} >R} s
nondecreasing for k =1,2,...

iv) X(t) = x(t,t,,%,) € PC([t,, T],R") is a solution of (2.1) such that
V (t,, %y) = U, (3.3)
existing for t > t,. Then

V(t, x(t)) = p(t)
(3.4)

Proof.

Let x(t) =x(t,t,, X,) be any solution of (2.1) existing for t >t,, such that V(t,,X,) = u,.
Set m(t) =V (t, x(t)) for t=t, so that for small h >0, using (2.2) we have

m(t +h) —m(t) =V (t + h, x(t + h)) =V (t + h, X(t) + hf (t, X(t)) +V (¢ + h, x(t) + hf (€, X(t)) =V (t, )

Since V (t, x) is locally Lipschitzian in x for t [t, o), we have
m(t +h) —m(t) = k|x(t + h) = (x(t) + hf (t, x (@) +V (t + h, x(t) + hf (t, x(£)) =V (t, X)

Dividing through by h >0, and taking the limsup as h — 0" we have
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lim sup[m(t + h) —m(&)] > limsup & [k|x(t + h) — x(t) - hf (&, x()[ e + lim sup £[V (t+h, X(t) +

h—0* h—0*
hf (t, x(t)) -V (t, X)]
where k is the local Lipschitz constant and e = (11,....1)"

It follows from condition (ii) of Cor 3.2 we arrive atat the estimate

D 'm(t) = D'V (t, x(t)) > g(t,m(t)),t #t,, m(t;) > u, (3.5)
Also,
m(t ) =V (te, () + L (x(t)) =y (m(t, ) (3.6)
Hence, by Cor. 1.7.1 in [13], we obtain the desired estimate of (3.5).

In what follows, we shall obtain sufficient conditions for the eventual stability of the system
(2.3).

THEOREM 3.2. Assume that:

i) g eC[J xR!,R"], g(t,0) =0, and g(t,u)is quasimonotone nondecreasing in u for
fixed te J.

N

ii) V eC[IxS,,R'T,V(t,x) is locally Lipschitzian in xand Y V,(t,x) >0 as|x|— 0
i=1

foreach t and (t,x) € J xS,

DV (t,x) <g(t.V(t.x)) (3.7)

iii) for (t,x) eI xS,

b([x(®)[) < ivi t,x) <alt,|x|) (3.8)

where b e K, a(t,.) e K whence aeC[J xS ,R.]

Then the eventual stability of the set of trivial solution u =0 of the system (2.3) implies the
eventual stability of the set of trivial solution x =0 of the system (2.1).

Proof. Let 0<e < p and t, € R, be given.

Assume that the solution (2.3) is eventually stable. Then given b(¢) >0 and t, € R, , there
exists a positive function o = J(t,, &) > 0 which is continuous in t, for each € such that

N N
D U <5 implies D u;(t,ty,u,) <b(e), t>t,
i=1 i=1

(3.9)
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Since V (t,x) is continuous and mildly unbounded i.e. V (t,0) > Oas|x|—0, then by the
property of continuity, given ¢ >0 there exists a positive function o, =, (t,,&) >0 that is
continuous in t, for each € such that the inequalities

%[ <&, and V(ty, %) <&
(3.10)

are satisfied simultaneously.
We claim that if X[ <&, then [|X(t,t,,%,)]| <€ by the stability of x(t).

Now suppose this claim is false, the there would exists a point t, €[t,,t) and the solution
X(t, o, X,) with [%,] < &, such that

Ix(t)]|=¢ and |x(t)| <& for te[t,t) (3.11)

So that using equation (3.11); (3.8) reduces to the form

Bx@)) < DVt x(0)), implying

b(e) £ YV, (L, X(1)) (3.12)

This implies that x(t) € S, for t €[t,,t,) and from Theorem 3.1,
V (L, x(t)) <r(t,ty,up), (3.13)
where r(t,t,,u,) is the maximal solution of (3.2.3).

Then using equations (3.8), (3.9), (3.12) and (3.13) we arrive at the estimate
N

b(e) <V, (L, x(t,) < zri (t.t5,Uq) <b(e)
i=1

which leads to a contradiction.

Hence, the eventual stability of the set of trivial solution u=0 of (2.3) implies that the set of
trivial solution x =0 of (2.1) is eventually stable in the sense of Lyapunov.
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CONCLUSION

This paper seeks to examine the global existence of solution for a given differential system.
By using the vector Lyapunov functions—extended through a class of piecewise continuous
Lyapunov functions—and applying comparison principles, the study establishes sufficient
conditions for eventual stability of the given differential system. The results obtained extends
the usual scalar case in the literature.
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