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ABSTRACT: This paper considers the dynamic influence of
foundation stiffness such as foundation modulus, shear modulus,
Young modulus as well as rotatory inertia correction factor on the
vibrations of orthotropic rectangular structural plate resting on a
constant bi-parametric elastic foundation with simple elastic end
conditions when moving distributed loads are traversing on the
structural plate. The orthotropic rectangular structural plate
model is a coupled fourth order partial differential equation with
variables and singular coefficients. The solutions to the model are
obtained by transforming the fourth order partial differential. The
fourth order partial differential equation is transformed to a set of
coupled second order ordinary differential equations by using a
special technique adopted by Shadnam et al [11]. This set of
second order ordinary differential equations is then simplified
using the modified asymptotic method of Struble. The closed form
solution is analyzed, resonance conditions are obtained and the
results are presented in plotted curves to show the impact of
foundation parameters for both cases of moving distributed mass
and moving distributed force.

KEYWORDS: Bi-parametric Elastic Foundation, Moving
Distributed Masses, Transvered Displacement, Resonance.
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INTRODUCTION

In structural mechanics, an orthotropic plate is a type of structure that exhibits different
mechanical properties in different directions. The structural material properties such as
stiffness, strength, anisotropy and material behaviour vary depending on the orientation of the
orthotropic plate, which distinguishes it from isotropic plate. This orientation is very important
in engineering and design, as it affects the structural behaviour and performance of the plates
in various applications. Engineers and designers consider these distinctions when selecting the
appropriate material for a specific structural application. The material exhibits different levels
of resistance to deformation depending on the applied load direction. This variation in stiffness
properties such as Young modulus, shear modulus, and Poisson ratio is due to the anisotropic
nature of orthotropic materials. These stiffness properties have different values along the x-
axis, y-axis and z-axis. The rectangular plate considered in this work is resting on bi-parametric
elastic foundation. It is common knowledge that a bi-parametric elastic foundation is a
mathematical model used to represent the response of a soil or foundation system under the
application of external load. This elastic foundation considers two parameters, namely the
vertical stiffness and the horizontal stiffness, to characterize the behaviour of the foundation.
The vertical stiffness represents the resistance of the foundation to vertical displacements
caused by the applied loads and also determines the amount of distribution of pressure beneath
the foundation, while the horizontal stiffness represents the resistance of the foundation to
horizontal displacements caused by lateral loads. It determines the lateral stability of the
foundation and its ability to resist sliding or tilting.

In short, the bi-paametric elastic foundation model provides a more comprehensive
representation of the foundation response compared to traditional models that only consider
vertical stiffness. This model is commonly used in geotechnical engineering to analyze and
design foundations for various structures such as buildings, bridges, and retaining walls. It is
understandable that if the vertical stiffness in the foundation system is higher, the foundation
is stiffer and thus resists the vertical displacements more effectively. It also allows the
foundation to distribute the applied load more evenly across the underlying soil layers. The
vibration catalyzed by traveling vehicles on structural members like roads, bridges, beams and
rails cannot be over-emphasized and has become a significant and pressing issue in engineering
and design due to the increasing high speed vehicles. The vibration problem in structures;
particularly in bridges, beams and railways, when traversed by moving loads such as trains,
cars, ships, cranes, and lorries is very germane in many engineering applications. The colossal
deflections and vibrations of beam-like structures, especially bridges, initiated by high-speed
and heavy vehicles can significantly increase the internal stresses and impact the safety and
serviceability of the bridges. It is essential to have an explicit understanding of the dynamic
properties of these structures for the purpose of their design and operation.

LITERATURE/THEORETICAL UNDERPINNING

The vibration of plates is an interesting phenomenon that has been studied greatly by
researchers in applied mathematics, engineering and design. Numerous authors in this field had
examined the topic and are still investigating the phenomenon. Awodola and Adeoye [1]
studied the vibration of orthotropic rectangular plates under the action of moving distributed
masses and resting on variable elastic Pasternak foundation with clamped end conditions.
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Ugural [2] and Okafor and Oguaghamba [3] used Ritz and Galarkin methods to solve isotropic
and orthotropic plate problems. Their results are approximately close to the exact solutions. A
couple of researchers applied the superposition method for analysis of vibrations of plates
having classical boundary conditions, for instance, Ohya et al. [4], for deformable plates.
Awodola and Omolofe examined the response of concentrated moving masses of elastically
supported rectangular plates resting on concentrated moving masses of elastically supported
rectangular plates resting on Winkler elastic foundations by the method of separation of
variables. Gbadeyan and Dada [5] improved on their proven works by reconsidering the
dynamic response of a Mindlin elastic rectangular plate subjected to distributed moving load,
but neglected the effect of damping. Adeoye and Awodola [6] investigated the dynamic
behaviour of moving distributed masses of an orthotropic rectangular plate with clamped-
clamped boundary conditions on a constant elastic foundation. Sveklo [7] suggested the contact
theory for two anisotropic bodies under compression according to contact pressure distribution
over an elliptical contact region. The same structural effects are real of concrete slabs in a
composite girder bridge, but the steel orthotropic deck is considerably lighter, and therefore
allows longer span bridges to be more expeditiously designed. Hu et al. [8] purported vibration
solutions to orthotropic rectangular plates by making use of the symplectic geometry method.
Oni and Awodola [9] examined the vibrations of a simple supported plate under moving masses
and resting on Pasternak elastic foundations with stiffness variation. Adeoye and Adeloye [10]
worked on dynamic characteristics of orthotropic rectangular plates under the influence of
moving distributed masses on variable elastic foundations using the variable separable.

The aforementioned research works are based on structures with classical boundary conditions.
In this research, non-classical boundaries are considered. Specifically, simple elastic end
conditions are considered on rectangular plates with stiffness variation on constant elastic bi-
parametric foundation.

Governing Equation

The transverse displacement W (x,y,t) of orthotropic rectangular plates that rests on a bi-
parametric elastic foundation, and traversed by distributed mass M, traversing with constant
velocity k, along a straight line parallel to the x-axis issuing from point y = s on the y-axis with
flexural rigidities D, and D,,, is governed by the fourth order partial differential equation given
as

D

W(x y,t)+ 206 W(x,y,t) +Dya 4W(x y,t) +,uat2W(x y,t) —

xa 4 26 2

PhRo 55 zatZW(x y,t)+ zatZW(x O]+ KW(x,y,t) — Go[ Wy t) +
—W(x y, )] = XN [M_rgH(x — ct)H(y —s) — M (at2 W(x,y,t)+
26,50 W(,y,8) + ¢ W(x,y, O H( = ;O H(y — $)W (x,y,8)] = (1)

where D, and D,, are the flexural rigidities of the plate along x and y axes respectively.

Exh® Eyh3
X = ) y = )
12(1-vyvy) 12(1-vxvy)

_Ey and E,, are the Young’s moduli along x and y axes respectively, G, is the rigidity modulus,
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Vv, and v,, are Poisson’s ratios for the material such that E, v, = E, v, , p is the mass density per
unit volume of the plate, h is the plate thickness, tis the time, x and y are the spatial coordinates
in x and y directions respectively, R, is the rotatory inertia correction factor, K, is the
foundation constant and g is the acceleration due to gravity, while H(.) is the Heaviside
function.

Re-expressing Equation (2), one obtains

2 W(xy,t) + MK%W(x y,t) = tho[ zatz Wy, t) + 5= zatz W(x,y,t)] —

W(x y,t)— KOW(x y,t)+

aﬂ

W(x,y,t) — W(x y, t)

2'8 6x26 2
pin W(x y,t) + Go[ W(x Y, t) + W(x Y, )] + Zroa[MrgH (x — ke )H(y — ) —

xa4 J/a4

M, ( W(x y,t) + 2c—W(x y,t) + k W(x v, 0)H(x — k. t)H(y —s)W(x,y, t)]

(2)

at? Ta 2

which can be represented further as

W(x »t)+k W(x y, t) = Rolgzgz Wy, ) + zatzW(x )] —

6t2 zatz
2B A

" 0 LWy, t) = 2 I Wy, 0) + [~ 2w ey, ) +
Go

S WEY D+ s W(x . 0] + 2 [’”“"H<x — ke )H(y = 5) =
’Zr Wy t) + Zc W(x Y, 6) + k22 W (x, v, ) Hx — k t)H(y —
SIW(x,y, )] 3

where k2 is the natural frequencies, n = 1,2,3, ...

7'62

The initial condition, without any loss of generality, is taken as

W(x,y,t)=0= %W(x,y, t) 4)

METHODOLOGY

To obtain an expression for the solution of Equation (4), one applies the technique of Shadnam
et al. [11] which requires that the deflection of the plates be in series form as

W(x,y,t) = Zn=18,(x,¥)én(t) (%)
where 8, (x,y) = 6,;(x)6,;(y) and

Yni X + By;sinh 7% Vni X + Cpicosh 7= Vi 5

x

Oni(x) = x + Amcos
6ni() —51n—y+Anjcos—y+Bn]smh y+Cn]cosh y (6)

The right hand side of Equation (4) when written in series form takes the form
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4- 4-
St Ro [55 W (3, ) + 5 zatZW(xy,t)] azaz (xy,t)— LW (xy,t) —

Zy 6644 W(x,y,t+ [Ki — —]W(x y,t) + & [ -W(x,y,t) .|_ W(x y, t)]

YA H G = e ) H Y = 5) = —( —W(x,y,t) +

Py W(x y,t) + Zkr Sxor

ki % W(x,y, D) H(x — k) H(y — W (x, ¥, )] = Enza 6 (x, ¥)en (D) (7)

Multiplying both sides of equation (8) by §,,(x,y), integrating on area A of the plate and
considering the orthogonality of &,,(x,y), one gets

64-

Qn(t) Zn 1 f zatz W(x y' t) + zatz W(x y' t)) - Taxzayz (x Y' t) -
x 0%
s 4W(x Y 0) = 2 W@y, + (6 — W y,0) + 2 (oW (x,y,0)
M, g
S W@y, t)) +2 L P2 H G- ke HE - 5) =2 (oW, o
W(x,y,t) + k22 Y W(x Y t))H(x — e OHY — )W (x,y, 0)]6m(x, y)dA
(8)
and zerowhen n #m
where
n* = [, 8i(x,y)dA 9)

Making use of equation (6), equation (8), taking into account equation (4), can be written as

92 Sq(xy) 02 é‘q(xy)

8 (%, V) [En (1) + K78 ()] = 5"(”)2(, 1 [, [Ro( S (X, )8 (1) + —L—

S (6, )E(6) — LLUED 5 0 y)EL(8) - M S (x y)fq(t)——

U 0x20y?
% B (6, Y)Eq (8) + (1% =", (. y)Sm(x V)E, () +2 (w&n(x,y)

£a(t) + 2280 6, (6, )8, (00) + Ty (226, (0 y)H(x = ke H(y = 5) =22 (¥, (x,7)

Pl 5 (6, 9)Eg () + k2SI 5 (x, ) (DH(x = k)

Sm (X, )84 (1) + 2k,
H(y —s))]dA

(10)

When equation (10) is simplified further, one obtains
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%@+MM@——ZIIM )

_2B9%8,(07)

5 NIE (D) + Q(”m(waw
x078q(x, ) (x,y)
o oxioy? m(yﬁdﬂ—z_ﬁ%r—m&yﬁdﬂ—z- 54 Sm (%, )
0 0°8,(x, 026, (x,
fg<t>4—(xn-—-;;>6q(x,y)6m(x,y>oq(t>4—7;-6——7§§§4X3 m (6 Y)Eq (6) + ;;f 2
M
S (%, 9)q ,
+2k, 25D

(6, Y)H(x — k) H(y — s) — 77’ (8406, )8, (2, 7)E4 (1)
Sm (6, ¥)E () +

2a 8q(x,y)
ky aqz

Om (X, ¥)$q(O)H (x — kr ) H(y — 5))]
(11)

The system of equations in equation (11) is a set of coupled ordinary differential equations
H(x — k,t)

1 1
+;erv

Making use of Fourier series representation, the Heaviside functions take the form

sin(2n+1)m(x—kyt)
2n+1 0 <x<1

(12)
H(y —s) =1+-pN, 0D g <y < (13)
Substituting equations (12) and (13) into equation (11) and simplifying, one obtains
(14)
which is the transformed equation that governs the problem of an orthotropic rectangular plate
resting on constant bi-parametric elastic foundation
where

70 = [, 52040, ¥)8m(x,¥) +aa—225 (%, Y)8m (%, ¥)]
&1 :an_z -

(15)
18, ()18 (x, )4 (16)
& = J, 2 [64(6,)16m(x, y)dA (17)
5 = J, 207160 Y)10m (3, ¥)dA (18)
4 = J, 84(6,)5m(x y)dA (19)
5 = [, [ 00 (67) + 357 84 (1,16 (x,)dA
167 i

(20)
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g6 = J, 84(x, )8 (x, y)dA (21)
71 = [, 84(%,¥)8m(x,¥)sin(2j + 1)mxdA (22)
73 = [, 840, ¥)8m(x,¥)cos(2j + DmxdA (23)
3 = [, 84(%,¥)8m(x, ¥)sin(2k + 1)mydA (24)
i = [, 84(%,¥)8m(x,¥)cos(2k + 1)mydA (25)
Ts =Ty, Tg=Tp T7=7T3 Tg=4 (26)
=Ly 25 5 dA 27
& = = [, 2 6,(1,1)8n(x,y) (27)
. ] N
T4 = fA 7 (0q (X, ¥))6m (x, ¥)sin(2j + 1)mxdA (28)
. G .
Tio = J, 7 (6 (%, ¥)) 8 (x, y)cos(2] + 1)mxdA (29)
. ] :
T =J, 7 (8q(x,¥)) 8 (x, ¥)sin(2k + 1)mydA (30)
. G
T, = J, 72 0a (X, ¥) 8 (x, y)cos(2k + mydA (31)
Ti3 =Ty, T14 = Tior Tis = T11, Ti6 = Ti2 (32)
e = = J, 25 (84(0,1))8m (x, y)dA (33)
8 = 164 gxz Ca X Y))Om X,y
Ty, = fA Py (6 (%, V)8, (x,¥)sin(2j + 1) mxdA (34)
Tig = fA e (6 (%, ¥))0m(x,y)cos(2j + 1)mxdA (35)
Tio = J, 84(%,¥)8m(x,¥)sin(2k + 1)mydA (36)
* 92
T30 = J, 722 (64(X, ¥))8m (%, y)cos(2k + 1)mydA (37)
T31 = T17, T2 =Tig T23 = Tio, Taa = T3 (38)

Om(x,y) is assumed to be the products of functions &;, (x)8,m(y) which are the beam
functions in the directions of x and y axes respectively. That is

O (%, ¥) = Gjm (%) Sum (¥) (39)
where
Sim(x) = sindjpx + Ajp CoSAj X + BjpsinhAjp, x + G coshAjy, x
Swm (V) = sind,,;, + Apwmcosdymy + BymsinhA,,,,y + C,,,,coshi,,,,y
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where Aj, Bjm, Cim, Ajm,» Bjm and Cj, are constants determined by the boundary
conditions while §;,, and &, are called the mode frequencies

where

Cim wm
M =L Dy =22 (41)

Considering a unit mass, equation (19) can be re-expressed as

En(t) + K%fn(t) - —Zq 1 [Rogoéq(t) = Elfq () = Szfq(t) - %egfq (®)

" (2j+1)mkt
(e = "2 e)Eq(8) + sty (D) ~ aa((e6 el O 1—”5 yea—

. N 2j+ 1)kt 7 2k+1 z 2k+1 1 .
Z sm( j+)m )(Zk T cos( )ns_zk T sin( )ns) _(Z] )

j=1 "2 2j+1 2k+1 2k+1
cos(2j+1)n:krt_ 00 « Sin(2j+1)mk,t 1 Z *cos(2k+1)rts Zoo "
2j+1 j=1 "6 2j+1 ) + ( k=1T k1 k=1 Tsg
sin(2k+1)ms *cos(2j+1)7rkrt 0 « sin(2j+1)mk,t
o NEq () + 2k, (g7 + (Z, 1 97— =1 T i
* cos(2k+1)ns_ * sin(2k+1)mts 1 - cos(2j+1)1rkrt_
o0 « sin(2j+1)mk,t * cos(2k+1)ns * sin(2k+1)ms
Tn Tha T o (TR Tis e — I Tie T ) ()
2 cos(2j+1)mct sin(2j+1)rct
+c(eg + (Z] 1 %T_ 71 Tig Y —————) (k=1 Tio
cos(2k+1)7'rs sin(2k+1)ms cos(2j+1)mkyt
o Zke1T20—5r )Tt _(Z T 2=t T2
sin(2j+1)mkyt * cos(2k+1)ms - sin(2k+1)ms
T o (B Tos e T T o ) (D)

= St 7t Om(C8m(s) -

equation (42) is the fundamental equation of the rectangular plate problem. where

a = ”—J, g = LxLy (43)

O (ct) = sing,, (t) + A, cosg,, (t) + B,,sinhe,, (t) + C,,coshe,, (t) (44)

6 (s) = siny,, + A, cost,, + Bysinhy,, + C,,coshi,, (45)
¢m=yLLxC' lmzyLiys (46)

Orthotropic Rectangular Plate Traversed by a Moving Force
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In moving force, we account for only the load being transferred to the structure. In this case,
the inertia effect is negligible. Setting ¢ = 0 in the fundamental equation (43), one obtains

gn(t) + (1 - (t :7* [:uROgoén(t) - Zﬁ€1§n(t) - ngz'fn(t) - DySSSn(t)
_K0£4€n(t) + Gogsfn(t) + 2?:1,q¢n (MRogosEq (t) - Zﬁglfq (t) - ngz’fq (t) -

Dyesq(t) + (K = Koea)Eq(0) + GogsEq ()] =+ 8 (ct) B (5)
(47)

which is further be simplified as

gn(t) + -0'121 n(t) - l‘U[llROEOé.n(t) - Zﬁglfn(t) - ngzfn(t) - Dy£3€n(t) - KO&LEn(t)
+GO£5€n(t) + 2?:1,q¢n (.UROSOé.q (t) - Zﬁglfq (t) - ngz’fq (t) - Dy£3§q (t) + (H-Qé -
Kog4)$q(t) + Goes$q(t))] = ¥ Mgy (ct)Sp(s)
(48)
where Q2 = (1—— z, ‘1’——*
un un

On expanding and re-arranging equation (48), one obtains

[1 = PuRoe0)én(t) + (QF — PJe)én(t) — ¥ Ziz1,q2n (HRoE0Sq (1) — 2B184(t) — Dy

§q(t) — Dy&3éq(t) + (urg — Koea)§q (1) + Goeséq (1)) = ¥MgSy, (ct)Sm(s)
(49)

Simplifying further, one obtains

En(0) + T (0) 4 e T g (R0 (6) — 288160 () — Dty
£ () = DyesQq(0) + (i — Koga)§q (1) + Gogs§q(8)) = it 8,0 () (5)
(50)
where
Jo = —2P&1 — Dy&y — Dye3 — Koeg + Goés (51)

For any arbitrary ratio ¥, defined as

X i .
Y* = —— one obtains
1+

*

Y =

=y* Pr2)+, ..
T +o(¥P*)+

For only o(¥*), one obtains

Y=y
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On application of binomial expansion,

1

—_ = * *2
T 1+ %Y uRyTy +o(WP*)+... (52)

On putting equation (52) into equation (50), one obtains

E,) 4+ (Q2 =¥ )1+ W uRpgy + 0(W)+..)E (1) + W (1 + P*uRpgy + o(¥*?)
+...) Xg=1,q%n (ﬂROEOé.q (t) — 2B&18q(t) — Dyxéq(t) — Dyeséy(t) + (#Ké — Ko&y)
$q(t) + Goeséq(t)) =¥ aMg(1 + ¥ uR, T, + o(WP*)+...)8,(ct) 6 (5)

(53)

Retaining only o(¥™), equation (54) becomes

En(©) + [Q2 (1 + P uRoTo) — P J6lén(t) + 7 Ty gun (URoToéq (1) — 2B184(0)

_ngzfq (t) - Dy£3€q (t) + (.UK(? - KO£4)Eq (t) + Gogsfq (t)) = l‘U*Mg5m(Ct)5m(s)
(54)

which is simplified further as

é.n(t) + Q?lfn(t) + ¥ 220=1,q¢n (ﬂROSOé'q (t) - zﬁglfq (t) - ngz‘s;q (t) - Dy€3$q(t)
(g — Koea)$q() + Goeséy (1)) = P"Mgd,(ct)Sm(s)

(55)
where
J7 = [Q5(1 + ¥"uRoeo) — 6] (56)
Using Struble’s technique, one obtains
Qf-J
Qnn = O — (55 (57)

20,

which is the modified frequency for moving force problem.

Using equation (57), the homogeneous part of equation (55) can be written as

gn(t) + Q?m‘fn(t) =0 (58)
Hence, the entire equation (55) gives

En(t) + Qinén(t) = ¥*MGSm(ct)8m(s) (59)
On solving equation (59) one obtains

Mg¥*&m, . .

En(t) = JT_;;I) [(¢12n + Q%n)((bmSannnt - anSII’IOth) - Amﬂnn ((Przn + Q‘%m)
(COSd)mt - COS-ant) - Bm(¢72n - Qrzm)(d)mSinant - anSinh¢mt) + Cmﬂnn(d)rzn
—02,)(cosh@,t — cosQy,t)]

(60)
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on making use of equation (5) one obtains

Mg¥*Sm, . .
W(x Y t) - Z]m 1 Zwm 1 ﬁ [(d)rzn + Q%n)(d’mSannnt - anSlnamt) - Aann

(2 — O2,)(coshep,,t — €0SQyut)] (sin == (J x + A]mcos Sm 4 B]msmh—x +

C]mcosh x) (sm Swm y + Awmcos y + mesmhzw—my + Cymcosh === Swm y)
(61)

which is the transverse displacement response to a moving force problem of orthotropic
rectangular plate.

Orthtropic Rectangular Plate Traversed by a Moving Mass

In moving mass problem, the moving load is assumed rigid, and the weight and as well as
inertia forces are transferred to the moving load. That is the inertia effect is not negligible. Thus
a # 0 and so it is required to solve the entire equation (42).To solve the equation,one employs
analytical approximate method. This method is known as an approximate analytical method of
Struble. The homogeneous part of equation (42) shall be replaced by a free system operator
defined by the modified frequency &,,,,. Thus, the entire equation becomes

. . woo . 2j+D)mky © s
En(6) + Qinén() + 0" By (86 + = (B2, 7 =Ty | E

2j+1
sin(2j+1)mk,t * cos(2k+1)ms _ - sin(2k+1)ms i 0 *
T )Xk T 37 opr1 Zk 1 a7 )+ (Zj:l Ts
cos(2j+1)mct Zoo « Sin(2j+1)mct - cos(2k+1)n's . %
- .. i=1 T —) _(Zk 1T —_Zkzl Tg
2j+1 j=1"6 2j+1 2k+1
sin(2k+1)ms\ * cos(2j+1)mkyt © o sin(2j+1)mkyt
TREEI)Eq(8) + 2k (7 + 5 (B 5 LIy | g ST
* cos(2k+1)ms * sin(2k+1)mts - cos(2j+1)mkyt
0 « sSin(2j+1)mk,t 1 * cos(2k+1)ns_ * sin(2k+1)ms
JE1 P4 g4 )+ (Zk 1t 2k+1 L= T 2k+1
: 2 « COs(2j+1)mk,t +« Sin(2j+1)mk,t
)Eq(t) +c*(eg + —(Z] 1T i 2= Tis T gy )
* cos(2k+1)ms * sin(2k+1)mts - cos(2j+1)mkyt
Qe 7 sk k1T e _(21 121 }
) « SIn(2j+1)mkyt * cos(2k+1)ms * sin(2k+1)ms
R e _(Zk 1123~ Xk=1 1245y
Mg
NED] = Tior 1 S () (5)
(62)
where 0* ==
n
On expanding and simplifying equation (62), one obtains
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En() + W (D) + a0"[(6 + o5 (T, 71 L -5 1

sin(2j+1)mkyt )(Z * cos(2k+1)ns _ Z - sm(2k+1)7ts) i (Zoo
2j+1 k=1 T 2k+1 k=1 T 2k+1
cos(2j+1)mk,t * sin(2j+1)mky * cos(2k+1)ns "
—————————————— — —————————— — ———— — _ T
2j+1 Z] 1T 2]+1 ) + (Zk 1T 2kl k=1 Ts
sin(2k+1)ms

*cos(2]+1)rtkr * sin(2j+1)mk,t
TN () + 2k (5, + (2,1 e

2j+1 2j+1

)(Z * cos(2k+1)ms Z * sm(2k+1)rts) (Z * cos(2j+1)mkyt
k=17 2k+1 j=11 2k+1 j=11 2j+1
o « sin(2j+1)mct * cos(2k+1)r£s * sin(2k+1)7ms
J=1 714 2j+1 )+ (Zk 1t 2k+1 Xi=1 T 2k+1
: 2 * cos(2j+1)mk,t o « Sin(2j+1)mk,t
))fn(t) + kr (68 (2] 1T 2j+1 Zj=1 T1g —2j+1 )
(Z * cos(2k+1)7rs _ 2 * sm(2k+1)ns) i (Zoo - cos(2j+1)mkt
k=1 T 2k+1 k=1T 2k+1 j=1"21 2j+1
o « sin(2j+1)mk,t * cos(2k+1)rrs * sin(2k+1)ms
j=1 "22 2j+1 )+ (Zk 1T 2k+1 ~ =1 T 2k+1

* 00 T (2j+1D)mkyt
DEn(O)] + @0" £ g [(8 + = (S, 7 DL _ 50 o

sin(2j+1)mk,t - COS(2k+1)TL'S - sin(2k+1)ms
— Qi BTy T ke T gy DT —(Z] 175
cos(2j+1)mk,t 0 « Sin(2j+ 1)k, t - cos(2k+1)ms %
T 21 &=t 6T) _(Zk 1T T‘Zk:lfs
sin(2k+1)ms cos(2j+1)mkyt sin(2j+1)mkyt
REEIENEO) + 2k (7 + 25 (B, T I | O
- cos(2k+1)ms - sin(2k+1)ms - cos(2j+1)mk,t
YERer T P = B Th o) 4 (B T3
00 « sSin(2j+1)mk,t * cos(2k+1)ms o « sin(2k+1)ms
j=1 T14 T) _(Zk 1 s 7 T Lk=1 N6 51
- cos(2j+1)mk,

. t o +« Sin(2j+1)mk,t
DEq(6) + ki (eg + (Z] L e ) N ey

- cos(2k+1)ms - sin(2k+1)mts - cos(2j+1)mkyt
Q=1 To— 77— — Zk=1 T20 5y ) T+ —(Z, 1T
o « SIin(2j+1)mkyt - cos(2k+1)ms © « Sin(2k+1)ms
YisiTa— 5y Ot —(Zk 1723 — Xke1 (24— i
)Eq(O)] = ¥ Mg6, (ct)6in(s)
(63)

On further rearrangements and simplifications,one obtains
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e
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DEn(t) + 2K, a0 (e + 5 (52 3 DG g g S 4Dkt
B o e g sk | 4 T
— X i T+ (B s e — B e

1 < , cos(2j+ 1)mk,t = , Sin(Z2j + V)mk,t
_Z(Z T - Z T1g

> 2 *71,2
))fn(t) + (-an + a07k; (38 + 2j+1 2j+1

i , Ccos(2k + 1)ms i , Sin(Zk + 1)715 z cos(2j + V)mk,t
T ok +1 207 kr1 2 2j + 1

k=1

i  sin(j + Drket 1 i ) cos(2k+1)ns i _ sin(2k + Dms
2275 w7 2k + 1 24T ok

j=1 k=1

o)

2j + Dkt
DEn(®) + a8 Y [(es + (Z Y

q=1,9*n j=1

sin(2j + Vrmk,t i , cos(2k + 1)7TS i . sin(2k + 1)7ts 1 z
7+1 LT a1 BT okr1 Tl

cos(2j + Dk, t i sin(2j + Dkt 1 i _cos(2k + 1)ms .
— 6 7 T

2j +1 , 2j +1 4 2k+1 8

* cos(2j+1)mkyt o « sin(2j+1)mk,t
21+1 j=1 "10 2j+1
)(Z * cos(2k+1)ms _ 2 * 51n(2k+1)7rs) 1 (Z - cos(2j+1)mk,t
k=1T 2k+1 j=17 2k+1 j=1 13 2j+1
_ Z * sin(2j+1)mk,t ) (Z * cos(2k+1)n's . Z * sin(2k+1)ms
j=17t k=171 2k+1 k=11 2k+1

2]+1
2 cos(2j+1)mk,t sin(2j+1)mkyt
NEq(®) + ki (eg + (Z] T D N ST R

SR (D) + 2k, (87 + = (T2

2k+1

« Cos(Qk+1)ms - sin(2k+1)mts - cos(2j+1)mkt
Q=1 To—5 7 — Zk=1 T20 5y ) T+ —(Z,1 217 i1
0 « SIin(2j+1)mk,t - cos(2k+1)ms * sin(2k+1)mts
—Ljt T,y Dt —(Zk 1 T3 — Xke1 (24—
)Eq(O)] = ¥ Mg6, (ct)6in(s)
(64)
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On further expression of equation (64), one obtains

Sgn(t) + Zkra@*(£7 (Z

- cos(2j+1)mk,t « sSin(2j+1)mk,t

-2 T ) Xke=1 T11

j=1T9 2j+1 10 2j+1

coS(22kk++11)nkr e Sln(zzk;_l;”kr) _(Z] L, T —COS(22]]++11)”kr —Z 21 T14

R

(O (1 = a0 (2 + & (N2, 7 LD _ g | g Sk

o, *%—2“ D) o (O T

il *S"“Z;'j%w(z“ 7y ULy *%ﬁm

kRO (g5 + 75 (T iy g = By Tie g ) (N Tio

gy g SO | vy Sy

sin(zzj;r-’-linkr ) + (Zk T * Cos(22kk++11)7tkrt_2k T * sm(Z;;linkr ))fn(t)

0" Tis gon [(86 + 75 (B2y 1 EIEL 50 | o LI (70 1

cos(zzkk++11)nkrt_ 1?:1 TZ sm(zz:inkr) _(Z *COS(ZZJJ++11)TL'kr Z;o=1 TZ

sin(zzj';-:inkr )+ (O, T *cos(zzkk++11)nkr e 7 *sm(Z;:inkr ) qu(t) +

2¢(er + 5 (32, ;%—zml v L (3 7, ST

g g, STy | L (g0 g ST geo |, SCT

(B, Ty Ty 1 W))Eq(t)ﬂ%eﬁ%@ﬁl i
T ;‘8%)(2,( | Ty SEEEUTE _ye 13

sin(sz;-linkr) _(Z * cos(22]]++11)nkr _ ;O=1 Tzz sin(sz';-:inkrt) +ﬁ

(B 7 % By T3y O ()] = WM (k) 61 (5)

(65)

Making use of modified asymptotic method of Struble, equation (65) can be rewritten as for

homogeneous case

Hence, the entire equation becomes

En(t) + WrEn(t) = W M8 (krt)Sm(s)

where

175
DOI URL:

En(t) + w78 (1) =0 (66)

(67)
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1 « T cos(2k+1)ms - sin(2k+1)ms
Wy = Qpp — 2_ (ana@ (&6 + (Zk 1T Tln — 2k T Tln))
% - cos(2k+1) k.t - sin(2k+1)mkt
—2a0" (g + — (Ditly Tha e i — WPy Ty S i)

(68)
which gives the modified frequency representing the frequency of the free system.

Rewriting equation (67), one obtains

E () + w2é, () = W*Mg8,,(s)[sing,, (t) + Apcospmt + Bysinhe,,t + C,,cosh,,t]
(69)

Following the procedures applied to solve equation (59), one obtains

$n(t) = Z(Z‘ZM [((:bm + wn)(d’msmwnt — Wy Sing;,t) — Amwn((:bm + wn) (cosy,t

—COS(Unt) - m(¢m - wn)(¢m51nwnt wn51nh¢mt) + men(d)m - wn)(COSh¢m
—coswyt)]
(70)

On making use of equation (5)

o oo Y*Mgdm(s)

W(x, Y, t) = ij:l Zwm:l _11@5‘49—5 [((nbm + wn) (d)mSlnwnt - (‘)n51n¢mt) Amwn(d)m
+w2)(cospp,t — coswyt) — By (P2, — w2) (Pppsinw,t — a)nsmhq_’)mt) + Cpwn (P2
—w?)(coshe,,t — coswnt)](sm $im X+ A]mcos $im x4+ B}msmh—x +Cim

COSh i x)(SIrl y + Awmcosqw_my + meSIthw_my + CmeOSh(‘LN_my)
y
(71)

which is the transverse displacement response to a moving mass of an orthotropic rectangular
plate.

RESULTS/FINDINGS
Orthotropic Rectangular Plate with Simple Elastic Boundary Conditions

For an orthotropic rectangular plate with simple elastic boundary conditions, the plate is simply
supported at x = 0, x = L, and elastically supported aty = 0, y = L,, the boundary conditions
are expressed below

W(0,,t)=0=2W(0,y,t) (72)

at theend x = 0 and
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0? 7] a3
W (LY, t) = P15 W (L, 0,8) = 0 = ——W (Ly, 0,) + p,W (L, 0,8)  (73)

at the otherend x = L,

W (x,Ly,t) ZW(x,0t) . _ 03W(xLyt)

W(x0,t) =0=—0 2%y 0 PEY (74)
Thus,for the normal modes
$jm(0) = 0 = Zm® (75)
atx =0and
2 Cim(L) = P12 i (L) = 0 = 2 (L) + p2jm (L) (76)

at the other end x = L, Making use of equations (75) and (76) in equation (40), it can be shown
that

3

¢ jm .
<p1cosijm—£—;nsin(jm i—iCOSfjm—Slnfjm
Bjm = 757 =z (77)
1 Sinhém—@1cosljm —LémCOSh{jm'i'(PlSinh{jm
jm
¢ $orm ;
©1c0Slym— ‘z’msiniwm L—gcosfwm—smfwm
J— X f— X
Bym = 75m (78)

. =73
Ly sinh{ym—¢@1c0s{wm i‘é"—mcoshg’wm+(plsinh{wm
wm

In the same vein, we have

3

01080m—Tsin z—’?COSZm—SirI(m
B = i—’gsinhcm—zclcoscm N %zZsh(mﬂplsinh{m (79)
and
Am =0=Cim, Aym=0=Cym, > An=0=Cp (80)
From equation (79) , one obtains
tan{,,, = tanh{, (81)
which is termed the frequency equation for the dynamical problem, such that
7, =3.927, {, =7.069, {;=10210,.. (82)

On using equations (79), (80) and (82) in equations (61) and (71), one obtains the displacement
response to a moving force and a moving mass of orthotropic rectangular plate with simple
elastic end conditions and resting on bi-parametric condition respectively.
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DISCUSSION
DISCUSSION OF THE ANALYTICAL SOLUTIONS

For this undamped system, it is expedient to examine the phenomenon of resonance. From
equation (61), it is explicitly shown that the orthotropic rectangular plate with simple elastic
end conditions and resting on constant elastic foundation and traverse by moving distributed
force with uniform speed reaches a state of resonance whenever

bm = Qnn (83)

while equation (71) shows that the same orthotropic rectangular plate with simple elastic end
conditions and resting on constant elastic foundation and traverse by moving distributed force
with uniform speed reaches a state of resonance when

¢m = Wn (84)
where

_ 1 2 % 1 0 « Cos(2k+1)ms 0 « Sin(2k+1)ms
Wn = Qnn = 55— (Qnn @07 (&6 + el 0 DY & TS R))

2 1 cos(2k+1)mkyt sin(2k+1)mk,t

(85)
Comparing equations (84) and (85), one obtains

1 2 1 cos(2k+1)ms sin(2k+1)ms
On = Qun[1 = 55— (Un@07 (g6 + - Bk=1 77— 7 ~ Zk=1 T8~ 5 )

% 1 o « COS(2k+1)mk,t 0 « SIn(Rk+1)mk,t
—k}a0*(eg + o (Xk=1 T23 T k1 Yk=1 T24 T)))] = Onp
(86)

GRAPHICAL REPRESENTATION OF VARYING PARAMETERS

To illustrate the analysis presented in this work, orthotropic rectangular plate is taken to be of
length L, = 0.923m, breadth L, = 0.432m the load velocity ¢ = 0.8123 m/s and s =
0.4m.The results are presented on the various graphs below for the simply supported boundary
conditions.

Figures 3.1 and 3.2 display the effect of foundation modulus, K, on the deflection profile of
orthotropic rectangular plate under the action of load moving at constant velocity in both cases
of moving distributed forces and moving distributed masses respectively. The graphs show that
the response amplitude decreases as the value of foundation modulus K, increases.
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Figure 1: Displacement Profile of Simple Elastic Orthotropic Rectangular

Plate with Varying K, and Traversed by Moving Force
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Figure 2: Displacement Profile of Simple Elastic Orthotropic Rectangular

Plate with Varying K, and Traversed by Moving Mass

Figures 3.3 and 3.4 display the effect of shear modulus, G, on the deflection profile of the
orthotropic rectangular plate under the action of load moving at constant velocity in both
cases of moving distributed forces and moving distributed masses respectively. The graphs
show that the response amplitude decreases as the value of shear modulus G, increases.
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Figure 3: Displacement Profile of Simple Elastic Orthotropic Rectangular

Plate with Varying G, and Traversed by Moving Force

0001

0.0008 -

0.0006 -

0.0004

0.0002

-0.0002Z -

-0.0002 -

Transverse Displacement, W{x,y,t) m

-0.0006 -

-0.0008 -

-0.001 -
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Figures 3.5 and 3.6 display the effect of rotatory inertia, R, on the deflection profile of the
orthotropic rectangular plate under the action of load moving at constant velocity in both cases
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of moving distributed forces and moving distributed masses respectively. The graphs show that
the response amplitude decreases as the R, increases.
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IMPLICATION TO RESEARCH AND PRACTICE
IMPLICATION TO RESEARCH
1. Advanced Foundation-Structure Interaction Modeling

The research can be extended to an advanced foundation-structure interaction modeling. This
will investigate the interaction between structural plates and two-parameter (bi-parametric)
foundations which may be typically represented by Winkler and Pasternak or VIasov models.

This will also enable researchers to analyze how shear layer stiffness (second parameter)
influences vibration characteristics, which is crucial for dynamic analysis under transient loads.

2. Exploration of Boundary Condition Effects

Consideration of simple elastic end conditions bridges the gap between idealized (clamped,
simply supported) and real-life support scenarios. This can promote research into semi-rigid
supports and their realistic impact on dynamic response.

3. Parametric Studies and Optimization

The research can also be extended parametric studies and optimization. This facilitates
parametric investigations of the effects of varying foundation stiffness, shear modulus, and
elastic edge stiffness on natural frequencies, mode shapes, and deflection profiles. This can
contribute to optimization-based research thus minimizing vibration or deflection by tuning
foundation or edge stiffness.

4. Extension to Multi-Physics and Smart Materials

This framework can be extended to smart plates (e.g., piezoelectric, magneto-elastic) and
multi-field coupling problems, offering new frontiers for multi-physics FEM modeling. This
opens up research into adaptive foundation systems using variable stiffness materials.

5. Extension to Numerical Methods

Future research can consider extension to numerical methods (e.g., FEM, spectral methods,
Chebyshev collocation). This serves as a benchmark problem for developing and validating
numerical methods. It also enables researchers to test accuracy, convergence, and stability of
computational solvers in dynamic plate analysis.

IMPLICATIONS TO ENGINEERING PRACTICE
1. Structural Health and Vibration Control

The research can be extended to structural health and vibration control. This could inform
engineers about how foundation stiffness affects vibration behavior, critical for the design of
floors, pavements, bridge decks, and machine foundations. The will be useful in diagnosing
problems like excessive deflection or resonance and proposing retrofitting strategies (e.g.,
foundation reinforcement or support stiffening).
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2. Realistic Support Modeling

Engineers often deal with supports that are not ideally pinned or clamped; incorporating simple
elastic conditions yields more accurate predictions of structural behavior under dynamic loads.

3. Foundation Design and Material Selection

This will offer guidance on choosing foundation parameters (e.g., modulus of subgrade
reaction, shear layer stiffness) for structures resting on soils, foams, or layered substrates. It
will also help tailor the type and depth of foundation system to control deflection and frequency
response in critical installations.

4. Seismic and Impact Load Applications

Understanding dynamic behavior under different stiffness conditions is vital in seismic
engineering, impact mitigation, and blast-resistant design. It will help in designing resilient
infrastructure on varying soil types or layered media.

5. Smart Foundation Implementation

Future research would encourage the integration of variable stiffness supports (e.g., magneto
rheological or piezoelectric foundations) that adjust dynamically to reduce vibration or extend
structural life.

CONCLUSION

The dynamic influence of foundation stiffness on the rectangular structural plate with constant
bi-parametric elastic foundation with simple elastic end conditions has been examined in this
research article. The closed form solutions to the fourth order partial differential equations with
variable and singular coefficients governing the orthotropic rectangular plates has been
obtained for both cases of moving force and moving mass using the solution technique adopted
by Shadnam et al. [11], which was used to remove the singularity in the governing fourth order
partial differential equation, thereby reducing it to a sequence of second order ordinary
differential equations. After making use of the modified asymptotic technique of Struble and
Laplace transformation, the analytical solution is obtained. The solutions are then analyzed.
From the analyses, it was evident that for the same natural frequency, the critical speed for
moving mass problem is smaller than that of moving force problem. Hence, resonance is
attained earlier in the moving mass system than in the moving force system. The results in the
plotted curves show that an increase in rotatory inertia correction factor R,, foundation
modulus K, and shear modulus G, resulted in a decrease in the amplitudes of the plates for
both cases of moving force and moving mass problems. It is also depicted in the curves that
response amplitude of moving mass problem is greater than that of moving force problem,
which implies that resonance is reached earlier in moving mass problem than in moving force
problem of dynamic influence of foundation stiffness on rectangular structural plate, with
constant bi-parametric elastic foundation with simple elastic end conditions.

FUTURE RESEARCH
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The above research could be extended to the tabulated future research directions as depicted
below.

SIN | Future Research Area Focus

1 Nonlinear Foundation Soil plasticity, large deflection, bifurcation
2 Smart Foundation Adaptive stiffness, control strategies

3 Complex Loadings Seismic, moving, or impact loads

4 Variable Geometry Functionally graded materials (FGMs),

tapered, or perforated plates

5 Numerical Methods Finite element method (FEM), Chebyshev
collocation method (CCM), High-order
solvers, reduced order models (ROMs),
meshfree methods

6 Experimental Validation Lab setups, field data, vibration tests
7 Soil-structure Interaction Multi-layer soil, (Soil-structure interaction)
SSI effects
8 Damage/health monitoring Crack detection, SHM techniques
9 Micro/nano electromechanical Cross-disciplinary applications
systems(MEMS/NEMS) and bio-
plates
10 Multi-physics Thermoelastic, hygroelastic effects
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