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ABSTRACT: The study extends the Super Convergent Line Series
Algorithm to a case where the determinant information matrix of
the design is zero by employing the Moore-Penrose inverse
approach. The algorithm is tested using a numerical example on
a constrained programming problem. The optimal solution
obtained by the algorithm compares favorably with the one
obtained by an existing Frank-Wolfe method and the value of the
optimizer satisfies the given constraint equation.
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INTRODUCTION

Super Convergent Line Series (SCLS) is a line search technique that seeks to find an optimizer
of a response surface at the optimum of its variance function (Onukogu & Chigbu, 2002). SCLS
is also a strong instrument for finding solutions to distinct optimization questions and is based
on the concept of Super Convergence that has many points of withdrawal. Generally, it is
known that when the design matrix is singular, there is a break in solving optimization
problems using the SCLS algorithm. Several authors have employed Super Convergent Line
Series to solve optimization problems. Chigbu and Ugbe (2002) used Super Convergent Line
Series including partitioning of the response surfaces to obtain solutions of linear and quadratic
programming problems. It was confirmed that the number of partitions, P, for which optimal
solutions are reached is 2 and 4 for the linear and quadratic programming problems,
respectively. Chigbu and Ukaegbu (2007) compared two approaches (precision matrices and
mean square error) to obtain average information matrices while solving optimization
problems.

Etukudo and Umoren (2008) extended the modified super convergent line series to solve
quadratic programming problems, and it was shown that the Modified Super Convergent Lines
Series (MSCLYS) is simpler and preferable to the modified simplex method (MSM) since the
optimizer could be reached in one iteration against the four iterations of modified simplex
method (MSM) (Umoren & Etukudo, 2009). Umoren and Etukudo (2010) presented a
Modified Super Convergent Line Series for solving unconstrained optimization problems
which used the same basics of optimal experimental design and compared favorably with the
gradient method.

Ugbe and Chigbu (2014) confirmed that the finest number of partitions is two (P=2) for Linear
Programming Problems, four (P=4) for Quadratic Programming Problems, and eight (P=8) for
Cubic Programming Problems, for non-overlapping partitioning of the response surface. Ugbe
and Akpan (2014) compared the solution of boundary and interior support points for solving
quadratic programming problems through super convergent line series. It was confirmed that
the support points from the boundary of the response surface produced optimal solutions that
compared favorably with the existing solutions of the examples used. Ugbe and Chigbu (2017)
obtained the solutions for linear programming problems by the partitioning of the cuboidal
response surface through the super convergent line series method; it was confirmed that the
number of partitions, P, for which optimal solution is obtained, is two. Etukudo (2017)
presented a new approach for solving unconstrained optimization problems with univariate
quadratic surfaces. It was shown that an optimizer could be reached in just one iteration
compared with existing search techniques.

Related studies on the aforementioned line search algorithm are: Andrei (2008) developed line
search algorithms for solving large-scale unconstrained optimization problems such as quasi-
Newton methods, truncated Newton and conjugate gradient. Chouzenoux, Moussaoui, and
Idier (2009) used a line search algorithm based on the Majorize-Minimum principle; a tangent
majorant function is built to approximate a scalar criterion containing a barrier function, which
leads to a simple line search ensuring the convergence of several classical descent optimization
strategies, including the most classical variants of non-linear conjugate gradient. Zhu, Ruan
and Huang (2010) presented the fundamental ideas, concepts and theorems of basic line search
algorithms for solving linear programming problems which can be regarded as an extension of
the simplex method. The basic line search algorithm can be used to find an optimal solution
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with only one iteration. Gardeux, Chelouah, Siarry and Glover (2011) presented a performance
of a one-dimensional search algorithm for solving general high-dimensional optimization
problems which uses line search algorithms as subroutines. Umelo-Ibemere (2020) compared
three starting points for the generation of D-optimal second-order designs. Na (2021) presented
a global convergence of online optimization for nonlinear model predictive control. Na and
Anitescu (2022) proposed a super convergence online optimization for model predictive
control. Umelo-Ibemere and Chigbu (2023) compared three starting points for the simultaneous
construction of D-optimal second-order designs.

However, none of the above authors have gone beyond using non-singular designs. Hence, this
study extends the SCLS to the case where the design matrix is singular, thereby determining if
there is a solution for a singular design matrix and if it compares favorably with other existing
techniques. To achieve this, we employed the Moore-Penrose inverse. An illustrative example
is presented in section 3 to demonstrate the efficacy of this study.

MATERIALS AND METHODS
Definitions and Notations

The super convergent line series (SCLS) is defined by Onukogu and Chigbu (2002) as:

X=X=*pd. 1)

which is actually a line equation. Therefore, rewriting (1) in series, we have

Xk+1 :Lk ipkdk ,k = 0,1,2,...1

)

where X, , is the vector of the optimal values

N L k=012,... 3
_ X €))

is the optimal starting point, where

w>0; & L . at (4)

' th =1 Wt =N t

t=1 Za;l
t=1

a=X'X, t=12,...N (5)
gd js the direction vector defined as 22 = @ MTEIZMTHEIZ
(6)
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where Z =|70(*2] is an n-component vector of responses; zzi= f(m:m:) is the
1 1

Indlin

i" row of the average information matrix M (¢xM (&y), where M~*(£,)M~*(£,) is the inverse of
the average information matrix.

p is the step length defined as , (7)

£ =min

where C; € is the vector which represents the parameter of linear inequalities;

X Is the starting point and b:b; is a scalar of the linear inequalities,

d” is the normalized direction vector
£vénis an N-point design measure whose support points may or may not have equal weights.

X is the experimental space of the response surface that can be partitioned into segments such
that every pair of support points in the group is a subset of x .

Note: The operator in (1) is positive “+” for a maximization case and negative “-” for a
minimization case.

Super Convergent Line Series Algorithm for Solving Optimization Problem

The sequential steps for the algorithm is as follows by Onukogu and Chigbu (2002) is as
follows:

Step 1: Select N support points such that 3m” = N = 4m’m” =N < 4m” where 2=m’ =3
=m" = 3 js the number of partitioned groups or segments desired.

Step 2: Compute the vectors x, , d and obtain the step length £

Step 3: Make a move to the point, Xy =Xty

Step 4:Is [f(x, )-f(Xx,)I=€7<&7?

Yes: Stop,

No: Replace x by X, ,obtain #and returnto Step 3.
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Procedure of the Moore-Penrose Inverse
The Moore-Penrose inverse by Vera and Branko (2014) states that:

For the matrix P€ (/"™ (/™" | the rank r< min{m.n}< min{m.n} |et there be given regular
matrices BE £/ € ;"™ and A€ £ (" such that

BPA:Er Er:ﬁ]?’ g] [‘i]?’ g] (8)

and let the square matrices B . B and A”. A have the shape

B.B" :[Ul U:][U1 U] and A*_A:[Vl 1%][1& 1%]
v, ullvy, u, v, Wl v

with appropriate sub matrices U: € C™Uy €™ U € CTIY, e €T Uy e ¢
U! £ C'.i‘f.—i’:'-i’ , U4 e C'.m—rf'-[m—i‘jU4 1= C'.i‘f.—i":'-[i‘r.—i‘j 1 1__:;- E Ei"i’ﬂ- c Ei"i", 1 1_:1-: e I:.—i’-[i'!—i‘_‘l‘._:r: = Ci’-[i’!—i“_‘l’

1._:'! e C':i’!—i’:'-i’l_:r! e C':i’!—i’:'-i’, 1_:!'4 e C':i’!—i’:'-l:i’!—?‘_‘ll_i e E':i’!—i’:'-l:i’!—i‘_‘l. MatriCGS B ] B*E A~ and A*. A
€ C""e ™" gre hermitian. Also, Us and VU, and ¥, are invertible. The Moore-Penrose inverse
is therefore

PP = A [ I —U:U;t_l ][ I, _U:U4_1 ]B (9)
I i A A | B s A A A T

In the case of m =r, the matrix P is a matrix of full rank by rows; hence, submatrices ¥z%z and
U,U, disappear by dimension. Therefore, the matrix P*F has the shape

pr=4 '[—L;ILFE]PJr =4 '[—L;IH’!] B 10)

If n=r, the matrix P"P™ has the shape

Pt=A.l, -U,U;HP*=A.[I, -U,U;'] B
(11)

If P is regular and square, say m = n = r, the Moore- Penrose inverse P*FP*
of the matrix P is equal with P~* P~*: in that case, the matrix #* Phas the shape

P*=Pl= A.B (12)

In this case, PP =Mt M= [J"iu. iz J’L‘!i‘”)’in ¥z }’iu]

Yiaz  Mizz Moz ||Yizz Mizz Nz
Yirz  ¥izz  Mizs ¥z ¥izz Mims
(13)

To obtain (9), (10), (11) and (12), the following steps shall be applied:
Step 1: Obtain the rank of the matrices r.

Step 2: For a matrix P€ €€ ¢ 'make an expanded matrix [},—_. f[r]r] P f[r]r]
n

|
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Step 3: Transform [}p fg-][f' IE] by elementary transformations on the columns and rows, in
n n

equivalentmatrix:[}p fm]wmw[Fr B]P fm],\,m,\,[f:"r 8]
n 0 4 ol o A 0

Step 4: Verify that BPA = E; Er:[*:]r g] [*:]r g] otherwise go to 3.2.

Step 5: Obtain the sub matrices Uy, Us, V3, Vaand determine —UpUs*—U U7~V -1 1 (
VRV ) (U, U ULUS ) from the product B . B*and A™. A

Step 6: Obtain the Moore-Penrose inverse of P* for either (9), (10) or (11).

We shall apply the above steps for the different groups. And for the sake of clarity, we shall
use P in place of M.

RESULTS AND DISCUSSIONS (ILLUSTRATIVE EXAMPLE)

An lllustrative Example: Constrained Programming Problem (Hillier & Lieberman,
1967, 6" ed. pp 623-624)

Maximize 7 = 3x, +4x, - x> - x2

Subject to: X +X, <1
X, X, 20

Step 1: We arbitrarily select N support points such that:

Im” =N = 4dm™m” =N < 4m”
where 2=m" = 3= m” = 3 js the number of segmented groups desired. Selecting

m* =2 m =2 Wehave6=N=8=N=38 Therefore, by arbitrarily choosing 6 support points

such that it does not contravene the constraint equations, the first design matrix is:

0 0.2]
02 04
0.4 0.6
02 0
0.4 0.2
0.6 0.4]

>
Il
N S N = e

Step 2: Partitioning X into 2 non overlapping groups such that the design matrix is singular,
we have:
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1 0 02]; 1 02 O

X;=/1 02 04 X,=(1 04 02
1 04 06 1 06 04

The information matrices for the two groups respectively are:

3 06 121, 3 12 06
M,=X/X,=[06 02 032 M,=X;X,=|12 056 0.32
1.2 032 056 06 032 0.2

Step 3: Compute the inverses of M and M, using the Moore-Penrose inverse procedure.

Case 1: For 3 06 12|,
M,=106 02 032
1.2 0.32 0.56

Step 3.1: Therankrof M, =P =2

Step3.2:Wemakeanexpandedmatrix[}p *rg-]*p *rg-]: 3 06 12 1 0 0
S 06 02 032 0 1 0
12 032 056 0 0 1
1 0 0 000
0 1 0 000
0 0 1 00 0]
Step 3.3: Transforming the expanded matrix by elementary row and column operation in
equivalent matrix, we have that 10 0 1 0 0]
01 0 0% F
Pl 00 0333
n A 0 I # 3z 0 0 0
0¥ % 0 0 0
0 0 = 0 0 0 ]
1 0 0 L 0 0]
01 0 0 2 F
A ML
n A 0 1 3 3 0 0 0
0% % 00 0
00 £ 0 0 0]
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The regular matrices of 100 1 2 3
B=(0 £ =land A=|0 £ L
T 00 %
Step 3.4: It is verified that 1 0 0. By making product of the matrices
BPA=E,=|0 1 O
0 0O
5 0 y]and 13 3
BB =|0 & 2 A A=|3 B 54
LBy 3 54 42

Step 3.5: We obtain the sub matrices 5 F} U, =[] v, =g 54], v, =[%2] of which

i i -1 Ny _[=2 -2
we can determine sub  matrices a} , -V, Vs—[ﬁ H] ,

(\/4_1\/3 U Ug l) = [7758%032

Step 3.6: The Moore-Penrose inverse of My by (9) is

1 0 4 1.4017 -1.9784 -1.6981
M'=P*=A-{0 1 =% |-B=|-19784 35067 3.1110

17

-2 - -5 -1.6981 3.1110 2.7714

153 51 7803

Case 2: For 3 12 06|
M,=|12 056 0.32
06 032 0.2

Step 3.1.1: Therankrof M, =P =2

Step3.2.2:Wemakeanexpandedmatrix[}p IE'-]P I[r;]: "3 12 06 1 0 O]
C 12 056 032 0 1 0
06 032 02 0 01
1 0 0 00O
0 1 0 00O
0 0 1 00 0
8 Article DOI: 10.52589/AJMSS-X1ML91KI
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Step 3.3.3: Transforming the expanded matrix by elementary row and column operation in

equivalent matrix, we have that 1 0 0 L 0 0]
01 0 2 F0
[}Pf] [E B 00 0 1 F 3
0 1 3 3 000
0 £ F 0 0 0
0 0 % 0 0 0
1T 0 0 1 0 0]
0o 1 0 2 Z0
P :] B 5]- 0o 0o 0 1 £ 32
n 0 A 0 1 3 3 0 00
0 =2 ZF 0 0 0
00 % 0 0 0
The regular matrices of 100 1 3 2
B=|2 2 Oland A=|0 2 =2
IR 00 %
Step 3.4.4: 1t is verified that 1 0 07].Bymaking product of the matrices
BPA=E,=/0 1 0
0 00O
b3 ) and 13 3
BB ={2 2 3 AA=|3 Z 2
i 3 u 3 243 459
9 3 2 4 4
Step 3.5: We obtain the sub matrices U — F} u,= [%] V, = [% %] 459] of which
? 13
1
1

we can determine sub matrices LU {5_} v, =[2 2] (vVL)ULUGY) = [2]
-9
17

Step 3.6: The Moore-Penrose inverse of M2 by (9) is

1 =) 14017 -1.6981 -1.9784
M,)=P"=A-|0 1 32 |-B=|-16981 27714 3.1110
= o Z2 -1.9784 3.1110 3.5067
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Step 4: The matrices of the interaction effect of the variables for the groups are:

0 004
X, =|0.008 0.16
0.064 0.36

008 0
X, =|0.064 0.04
0.216 0.16

and the vector of interaction parameters obtained from f(x) is:

The interaction vectors for the groups are given by:

0.0758 |
I, =M X X,g=|-0.4876
—0.4724

0.0346
I, =M;*X]X,,g=|-0.3665
~0.3735|

and the matrices of mean square error of the groups are:

1.4075 -2.0154 -1.7339]
Mi=M +1,1] =|-2.0154 3.7444  3.3413
~1.7339  3.3413  2.9945 |

1.4029 -1.7108 —1.9913]
M2 =M;"+1,1] =|-1.7108 2.9057  3.2479
~1.9913 3.2479  3.6461

Step 5: The matrices of coefficient of convex combination from M and M, are:
H, = diag{0.5008 0.5631 0.4509} and H, = diag{0.4992 0.4369 0.5491}
And by normalizing H,and H,, such that HH," +H,H =1, we have

H; =diag{0.7082 0.7901 0.6346}
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H; = diag{0.7060 0.6130 0.7728}

2.9999 0.8551
=|0.8551 0.3353
0.8667 0.3120

M(&y) = HiMHT + H M HT

Step 6: From f(x), obtain the response vector:

Z,=1(0.8551, 0.8667)=4.6757 :
Z, = f(0.3120, 0.3450) =2.1883,

0.8667
0.3120
0.3450

Z, = £(0.3353, 0.3120) = 2.1038 ,

It follows that 4.6757 We obtain the direction  vector:
Z =|2.1038
2.1883
do -1.3634
d=|d, |[=M(&,)"Z =] 4.2117
d, 5.9592
This is normalized to give 4 d; 0.5771
“|d; | |0.8166
Step 7: The optimal starting pointis — &N , -1 =x'x,t=1,2, ...,
Y p gp Xy =S wx ' w = Nat a =X X
t=1 -1
a
N
Also, since , gt
W, =———,t=12,.6
28
t=1
] 1.0000
Xo =D W x, ==|0.2752
= 0.2752
Step 8: Step length is _ Cizg—bi =0.3226
p1=mlnT

11
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Step9: . - . [0.2752 0.5771] [0.4614].
X, =X,+pd = +0.3226 =
0.2752 0.8166 0.5386

Therefore, f(x,)=3.2275 ad ¢ (X"} _1 8098

Since [f(X*)—f(Y*)]—13977 is large, we make a second move by replacing:
1 220 -

- [0.2752] by o 0.4614
=0 10.2752 ' 10,5386

The new step length p, = 0. Therefore, an optimizer had been located at the first iteration and
hence, " {0.4614] Z = 3.2 (in one iteration). This compares favorably with the existing
0.5386

solution obtained by Frank-Wolfe method (Hillier & Lieberman, 1967) as Z = 3.19, (in 3
iterations) and the x-values obtained satisfied the constraint equation.

1

Table 1: Summary of the Research Technique with Existing Technique

S/IN | Technique | Objective function No. of Value of Value of Objective
Iterations | Optimizer function
1 Frank-Wolf | Max Z=3x1 + 4 X2 X213 —x2% | 3 (0.3333, 0.6667) | 3.19
method
2 | SCLSSD Max Z=3x1+ 4 X2 —X1°— %22 | 1 (0.46, 0.54) 3.15
CONCLUSION

Based on the summary presented in Table 1, the solution using Super Convergent Line Series
with Singular Designs (SCLSSD) compares favorably with other existing techniques (i.e.,
Frank-Wolf method). From Table 1, we considered the constrained programming problem
with objective function as Max z = 3%, +4X, — X —xZ, the value of optimizer obtained was
(0.46 0_54) and the value of the objective function was 3.15 which compares favorably to
the existing technique of the Frank-Wolfe method having (0.33 0.67) as the values of the
optimizer and 3.19 as the value of objective function. Hence, even with singular design

matrices, the optimization of a response function is reached in just one move using Super
Convergent Line Series (SCLS).
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