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ABSTRACT: The paper focuses on finding solution to stochastic
split variational inequality problem, by extending the works done
in classical functional analysis, to accommodate situations where
there are perturbations in the system, as real life problems are,
mostly, random in nature. Solution to the problem is sought
through fixed point theory. A random two-step version of the
hybrid steepest descent iterative scheme is used to obtain a fixed
point solution to the problem. A numerical example is presented,
to illustrate the workability of the result. A strong convergence
result is also proven for the solution. This result extends, and
generalizes some established results in literature on classical
functional analysis.
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INTRODUCTION

Functional Analysis is one of the numerous branches of mathematical analysis, concerned with
the study of vector spaces endowed with some kind of limit related structure and the linear
functions defined on these spaces are suitably respecting these strctures. One of the components
of Functional analysis is the Variational Inequality Problem (VIP). Researches have been done
in solving VIP, which is one of the core problems in Functional Analysis, because it has been
effective in solving problems in many areas, including mechanics, nonlinear programming,
game theory and equilibrium problems; see (Ceng, Ansari, & Yao, 2008; Ceng, Teboulle, &
Yao, 2010; Fukushima, 1986; Kinderlehrer & Stampacchia, 2000; Yang & Bell, 1997). In its
simplest form, it is seen as a problem of having to find a point in a closed convex subset of a
space, such that certain inequality constraint is met. In the deterministic form, the VIP is
formulated as;

Find x* € C such that (Fx*,x* —x) < 0;Vx € C
(1.1)

where C is a closed convex subset of a real Hilbert space; F is a continuous function, and x* is
a point in C; see (Lohawech, Kaewcharoen, & Farajzadeh, 2021).

Also of great interest in classical Functional Analysis is the Split Feasibility Problem (SFP),
which is applied in solving; inverse problems of intensity-modulated radiation therapy, image
reconstruction and signal processing; see (Censor, Elfving, Kopf, & Brtfield, 2005; Byrne,
2002; Censor & Elfving, 1994). It is about finding a point in a closed convex subset of a metric
space, such that, under a suitable transformation, gives a corresponding point, in another closed
convex subset of a metric space. The SFP, as introduced by (Censor & Elfving, 1994), is
formulated as;

Find x* € C: Ax" € Q (1.2)

where C € H; and Q € H, are closed convex subsets of the Hilbert spaces Hiand H,,
respectively; A is a linear bounded self-adjoining mapping.

Circumstances arise where a solution can solve two or more problems; see (Yao, Cho, & Liou,
2011a; Yao, Cho, & Liou, 2011b and Cho, Argyros, & Petrot, 2010). Motivated by this, Jung
(2016) developed a problem, whose solution is common to (1.1) and (1.2). The problem is
formulated thus;

Find x* € T such that (Fx*,x* —x) < 0;Vx € C (1.3)
where I is the feasible set of the SFP in (1.2)

Most of the problems in Functional analysis do not have anlytical solutions. This explains why
most of the problems are solved using numerical methods, mostly, involving the use of iterative
algorithms. Yamada (2001) developed an iterative algorithm, given as;

Xns1 = (I — tuF)Tx, (1.4)

where t € (0,1), u € (0,1), F is a continuous function, and T is a nonexpansive mapping.
This was developed as a steepest descent type algorithm minimizing certain convex functions.
A significant advantage of the hybrid steepest descent method is that it does not require the
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closed form expression for the metric projection onto the convex subset, C, denoted by P.;
instead, it requires a closed form expression of a nonexpansive mapping T, whose fixed point
setis C.

In circumstances where the functions are random, as it is mostly the case in real life situations,
the classical methods of solutions can no longer solve the problem. There is, then, the need to
modify the problem to accommodate the perturbations in the system, and stochastic methods,
applied in finding solutions to the problems.

The random version of (1.3) is formulated as
Find x*(w) € T such that (E[Fx*(w)], x*(w) — x(w)) < 0;V x(w) € C (1.5)

where x*(w) is a random point in C, w is the random component of the variable x, F is an
integrable function on some measurable space, and E is the integral or expected value of
F[x*(w)], with respect to p(w), a function of the random variable w.

When F is purely deterministic (devoid of perturbation), (1.5) can be regarded as (1.3). Even
so, F is not always fully observable and the knowledge of F is always scarce for reasons stated
in (Udom & Nweke, 2021), (Udom, 2018), which are; (i) the probability distribution of p(w)
may be known but computation of the integral in (1.5) may involve multi-dimensional
integration which is computationally difficult, if not impossible; (ii) the random function F is
known but the distribution of p(w) is not known, so that the information on p(w) can only be
obtained using historical data or by sampling; (iii) E[Fx(w)] is not observable and it must be
approximately evaluated through simulation procedure.

In this work, a common solution to the stochastic variational inequality and split feasibility
problems, as developed in (1.5) will be sought, through random fixed point theory. A new
random iterative scheme, which is a randon, two-step version of (1.4), will be used to obtain
strong convergence to the unique solution of (1.5), in Hilbert spaces.

Definitions and Preliminaries
Definition 2.1 (Hilbert space)

A Hilbert space is a complete inner product space (complete in the metric defined by the inner
product (., .)).

Definition 2.2 (Udom & Nweke, 2021).

Let (Q, Z, P) be a complete probability measure space and (H ,B(H )) be a measurable space,
where H is a separable Hilbert space, B(H) is a Borel sigma algebra of H, (Q,X) is a
measurable space (Z-sigma algebra) and P is a probability measure on Z; that is, a measure
with total measure one. A mapping X: ) — H is called

i. H-valued random variable if X is (Z, B(H ))- measurable,

11. Strongly P-measurable if there exists a sequence {x,};—o of P-simple functions
converging to x, P-almost surely, except for some events with null probavility.

A mapping T: Q0 X H — H is called a random operator if, for each h € H, the mapping
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T(.,h):Q — H is measurable;
Definition 2.3 (Udom & Nweke, 2021)

Let (Q, X, P) be a complete probability measure space, C be a nonempty subset of a separable
Hilbert space, H and T: Q X H — H is a random operator. The random point z(w): Q — H is
called a fixed point of T if T (z(w), w) = z(w). The set of all fixed points of T is denoted by
Fix(T);

Definition 2.4 (Udom, 2018)

Let (Q, X, P) be a complete probability measure space, C be a nonempty subset of a separable
Hilbert space, H. The random operator, T: Q X H = H, is;

1. k-Lipschitz continuous if

f ITx(w) - Ty(@)IldP(w) < j Kllx(@) — y(@)[IdP(@), Vx(w),y(w) € H
Q Q

ii.  Nonexpansive if (i) holds with k = 1,

iii.  7n-strongly monotone if
f(TX(w) —Ty(w), x(w) — y(w) }dP(w) 2 JWIIX(O)) — y(w)lldP(w)
Q Q

1v. Firlmy nonexpansive if

JIITX(w) — Ty(w)|I?dP(w) < j(TX(w) — Ty(w), x(w) — y(w))dP(w)
Q Q
V. a-averaged if T = (1 — a)I + aN for some fixed a € (0, 1) and nonexpansive mapping
N.
Definition 2.5 (Udom & Ossai, 2019)

Let {x(w)};=, be a random sequence, and let x(w) be a random point. The sequence
{x(w)}-, is said to converge in quadratic mean to x(w) if lim E||x,(w) — x(w)]|* = 0
n—oo

Definition 2.6 (Xu, 2010)

Let (Q, X, P) be a complete probability measure space, C be a nonempty subset of a separable
Hilbert space. The metric projection from H onto C, denoted by Il is defined in such a way
that, for each x(w) € H, M (x(w)) is the unique point in C with the properties;

i lx(@) = I (x(w))]| = min{llx(w) — y(@)]: y(») € C}
il. Given z(w) € C, then z(w) = Hc(x(a))) iff

(x(w) — z(w),y(w) — z(w)) < 0; Vy(w) € C
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Lemma 2.1 (Buong, 2017)

Let H be a real Hilbert space and let F: H — H be n-strongly monotone and k-Lipschitz
continuous. The mapping I — tuF, for each u = (O, i—g), is contractive, with constant 1 — tt,

where 1 =1 — \/1 — u(2n — ux?).

Lemma 2.2 (Lohawech et al., 2021)

Assume that H; and H, are Hilbert spaces. Let A: H; — H,, be a linear bounded mapping,
such that A # 0 and let G: H, = H,, be a nonexpansive mapping. Then, for 0 <y < m,
I —yA*(I — G)A is y||A||?>-averaged.

Lemma 2.3 (Buong & Duong, 2011)

Let {x(w)}no and {z(w)};-, be bounded sequences in a Banach space E, such that for
Bn €10,1]Vn = 0, xp41(w) = (1 = Bp)xp(w) + Brzy(w) and 0 < lim inff, <
n—-oo

limsup g, < 1.

n—-oo

Assume that lim sup(E||z,41 (w) — zp(0)|| — El|xp41 (@) — xp(0)]]) < 0, then

n—-oo

lim Ellx, (@) = zp ()]l = 0
Lemma 2.4 (Zhou & Wang, 2013)

Let (a,)nen be a sequence of nonegative real numbers, satisfying the following conditions;

Ans1 < (1 — V) a, + YnCn, where (V) nen and (cp)nen are sequences of real numbers such
that

Yn € [0,1], X500 Vn = 0 and limsup ¢, < 0. Then lim a, =0

n—-oo n-o
Lemma 2.5 (Cegielski, 2012)

Let T: C X Q — H be nonexpansive and y(w) € C be a weak convergence point of a
sequence {x(w)}neo. If lim E||Tx,(w) — x,(w)]| = 0 , then y(w) € Fix(T). This is
n—oo

reffered to as the demi-closedness.
Theorem 2.1 (Cegielski, 2012)

Let X be a complete metric space, and a random operator T: X — X be a contraction. Then, T
has exactly one fixed point x*(w) € X. The orbit {T™x,,(w)}n=( converges to x*(w) with a
rate of geometric progression. This theorem is known as the Banach’s Fixed-Point Theorem.

Suppose that x*(w) € T : Ax*(w) € Q, where C and Q are closed convex subsets of real
Hilbert spaces H; and H,, respectively, and Il and Il are the metric projections on C and Q,
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respectively. It implies that (I - HQ)Ax*(a)) = 0, which then implies that )/A*(I -
HQ)Ax*(w) =0,y € (0, 1), hence the fixed point equation

(I — yA*(I - HQ)A)x*(a)) = x"(w)
@.1)

For x*(w) to be in C, it is imperative to consider the fixed-point equation

(I —yA (1 -Ty)A)x" () = x*(w)
(2.2)
Proposition 2.1

Given x*(w) € C. Then, x*(w) solves the random form of (1.2), developed as

Find x*(w) € C: Ax™(w) € Q,
(2.3)

If and only if x*(w) solves the fixed-point equation

x*(w) = Tx"(w);
(2.4)

where T = I (1 — yA*(I — Ty)A)
The proof is contained in (George, Udom, Iseh & Usoro, 2025).

These definitions and lemmas will be used in the sequel, to prove the result.

MAIN RESULT
Theorem 3.1

Let H, and H, be two real Hilbert spaces, and C and Q be two closed convex subsets in H; and
H,, respectively. Let A be a self-adjoining linear bounded mapping from H; into H,. Let F be
a strongly monotone and Lipschitz continuous mapping on H; with parameters n and «k,
respectively. Assume that y € (0, i—g) is a fixed number. Let {x,(w)};=, be a random

sequence of g-algebra, adapted to the filtration X defined by

{Yn(w) =- tn.uF)Tnxn(w)

Xpi1(w) = (I —t,uF)T"y(w), Yvn=>1 (3.1

where a,, € (0,1); 0 < lim infa,, <lim supa, < 1and t, satisfies the conditions; (i) t,, €
n-—oo n-oo

(0,1) and (i1) lim t, = 0. Then, the random sequence, generated by (3.1), converges in
n—->0oo

quadratic mean to the unique random fixed point of T, which is the solution of (1.5).
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Proof;
(3.1) can be rewritten as;
Xnp1(@) = (I = touF)T"T x, (w), (3.2)
where T := (I — t,uF)T and T := T (I — yA*(I — 1) A).
T is averaged; and sois T. Let T;:i = 1,2 be a‘-averaged; then, T; T, is a-averaged, where
a = a' + a? — a'a?. Consequently, from definition 2.4, there exists a nonexpansive
mapping, W, such that;
TT = (1—a)l +aW (3.3)
To show that {x,,(w) }y=o is bounded, let X(w) € C, so that
Ellxns1 (@) = Z(@)ll = [yllxne1 (@) — ¥(@)ldP(w)
= fQ”(I — tuuF)TT "%, (w) — ¥(w) || dP(w)
= fQ”(I — )T T "%, (w) — (I — tuuF)%(w) + (I — tyuF)¥(w) — ¥(w)||dP (o)
= JollT = o) T T2 (@) = (I = tapF)%(w) — tauF¥(w)||dP(w)
< Jollt = tauP)T T2, (@) = (I = tuuF)%(@)||dP (@) + [ lItnpF X (w)l|dP(w)
< (1= 1ty) T T %0 (@) = E(@)||dP (@) + tops [IF (@) |dP(w)

< (1 —tty) [ llxn (@) — H(@)|dP(w) + 7 %IQIIF'?E(w)IIdP(w)

Let Mgy = max { [,llxo(@) — ¥()l| dP(w), 22 [, IF#(w)||dP(w)} be a fixed constant.
Then fnllxo(w) — X(w)|[ dP(w) < My(); which implies that fﬂllxn((u) —X(w)||dP(w) <
Mgc-(w),VTl >0

So that, Ellxn+1 ((1)) — x(a))II < (1 — Ttn)Mjg(w) + Ttan‘(w) = Mk‘(w); that is
E”xn+1 ((‘)) - X((J))” < Mj'c'(w) (34)

This shows that {x,,(w)}%_, is bounded. Also {T"T™x,(w)}>, and {F[T"T"x,(0)]}>-,
are bounded. This implies that

rlll_r)l;lo Jollxns1 (@) = T*Tx, (w) ||dP(w) = 0 (3.5)

Next, it will be shown that lim E||x,.;(w) — x,,(w)|| = 0. This is to show to show the
n—-oo

existence of a fixed point solution for the algorithm in (3.1)

From (3.3), x,41(w) can be written as;
xn+1(w) = - tn.uF)[(l - an)l + aan]xn(w)
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= (1 - ap)xp(w) — tyu(1l — ay) Fxy(w) + anWyx, (w) — ant,uF [Wyx, (w)]

= (1 — ap)xp (@) + anWpxp (W) — thuFxp (@) + aptppuF x,(w) —
AntniF [Wyxn (w)]

= (1 - ap)xp(w) + apyWpxy (w) — (1 — ap)tyuF xp(w) — aptyuF [Wyx, (w)]
= (1 - ap)xp(w) + ayWyxy (w) — {(1 — ay)I + a, Wyt uF x, (w)
=(1- an)xn(w) + aanxn(w) - tn.UF[TnTnxn(w)]

= (1 = @) (@) + &y Wy (0) = 22 F [T T, ()]}

Xni1(0) = (1 — ap)xy(w) + apyn(w) (3.6)

where y,,(w) = W,x,, (w) — Z‘—”F[T”T”xn (w)]

Ellyns1 (@) =y (@)l = [ Iyn+1 (@) = yp (w)[|dP(w)

tn
= Jo [Was 121 (@) = ZEE FTm1 7740, (0] = Wait (w) +

In+1

Zl_: FIT"T ", ()]|| dP (@)

tn ~
= Jo [ Whsrnen (@) = Wostn (0) = ZLE P[P T4, (0] +
tn ~
2L F T T ()] || dP(w)

< JollWns1241(0) = Won (@)IdP (@) + 225 [ |F[TT™ 0,1 ()] || dP (@) +
Zl—:fQ”F[T”T”xn(w)]”dP(w)

= f ”Wn+1xn+1(w) Wn+1xn(w)+Wn+1xn(w) - W xn(w)”dp(w) +
tn+1ﬂf “F Tn+1Tn+1xn+1(a)) ||dP(a)) +tnltf ”F T”T”xn(w) ||dP(w)

n+1

< [ MIWhi1Xp i1 (@0)=Whiq X0 (@) [|dP (@) + [ IWn i1 (@) — Wrxn (w) AP (w) +
2l [IFIT 1T, ()] [|dP (@) + 2 [ | FIT Tt ()] | dP (@)

An+1

< Jllxne1 (@) = xp(@)ldP (@) + [ IWn i1 %5 (@) — Wyx, () [|dP(w) +
w1l fF[T T4, (0)]]|dP (@) +"“”“ L |FIT™ T, (0)]]|dP (@)

Jollyni1 (@) = yn (@)ldP(w) = [y ll2xn41 (@) — x5 (@)]IAP(w) <

Joll Wi (@) = Wy (@) 1dP (@) +225 [ [IFT™ T g, ()] |dP(w) +
2 [FIT T ()] ][ dP (@) (3.7
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But from (3.3),
fQ”Wn+1xn(a)) - ann(w)”dp(w)

_ Ty (w)-(1-ap1)xn (@) T T xp(w)—(1—an)xn(w)
Q { } N {

Jlarco

In+1 an

THITH L (w) _xp(w)  TTMxp(w)

_ + 22 1 5 () = % (@)]| dP (@)

Q An+1 On+1 an
n+1sn+1 n+1sn+1 n+1sn+1 nsn
_ A T T, (w) T T x,(w) + T e (w) _T"T xn(w) + xn(w) . xn(w) dP(a))
An+1 an An an an An+1
( 1 _ i) Ty () + L(Tn+17"wn+1xn(w) _ anfnxn(w)) +

_ f An+1  Gn In dP(w)

e (=== =) (@)

Any1 an)

< ( 1 a_ln) fQ”T"HTnHXn((D)”dP(G)) + a_lan”TnHTnﬂxn(w) -

n+1

T, ()| dP (@) + (= = =) fyllxn(@)[1dP(w)

= (= DUl T @)[dP(@) + fyllva(@lldP@)} +

On+1
aian”Tn+1Tn+1xn(w) _ T”T"xn(a))”dP(w)
Let M, = sup{[ [|T"**T™*1x,, (0)||dP(w) + [ |lx,(w)||dP(w)} be a fixed constant, then
nz0

1 1
JolWns260 (@) = Wan (@)l dP(@) < (== ) M. +
5 T T 1, (@) — T (w)||dP (@) (3.8)
where0 < a' <a,<a”’" <1
From definition 2.4

[T, (@) = T (@) |dP ()
= Jo {1 = aqy DI + aq 1 i (@) — {(1 — ap)] + ag Ty (w)lldP(w)
= J ”xn(w) - a111+1xn(w) + a}L+1Txn(w) - xn(w) + arllxn(w) - arllTxn(w)”dP(w)
Q
= Jollan1[Txn (@) = x5 (@)] — an[Txy (@) — xp(w)] ldP(w)

= (ans1 — an) JoITxn (@) — x5 () [|dP(w)

< (@41 — ap) [T (@) [[AP (@) + (aniq — an) [ llxn (w)]ldP(w)
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= (aps1 — ) NTxn(@)IdP(w) + [ llxn (@) |dP(w)}
J T x (@) = T xp () < lagsq — an|Ma (3.9
where M, > sup{fQIITxn(w)IldP(a)) + fﬂllxn(a))lldP(a))} is a fixed constant.
nz0
Similarly, [ [|T™+*(T"xn (@) = T*(T™xy(w)||dP(0) < |az,, — aZ|My (3.10)
where My > sup{fQ”’T‘"“(Txn (w))||dP(w) + J T %y, (w)|ldP(w)} is a fixed constant
nz0

Combining (3.7) to (3.10) yields

Jollyn1 (@) = yn (@)ldP (@) = [, lIxn+1 (@) = xn (@)[ldP(w) <

1 1 tn
(= o) Mo+ lahys = @RIy + kg — ak Mg + 22 [T g (0)] 1P () +

Ont+1 On

2 F T (@)]lldP () (3.11)
Taking the limits of both sides of (3.11) gives

lim sup(fllyn+1 (@) =y (@dP(@) = [ %41 (@) = x5 (@)]|dP(w)) < 0, since
n-oo . .

lim |}, —ab| =0and limt, =0

n—oo n—->oo

Therefore, by lemma 2.3

lim sup [,llx, (@) =y, (@)lldP(w) = 0

n—-oo

From (3.6)

X1 (W) — xp(w) = apyy (W) — apxy(w) , so that

lim [0 [1%p41(@) — x5 (@) ||dP(w) = 0, implies that

n—-oo

lim [ [|xn (@) = T"T"x, (w)||dP(w) = 0. (3.12)
n—-oo

Next, it is shown that lim sup(J (F[x*(w)])dP (@), x*(w) = X, (@) ) < 0

n—-oo

Let x*(w) € H be the unique solution of (1.5). Assume that there exists a random
subsequence {xn j (a))};il of {x,, (w)}y=0, such that;

lim sup ([, (F[x* (@)DdP(w) , x* (@) = T"T"x, (w))

= lim sup([,(F[x*(@)DdP(w),x" (@) = xn(®) )
= lim sup([,(F[x*(@)DdP(w),x* (@) = xn;j(w) )
jooo
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Since {x;,(w)}n=( is bounded, by the demi-closedness principle, it can be assumed that
{xn j (a))};il converges weakly to x(w) as j = oo, without loss of generality; so that

lim sup ([, (F[x* (@)DdP (@), x* () — xp(w))

n—-oo

= ([o(Flx"(@)DdP(w),x"(w) — 2 (w) ).

By the claim that £(w) € C, {[,(F[x* (@)])dP(w),x"(w) — ¥(w)) < 0.
Assume that apj = @ (asn > 0); 0 < a' < a, <a” < 1.

Let, T := (1 — ap)l + a,T;. Then Fix(T®) = Fix(T) and

lim sup [, [|T/Vx(w) — TPx(w)||dP(w) = 0 (3.13)

j—o0o, XER
where R is an arbitrary bounded subset including {x,, (@) }y=o-
Since Fix(T*) = Fix(T) # @, T™ is a,-averaged.
By (3.12) and (3.13), it is obtained that
lim fQ”an-(a)) — T°°T°°xnj(w)||dP(w) =0,= x(w) = T*x(w) € C, as required.
]—)OO
Finally, the convergence in mean square to the unique fixed point is proven,;
E|lxp41(@) = x* () = [ llxp41(@) — x*(w)|[*dP(w)
- 2
= fﬂ”(] — tyuF)T"T"x, (w) — x*(w)” dP(w)
T * * * 2
= fQ”(I — t uF)T" T xp (w) — (I — tyuF)x*(w) + (I — tyuF)x*(w) — x (w)|| dP(w)
- i} . 2
= fQ”(I — t uF)T" T x, (w) — (I — tuF)x* (w)—t,uFx (w)” dP(w)

= Jo{U = tuuF)T"T"xp (@) = (I = topuF)x™ (@) = tupuFx™ (@), (I = tnpuF )T T2, (w) —
(I = tyuF)x" () —tpuFx™ (w))dP(w)

= LUl = tauP) T T2 (0) = (I - tatF)x ()| +H32 1 Fx () 12
+2utn(Fx* (), (I — tauF)x* (@) = (I = tuuF )T T (0))}dP (w)

< [l =zt llxn (@) — x* (@)II? + 2ut,(Fx* (@), x" (@) = T"T™xp (w) )
+262p(Fx™ (0), FIT" Ty (w) ] = Flx™ (@) +t7u? | Fx* () [I?}dP (w)

= (1 = 1tp) [ llxn (@) — x*(@)II2AP(w) + 2utp ([, Fx* (0)dP(w), x* (@) — T"T"xy(w) )
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+2ut,, fQIIFx*(w)IIHxn(a)) — T"T"x, (w)||dP(w) +
20t [ IFx* ()| FIT™T"xn (w)]]|dP(w)

= (1~ 1t) [l (@) — x* (@) AP (@) + 222 ([ Fx*(0)dP(@),x" (@) — % (@) )

+ 240 [ ()]0 (@) = T T2, @)]| 4P @) +
HEGE (| Fx (@) ||| FIT ™ (0)]]| dP ()

T

= (1 = 1tp) [llxn (@) — x* () II?dP(w) + Ttn[zjﬂ(fQ Fx*(w)dP(w),x*(w) — xn(w)) +

2 [ {1 @)l (@) = T, (@) [}dP (@) +
@fn{”Fx*(w)””F[TnTnxn(w)]”}dp(w)]

(1 = 1) [yl (@) — 2 @) dP(@) + 1t 2, Fx* (@)dP (@), x* (@) = x,(®))
+ 2 I @)]|x0 (@) = T x (@) |} dP (@) + 2252 ]

where M > sup fQ{IlFx*(w)II ||F[T"T"xn(w)] ||}dP(w) is a fixed constant.
n=0

Let ¢, = 2 ([, Fx* (@)dP (@), x* () — x4 (@)} + [L{IIFx* (@)|l]|xn(w) -
T, () |[JdP ()] + 252 1

J12ns1 (@) = x*(@)2dP(@) < (1 = 7ty) [ 1 (@) = %" (@)II2AP (@) + Ttocy (3.14)

Clearly, lim sup ¢, < 0, because lim sup(fQ Fx*(w)dP(w),x"(w) — x,(w) ) <0,

n—-oo n—->oo

lim t, = 0 and lim [ ||x,(w) — T"x,(w)||dP(w) = 0
n—-oo n—-oo

By lemma 2.4, it is concluded that;

lim fnllxn(w) — x*(w)||*dP(w) = 0, which implies convergence of {x, (w)}r, to x*(w),
n—-oo

in quadratic mean.
This completes the proof.
Remark:

It is seen that the solution to the stochastic variational inequality problem, using the iteration
belong to the fixed point set of the linear operator, T denoted by Fix (T); and from proposition
2.1, the solution set of the stochastic split feasibility problem, I' coincides with Fix(T); that is
I'=CnNA1Q = Fix(T). By theorem 2.1, a unique solution x*(w) € Fix(T) is guaranteed.
This solution satisfies both the stochastic variational and the stochastic split feasibility
problems; thereby meeting the conditions to be called a common solution to the two problems;
hence, the solution to (1.5).
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il

NUMERICAL ILLUSTRATION OF RESULT

Suppose that a government classifies businesses in the state into two categories — low earning
businesses, and high earning businesses; and wishes to find an optimal tax policy that would:

1.Meet revenue target,

i. Minimize tax burden on low-income businesses,
iii.  Encourage economic growth

The problem is defined and formulated as;

a) The two groups of businesses, low (1) and high (2), have the tax rates, respectively,
denoted by x;(w) and x, (w).

b) Let the targeted revenue be denoted by L.

c) Suppose there are n; low earning businesses, with average income, [;; and n, high
earning businesses, with average income, Ij,.

d) Let ¢; and ¢, respectively denote the maximum feasible tax rates for the low and high
earning businesses.

The following Objective function, which is the tax component of Gross Domestic Production
(GDP), is:

Max G =y +7,(1 — x;(@)) + ¥a(1 — xp(w)) + &,
subject to the following constraints:
z  ¥ix;(w) = L (Revenue constraint)

0 < xj(w) <¢,0 < xp(w) < ¢y, (Tax rate constraint);

where;

J Yo 1s the baseline growth rate

J ¥, 1s the impact of low earning tax rate on GDP growth
o Yn 1s the impact of high earning tax rate on GDP growth
. ¢ is the random error associated with W

The random SFP is expected to find
x"(w) € C:Ax(w) € Q
where € = {(x} (@), %}, (©)):0 < x, < 1,0 < x5, < b5}

A= 1Y7)
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Q = {(x] (w), x4 (0)): A(x; (), xp(w)) = L

The mapping A takes tax rates from C, the feasible set, and produces revenue with the tax
rates that meet the revenue target.

The random VIP, has the monotone, Lipschitz function, F, as the negative gradient of G. It is
to provide equilibrium for tax payers. It ensures that the tax rates are optimal. It also ensures
that tax policy is fair and acceptable to both groups.

Suppose there are 2,500 low earning businesses, with average monthly income of 200,000,
and 800 high earning businesses earners, with average income of ¥1,000,000; and that the
government is interested in raking in N 150,000,000, from these businesses. Let the maximum
tax rates for these groups of earnings be, respectively, 15% and 27%.

Giving real values to the parameters of the function, G, assume;
Max G = 0.5 + 0.065(1 — x;(w) ) + 0.03(1 — x,(w)) + &
Subject to 0 < x(w) <0.15
0 < xp(w) <0.27
500,000,000x;(w) + 800,000,000x;(w) = 150,000,000,
where: 500,000,000 = 2,500,000 x 200,000 and 800,000,000 = 800 x 1,000,000.
The function, W, for the random VIP, is the negative gradients of the GDP growth function.

That is;

F (2, (@), xp(@)) = (_ 96 (x1(w),xp(w)) — aG(xz(w),xh(w))) = (0.065,0.03).

axl axh

084 0
0 071

084 0

LetA = ( 0 0.71

) and its adjoint A* = ( ) Also,let B = A" X A

Then, the linear operator for the random SFP, is given as;

B(x(w)) = (0(.)7 095) (xz(w)>_

xp(w)
Setting both the Lipschitzian and monotonicity coefficients to 1, then;
U E (O, i—’;) becomes u € (0, 2).

The iterative solution which is summarized in the Table 1, is carried out using R software
(version 4.5.0).
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Table 1: Summary of iterations

Iterations
X Xy,
1 0.113350 0.109700
2 0.125320 0.118124
3 0.136010 0.125459
4 0.145527 0.131858
5 0.149350 0.137449
6 0.149350 0.142627
7 0.149350 0.147634
8 0.149350 0.152463
9 0.149350 0.157109
10 0.149350 0.161570
0.149350 0.213370
2 0.149350 0.214989
8 0.149350 0.216513
g 0.149350 0.217947
i 0.149350 0.219296
:"f 0.149350 0.220564
3 0.149350 0.221755
2 0.149350 0.222875
= 0.149350 0.223927
0.149350 0.224915
Number
of 37 37
iterations
e~N(0,1)
DISCUSSION

Having established that the iterative algorithm in 3.1 generates a sequence that is bounded, and
has a random fixed-point solution, it is important to note that this is a point where the input of
the algorithm is the same as the output. Furthermore, it is shown that this fixed-point solution
is in the feasible set of the problem. A strong convergence result is obtained for the solution,
since convergence in quadratic mean is a stronger mode of convergence, when compared to
convergence in probability and convergence in distribution. This result extends and generalizes
that of (Yamada, 2001) which introduced the hybrid steepest descent method of solving VIP,
in the deterministic case.

In illustrating the result numerically, a hypothetical government tax policy optimization
problem is formulated and solved, using the result. The concept of fixed-point solution is
further exemplified here. Since the value (output) of a preceding iteration step serves as input
to the succeeding iteration step, it is observed, from Table 3.1, that the difference between the
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last two iteration values is quite negligible; which means that the input is the same as the output.
The result suggests the optimum tax rates for the low and high earning businesses to be 14.94%
and 22.49%, respectively. These tax rates satisfy two conditions — meeting the revenue target,
which is the random SFP component of the problem; and contributing, maximally, to the GDP
growth, which is the random VIP part of the problem. For instance, substituting these tax rates
into the revenue constraint, results in N 254,620,000 which satisfies the constraint; at the same
time, since it is the non-taxable income that goes back to circulation, thereby boosting the GDP,
the expected amounts that go back to circulation are 85.06% of 500,000,000 and 77.51% of
800,000,000, for the low and high earning businesses, respectively.

CONCLUSION

In this paper, convergence result in classical functional analysis is extended, to develop
convergence result of the solution of random split variational inequality problem, based on the
random two-step hybrid steepest descent method. It is shown that the solution converges in
quadratic mean to a unique random fix point in a Hilbert space. Furthermore, an application
of the result to optimal tax policy problem is presented. In the application, optimum tax rates
have been obtained: 14.94% and 22.49%, respectively for the low and high earning businesses.
This result extends, and generalizes some established results in literature on classical functional
analysis.
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