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ABSTRACT: Spectral graph theory has witnessed the 

development of topological indices based on degrees as effective 

methods of graph structure analysis, particularly in terms of graph 

energies. The current work explores degree-weighted spectral 

invariants (Nirmala and Sombor energies) on the mixed hourglass 

graph, which is topologically synthesized as a structure arising 

from the mixed adjacency representation of the WH factorization. 

The mixed hourglass graph is introduced as the graph containing 

both undirected edges and arcs, of which the vertex degrees serve 

as the central concept in terms of constructing the Nirmala and 

Sombor matrices. The relationship between the Nirmala and 

Sombor energies is the similarity between their graph spectra, and 

that the energies are even.  
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INTRODUCTION 

A mixed adjacency matrix 𝑀(𝐺) = [𝑚𝑖𝑗] of a mixed graph 𝐺 is an 𝑛 × 𝑛 matrix indexed by 

the vertices (𝑣1, … , 𝑣𝑛), where 𝑚𝑖𝑗 = 1 if 𝑣𝑖𝑣𝑗 ∈ 𝐸(𝐺), 𝑚𝑖𝑗 = −1 if 𝑣𝑖𝑣𝑗 ∈ 𝐴(𝐺), and 𝑚𝑖𝑗 =

0 Otherwise, see [1, 2]. The mixed adjacency matrix formed the mixed graph. A mixed graph 

is the orientation of a subset of the undirected graph, with its edge set being the combination 

of the arcs and undirected edges (𝑒1, … , 𝑒𝑛) [3]. If a finite graph 𝐺 possesses an even number 

of vertices and odd degree (number of edges  ) then the degree of the vertices is twice the 

number of edges.  The degrees of vertices form several vertex-degree-based graph invariants 

called topological indices. 

An index graph is a connectivity index with a mathematical formula that can be applied to any 

graph that models some molecular structure [4]. Nowadays, we have 200 topological indices 

of mathematics used in chemistry and other fields. These indices can form adjacency matrices 

with unique eigenvalues and the energy [5]. For instance, the Sombor index, 𝑆∗(𝐺), in Equation 

(1) is constructed by using Euclidean metrics and the Nirmala index, 𝑁∗(𝐺),  (see Equation 2) 

is a somewhat simplified variant of the Sombor index (that replaces √𝑑(𝑣𝑖)2 + 𝑑(𝑣𝑗)
2
 with 

√𝑑(𝑣𝑖) + 𝑑(𝑣𝑗)).  

𝑆∗(𝐺) = ∑ √𝑑(𝑣𝑖)2 + 𝑑(𝑣𝑗)
2

𝑣𝑖𝑣𝑗∈𝐸(𝐺)                                               (1) 

where 𝑑𝑣𝑖
, 𝑑𝑣𝑗

are degrees of adjacent vertices 𝑣. Sombor matrix is a degree-weighted 𝑛 × 𝑛  

matrix such that  

𝑆(𝐺)𝑖𝑗 = {√𝑑𝑖
2 + 𝑑𝑗

2 𝑖𝑓 𝑖 ∼ 𝑗, 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.  

Also,  

𝑁∗(𝐺) = ∑ √𝑑(𝑣𝑖) + 𝑑(𝑣𝑗)𝑣𝑖𝑣𝑗∈𝐸(𝐺)                                                      (2) 

where 𝑑𝑣𝑖
, 𝑑𝑣𝑗

are degrees of adjacent vertices 𝑣. Nirmala matrix is a 𝑛 × 𝑛  matrix such that  

{√𝑑𝑖 + 𝑑𝑗  𝑖𝑓 𝑖 ∼ 𝑗, 0 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.  

 

The spectrum of a graph is the set of the eigenvalues of its adjacency matrix. The spectrum and 

energy of Sombor and Nirmala can be found in  [5-7]. Ivan Gutman introduced, although 

originated from theoretical chemistry, the graph energy from an  adjacency matrix [8, 9]. 

Therefore, mixed energy 𝐸𝑀(𝐺) of a mixed graph 𝐺 is the sum of the absolute values of 

eigenvalues, 𝜆𝑖(𝐺), of the adjacency matrix of the graph with order 𝑛 [10]. 
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𝐸𝑀(𝐺) = ∑|𝜆𝑖(𝐺)|

𝑛

𝑖=1

  

 

PRELIMINARIES ON MIXED HOURGLASS GRAPH 

The concept of mixed hourglass-adjacency matrix was coined from the hourglass matrix, which 

is obtained from quadratic interlocking factorization through modified Cramer’s rule, see [11, 

12]. An hourglass matrix is a nonsingular matrix of order 𝑛(𝑛 ≥ 3) with nonzero entries from 

the 𝑡th to the (𝑛 − 𝑖 + 1)th element of the 𝑖 th and (𝑛 − 𝑖 + 1)th row of the matrix and 0 's 

otherwise, for 𝑖 = 1,2, … , ⌊
𝑛+1

2
⌋ [13]. A mixed hourglass-adjacency matrix 𝑀(𝐺) of a mixed 

hourglass graph  𝐺 is a matrix 𝑀(𝐺)𝑛×𝑛 = (ℎ𝑖,𝑗)
𝑛×𝑛

 defined as 

𝑀(𝐺) = {1  𝑖𝑓 𝑣𝑖 , 𝑣𝑗  𝑖𝑠 𝑎𝑛 𝑒𝑑𝑔𝑒  − 1  𝑖𝑓 𝑣𝑖, 𝑣𝑗  𝑖𝑠 𝑎𝑛 𝑎𝑟𝑐  0  𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒   

For 𝑖 = 1,2, … , 𝑛, 𝑗 = 𝑛 − 1 + 𝑖, and 𝑛 ≥ 3. 

Thus, a mixed hourglass graph 𝐺 = (𝑉, 𝐸, 𝐴) is an ordered triple consisting of a set of vertices 

𝑉(𝐺) = {𝑣1, 𝑣2, … , 𝑣𝑛}, a set of undirected edges 𝐸(𝐺) = {𝑒1, 𝑒2, … , 𝑒𝑛}, and a set of directed 

arcs 𝐴(𝐺) [14].  

Lemma 2.1. [14] The total number of undirected edges, 𝑒(𝐺), in a mixed hourglass graph is 

𝑒(𝐺) =
𝑛 − 𝛽𝑛

∗

2
 

where 𝛽𝑛
∗ = |(𝑛 + 1)𝑚𝑜𝑑2 − 1|. 

Corollary 2.2. [14] Let 𝐴(𝐺) be the number of arcs in a mixed hourglass graph 𝐺. Then 

𝐴(𝐺) =
𝑛2 − 2𝑛 + 𝛽𝑛

∗

2
 

Theorem 2.3. [12] Let 𝐸𝑀(𝐺) be the mixed energy of a mixed hourglass graph 𝐺 of order 𝑛. 

Then 

𝐸𝑀(𝐺) = 𝑛 − 𝛽𝑛
∗  

where 

𝑛 − 𝛽𝑛
∗ = {𝑛  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  𝑛 − 1  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

 

Several results have been established on the mixed hourglass graph. Though the energy of 

a mixed hourglass graph was obtained; the Nirmala and Sombor energies of the mixed 

hourglass graph have not been considered.  
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NIRMALA AND SOMBOR ENERGY 

To obtain the Nirmala and Sombor energy from the graph indices, we compute the degrees of 

the vertices, 𝐷𝐺 , of a mixed hourglass graph as follows. 

 

              order                                  Vertices 

3        1 2 1 

4       1 3 3 1 

5      1 3 4 3 1 

6     1 3 5 5 .3 1 

7    1 3 5 6 5 3 1 

8   1 3 5 7 7 5 3 1 

9  1 3 5 7 8 7 5 3 1 

 

Theorem 2.4. The sum of the degrees of the vertices in a mixed hourglass graph ∑ 𝐷𝐺
𝑛
𝑖=1   is 

∑ 𝐷𝐺
𝑛
𝑖=1   =

𝑛2−𝛽𝑛
∗

2
                                                                   (2) 

Proof. A mixed hourglass graph has a sink node located at the 𝑣𝑛+1

2

 with (𝑛 − 1) degree vertex. 

However, two vertices (𝑣𝑛

2
, and 𝑣𝑛+2

2

) with (𝑛 − 2) in-degree is even with each degree of the 

vertex having (𝑛 − 1). That is, 

{𝑣𝑛
2

+ 𝑣𝑛+2
2

= 2(𝑛 − 1)  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  𝑣𝑛+1
2

= 𝑛 − 1  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

Based on the structure of the mixed hourglass graph, there are two-degree vertices (𝑣1 and 𝑣𝑛 

) with value 1 , two-degree vertices ( 𝑣2 and 𝑣𝑛−1 ) with value 3 , two degree vertices ( 𝑣3 and 

𝑣𝑛−2 ) with value 5 , two degree vertices ( 𝑣4 and 𝑣𝑛−3 ) with value 7 till two degree vertices ( 

𝑣𝑖 and 𝑣𝑛−𝑖+1 ) with value [2(𝑖 − 1) + 1], for 𝑖 = 1,2, … , 𝑛. Therefore, the sum of the degrees 

of the vertices is 

∑ 𝐷𝐺

𝑛

𝑖=1

  = {∑[2(𝑖 − 1) + 1]

𝑛

𝑖=1

   + 2(𝑛 − 1)  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  ∑[2(𝑖 − 1) + 1]

𝑛

𝑖=1

   + 𝑛

− 1  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

Evaluating ∑ 𝐷𝐺
𝑛
𝑖=1   by the sum of an arithmetic progression, it is obvious that ∑ 𝐷𝐺

𝑛
𝑖=1   ≥

𝑛2

2
. 

Thus, ∑ 𝐷𝐺
𝑛
𝑖=1   =

𝑛2

2
 if 𝑛 is even and ∑ 𝐷𝐺

𝑛
𝑖=1   >

𝑛2

2
=

𝑛2−1

2
. To harmonize the numerator, we 

introduce 𝛽𝑛
∗ = |(𝑛 + 1)𝑚𝑜𝑑2 − 1| from Lemma 2.1. This implies that 𝛽𝑛

∗ = 1 if 𝑛 is odd and 

𝛽𝑛
∗ = 0 when 𝑛 is even. In all, we have 

∑ 𝐷𝐺

𝑛

𝑖=1

  =
𝑛2 − 𝛽𝑛

∗

2
 

∎ 
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Corollary 2.5.  The sum of the degrees of the vertices of a mixed hourglass graph is even. 

Proof. This is the consequence of Theorem 2.4, since ∑ 𝐷𝐺
𝑛
𝑖=1   is a divisor of 2. That 

2 ∑ 𝐷𝐺

𝑛

𝑖=1

  = 𝑛2 − 𝛽𝑛
∗ 

∎ 

Corollary 2.6.  Let 𝐸𝑀(𝐺) and ∑ 𝐷𝐺  𝑛
𝑖=1  be the mixed energy, and the sum of the degrees of the 

vertices of a mixed hourglass graph 𝐺. Then 

           𝐸𝑀(𝐺) − ∑ 𝐷𝐺

𝑛

𝑖=1

   < 0#  

Proof. Recall, from Theorem 2.3, that 

𝐸𝑀(𝐺) = 𝑛 − 𝛽𝑛
∗  

and 

∑ 𝐷𝐺

𝑛

𝑖=1

  =
𝑛2 − 𝛽𝑛

∗

2
 

Thus, 

𝐸𝑀(𝐺) − ∑ 𝐷𝐺

𝑛

𝑖=1

   = 𝑛 − 𝛽𝑛
∗ − (

𝑛2 − 𝛽𝑛
∗

2
)    =

2𝑛 − 𝑛2 − 𝛽𝑛
∗

2
   =

−𝑛2 + 2𝑛

2
− (

𝛽𝑛
∗

2
)  

Since 

𝛽𝑛
∗ = |(𝑛 + 1)𝑚𝑜𝑑2 − 1| = {0  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  1  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

then the value of (
𝛽𝑛

∗

2
) is insignificant. That is 

𝛽𝑛
∗

2
= {0  𝑖𝑓 𝑛 𝑖𝑠 𝑒𝑣𝑒𝑛  

1

2
  𝑖𝑓 𝑛 𝑖𝑠 𝑜𝑑𝑑   

But 

−𝑛2 + 2𝑛 < 0, 

provided that 𝑛 ≠ 1,2 . This confirms that 𝑛 ≥ 3 exist for every mixed hourglass graph. Thus 

𝐸𝑀(𝐺) − ∑ 𝐷𝐺

𝑛

𝑖=1

  < 0 

∎ 
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Since the indices are established based on the degree of the vertices, thus, the sum of the 

degrees of the vertices is crucial in establishing the Nirmala and Sombor energies through the 

eigenvalues obtained from the adjacency matrices of their indices, as shown in Table 1 and 

Figure 1.  

Table 1: The Values of Mixed, Nirmala, and Sombor Energy and their Graph Order 

 

 

 

 

 

 

 

 

 

 

Figure 1: Mixed, nirmala, and sombor energy of the mixed hourglass graph 

 

Figure 1 illustrates the Nirmala energy and Sombor energy as stairs or zigzags due to the 

similarity in values between the odd and even orders of the graph. However, the mixed energy 

from the graph is steep. The higher the order of the graph, the wider the differences between 

the values of the Nirmala energy and the Sombor energy. In all, it can be deduced that all values 

of graph energies are even.  

Order Mixed energy Nirmala energy Sombor energy 

3 2 2.82 2.82 

4 4 7.72 11.30 

5 4 7.72 11.30 

6 6 14.04 25.44 

7 6 14.04 25.44 

8 8 21.52 45.24 

9 8 21.52 45.24 

10 10 30 66.86 
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Corollary 2.7. Let 𝐸𝑀(𝐺), 𝐸𝑁(𝐺) and 𝐸𝑆(𝐺) be the mixed energy, Nirmala and Sombor energy 

of a mixed hourglass graph 𝐺. Then 

𝐸𝑀(𝐺), 𝐸𝑁(𝐺),  𝑎𝑛𝑑 𝐸𝑆(𝐺) 𝑎𝑟𝑒 𝑒𝑣𝑒𝑛.   

Proof. This is a direct consequence of Theorem 2.3 (for 𝐸𝑀(𝐺) ) and Theorem 4.2.1 (for 𝐸𝑁(𝐺), 

and 𝐸𝑆(𝐺) by considering Corollary 2.5), which is well represented in Table 1. 

 

CONCLUSION 

This work extends the spectral analysis of mixed hourglass graphs by calculating and 

characterizing their Nirmala and Sombor energies, two new degree-based generalizations of 

the classical graph energy. Explicit derivations show that the sum of vertex degrees is even, 

and hence, this yields even values of Nirmala and Sombor energies for several graph orders. 

The staircase patterns occurring in energy values over successive orders mirror the fact that 

Nirmala and Sombor matrices possess common spectral properties. Comparisons with mixed 

energy provide inequalities and dependencies on structure repeatedly. These results not only 

reinforce the theoretical structure for degree-weighted topological indices but also speak to 

their potential when modeling hybrid networks, such as those in chemistry and communication 

systems.  
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