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INTRODUCTION

Fractional calculus is a branch of mathematics investigating the properties of derivatives and
integrals of non-integer orders called fractional derivatives and integrals. The history of
fractional calculus was first mentioned in Leibniz’s letter to L’Hospital in the year 1695, which

n

related to his generalisation of meaning of the notation ( AX” )d for the derivative of order
NeN, N=012,.., whenn= %?, means he was interested to the derivative of order %
where the idea of semi-derivative was suggested. During that time, fractional calculus was built
on formal foundations by many famous Mathematicians, like Liouville, Grunwald, Riemann,
Euler, Lagrange, Heaviside, Fourier, etc. many of them proposed original approaches, which
can be found chronologically [1]. Many works have been done on fractional calculus in the
derivation of particular solutions of a significantly large number of linear and non-linear
ordinary and partial differential equations. The fractional integral may be used for describing
the cumulation of some quantity, when the order of integration is unknown, it can be
determined as a parameter of a regression model as presented [2]. One of the major reasons for
fractional calculus is that it can be considered as a super set of integer-order calculus of the
second and higher order. Other applications occur in the following fields: fluid flow,
viscoelasticity, diffusive transport akin to diffusion, probability, statistics and electrical
networks dynamical processes in self-similar and porous structures, electrochemistry of
corrosion, optics and signal processing as well as control theory of dynamical systems, among
others [3]. Many physical systems appear to exhibit fractional order behaviour that may vary
with time or space. The fractional calculus has generated the operations of differentiation and
integration to any fractional order. The order may take on any real or imaginary value. Some
applications of fractional calculus amount to replacing the time derivative in a given evolution
equation by a derivative of fractional order. Interesting attempts have been made recently to
give the physical meaning to the initial conditions for fractional differential equations with
Riemann-Liouville fractional derivatives proposed. Thus, fractional calculus has the potential
to accomplish what integer-order calculus cannot. It has been believed that many of the great
future developments will come from the applications of fractional calculus to differential fields.
Some recent benefits to the theory of fractional differential equations can be seen in [3-6].

The first attempt was probably to introduce a fractional Fourier transform started by Wiener in
the paper [7] published as early as 1929. The main contribution of [7] was in a discussion of a
relation between an expansion of a function in a series of orthogonal Hermite polynomials and
its Fourier transformation whereas the introduced fractional Fourier transform was just a
byproduct of the used method. From the mathematical point of view, the fractional Fourier
transform in [3, 6, 7] and in many other publications was based on the fractional powers of the
Fourire transform defined through the set of its eigenfunctions given by the Gauss-Hermite
functions. Moreover, the fractional Fourier transform of this type permits also the following
interpretation for its applications in applied mathematics and physics, and especially in filter
design, signal analysis and pattern recognition. For the theory of the Fourier transform on the

space of tempered distributions and on the space Lp (D ) l1<p=2

and [9] respectively.

we refer the reader to [8]

Our aim is thus to apply the Fourier transform method to construct nonhomogeneous fractional
differential equations. We consider the fractional Caputo-type derivative of this form
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(°Dg.a)(t)+ Aq(t)=h(t) (11)

Where, h(t) is a N—times continuously differentiable function and "Do.4 s the fractional
Caputo-type derivative of order & < (n-1n),neN
Preliminaries

We introduce some basic definitions, notations of fractional integral calculus.

Definition 2.1. (The Riemann-Liouville fractional integral of order @ >0 ). This fractional
(t)ec'([0.b],.0");b>0

integral of order @ >0 for a function . is given by
RL @ 1 t a-1
Dyu(t)=——| (t-n)" u(n)dn, O<a<wx
I'(a) ! (2.1.1)

Where, 1ﬂ(')denote the Euler’s Gamma function. The left and right Riemann-Liouville

(tyec*([o.b],0")

derivative with order @ >0 of a given function . are respectively given as

a d" a—n 1 d" gt n-o-
R"Doytu(t)zﬁ[D&t u(t)]:— J‘(t—n) lu(77)d77

I(n—a)dt"a (2.1.2)
and
RL~a nd" a-n -1)° d" b n-a-1
Dt,bu(t)Z(_l) dtn I:Dt,b u(t)JZ%dtn It (U—t) U(?])d?] (213)

Where Nis an integer which satisfies N—1<a <n

Definition 2.2. (The Caputo derivative of fractional order @ >0). The Caputo derivative of
fractional order @ > 0 is defined as

t (t — S)n_m_1

“Dyh(t)= T —a) h(s)ds

n-l<a<n N=[a]+l (2.2.1)

where [a] denote the integer part of the real number & .

Definition 2.3. (Caputo differential operator ‘D ). Caputo differential operator “D* is given
by
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'D2(t) = "D 2T, .2 ](t)

(2.3.1)

Where,

dl 1 t [a]-a-1
"D*z(t) = _[ (t—s) z(s)ds

dt[a] F([a]—a) i is the Riemann-Liouville differential

n k()

T.z(t)= Z—(o)tk

operator and o Kl is the Nth degree Taylor polynomial for Z, centred at the

origin. Here, ‘D*is tacitly assumed to be a left-sided differential operator and to have its
standing point att =0, so that one naturally seek solution to the differential equation on an

0.T]

interval of the form [ with some T >0

Definition 2.4. (see [14]). The one dimensional fractional Fourier transform with rotational

1
angle of function q(t) €L (D )is given by

3, [a(0)](@)=4,(0)=] K, (to)a(t)dt, wer 2.4.1)
Where, the kernel

C, exp(i(q2 +o’)cota)/ 2)— iqwcoseca, if a#nx

K, (to)= : ) -
——exp(-iqw), if a==
2z 2 (2.4.2)
C - l-icotx
2w (2.4.3)

The inversion formula of (2.4.1) is given by

1 ¢ .
t)=—| K,(t,®)q, (@)do, tel

()= o] K. (L0)d, () oan
Where, the kernel

C! exp(—i(q2 +a)2)cota)/2)+iqa)coseca, if a=nr
o (b= L exp(iqw) if a=2

2 ’ 2 (245)
C, = 27[(1+icota) (2.4.6)
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Definition 2.5. ( Error Function). The Error can be defined as
Erf (x) = ijxexp(—tz)dt, xel

Jz (2.5.1)
Definition 2.6. (The Mittag-Leffler function). We defined the Mittag-Leffler function as

Zk
E,(2) :Z—, (Z,a,pel, U (a)>0)
Definition 2.7. (The Wright function). The Wright function is defined by

-y L 7
N B =2 gy Bl 2.7.)

Definition 2.7. (The Binomial Coefficients). The Binomial Coefficients are defined by

(/1]_ A A(A-1)(A-n+1)

n) " AA-n) n! (2.7.1)

A
Where, 4 and nare integers. Observe that 0!'=1 then 0 A) A(a=2)! , also
A)r

R )

r=0 r I r=0 r

Definition 2.8. ( The Gamma Function). The basic interpretation of the Gamma function is
simply the generalisation of the factorial for all real numbers. It is defined by

F(X) = J.:exp(—t)txfldt, xell” (2.8.1)

Definition 2.9. (The Beta function). The Beta function can be defined in terms of Gamma
function as

M, X,yexel"”

B(x,y)=
() T(x+y) (2.9.1)

It can also be defined in term of a definite integral as

B(X, y):jolt“(l—t)y*1 dt, x,yexel"” (29.2)

Definition 2.10. (The Fourier transform < and its inverse transform S71). The Fourier

, te(—oo,oo)

transform 3 and it inverse transform 3" of () is defined by
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S[f](w)=f(w) =] exp(iat) f (t)dt
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well

(2.10.1)

tel

(2.10.2)
Definition 2.11. (Convolution Theorem). The theorem states that the Laplace transform of the

convolution of two functions is the product of their Laplace transforms. If F(s) and G (S)are
the Laplace transforms of f(t)and 9(t) respectively, then
farg= L{J'; f(t-z)g(z)dz= F(s)G(s)}

as

__It

(2.11.1)
Definition 2.12. (The fractional integral). The fractional integral of y(t)of order @ is defined
—a 1 a-1

D™y(t)= (t—z)" " y(z)dz, a>0

Equation (2.12.1) is actually a convolution integral. So using (2.12.1), we find that
1
LiD™y(t); =——
(Dy(o) ==

(2.12.1)
@ L{t“ L{y(t)}=5Y(s). >0

that

(2.12.2)
L{Dt"} = L(ut

Equation (2.12.2) is the Laplace transform of the fractional integral. We see for ¢ =~ 0, u>-1
) and L{D ¢} =
Sy+a+l

1
$*(S-4)

Definition 2.13. (The fractional Fourier transform
u (@) of order @ > Ois defined as

[5,)(@)= . (o) =

A

f

a

(2.12.3)

(a’)). The fractional Fourier transform
Tt (t)e,xp(a,t)dt
Where,

(2.13.1)
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% exp(—i|a)|%‘ x), ®<0

e, Xp(w,t) = exp(isign(@))|e
exp(i|co|%' x), ®>0
(2.13.2)

MAIN RESULT

Proposition 3.4. Let V be a real nonnegative number and let f be piecewise continuous on

~[0.%]

J'= (O’OO) and integrable on any finite subinterval of J . Then for bV >0 we defined

the Riemann-Liouville fractional integral of order V as

D' f (x):ﬁf(x—t)u f(t)dt e

Proof

Consider the N order differential equation with the given initial conditions:

(
¥(c)=0.y'(c)=0,...y""(c) =0 (34.2)
Using the form of the Cauchy function,

) :(x—t)”_1
H(x1) (n-1)! (34.3)

We claim that the unique solution of (3.4.2) is given by

y(x):_[cXM f (t)dt

(n-1)! (3.4.2)
By induction
For N =1 we have
y'(x)=1f(x), y(c)=0 (3.4.5)

Solving (3.4.5) we obtained
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Since y(c)= O, we have

y(x)=j f(t)dt

¢ (3.4.6)

Now, assume that (3.4.4) is true for N, we show that the equation is also true for N+1,

Consider

Y () =1 (x)

y(c)=0,y'(c)=0,..,y"(c)=0 (34.7)
Since y(nﬂ)(x):(y')(n)(x) Let u(x) y’(x).Then (3.4.7) becomes

u(c)=0, u'(c)=0,..,u"(c)=0

(3.4.8)
Using the induction hypothesis, we noticed that
X X z _t -
J-c yl(t)dt - Izc[Itc ((Zn _i)| f (t)dtsz
[ oex (z-t) (x—t)"
y(x)-y(c)= L{Lt% f (t)dtsz = L % f(t)dt
(3.4.9)

Since y(c)= O, then

¢ nl! (3.4.10)
So, (3.4.4) is true

Thus, since f (X) in (3.4.2) is the n" derivative of y(x)’ we may interpret y(x)as the n”

integral of f (X) Therefore,

(3.4.12)

Lamma 3.5. The one and two parameter representation of Mittag-Leffler function can be
defined in terms of a power series as
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Z:(; ak+1) >0

(3.5.1)

3 —\ a>0,>0

The exponential series defined by (3.5.2) is a generalisation of (3.5.1). The following
relationship holds from the result of the definition of (3.5.2)

E,;(x)= ﬁ+ XE, .. 5 (X)

and (3.5.3)
d
Ea’ﬁ(x):ﬂEa'M(x)+ax& E, 51 (X) (35.4)
= L, ()= = [Ey s ()~ (F-1E, s (¥)]
dX a,f+1 aX a,f-1 a,f+1
(3.5.5)

So that
B,y (0 = [E, ()~ (B-DE,, (x)]
dx axt Pt “h (3.5.6)
Proof of (3.5.3)
By definition (3.5.2), we have that

i o Xk+1 i k

=T( ak +ﬂ) Er(a(k+)+p8) & F(ak +(a+B))

1 X« 1
T(p) ’ szz(; [(ak+(a+p)) T(B) HEep (¥)
(3.5.7)

Observe that E«s(0)=1 Also for specific values of ¢ @d f the Mittag-Leffler function
reduces to some familiar functions such as

E, X)=3S X S X _ovn(x
( ) ;r(kJrl) kz(;k! ( ) (3.5.8)
£ 00X Rl e () (259)
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© © X+l eXp(X)—
kzzf;l“ k+2 kzz(; k+1 X

(3.5.10)

Proposition 3.6. The Gamma function has some unique properties. By the use of its recursion
relations, one can obtain the formulas

[(x+1)=xI(x), xel*

(3.6.1)
F(x)=(x=1)L xel (3.6.2)
From (3.6.1), we observe that T =1 \we show that T (%) = Jz
_ ® _tex-1 +
From the definition of Gamma function F(X) - Io et xel
We have
~ [Tetth gt = [Cett
r(yz)_jo e't dt_j0 e 't 2t (36.3)
fwe let t=Y" = dt=2ydy g5 that
I(3%)=2 e dy (3.6.4)
Equally, we can write (3.6.4) as
=2 e (3.6.5)
Multiplying both (3.6.4) and (3.6.5) together to get
2 e —(x2+y2)
[TOA] =4f, [, e oy (36.6)
Equation (3.6.6) is a double integral and can be in polar coordinates to get
r() ] =4[ " rardo =
[F(3%)] =4, [, e rdrdo=x (36.7)

So that r(%)= Jr

Proposition 3.7. let T be a continuous function and for any @ >0, N=1<a@ <N Then for any
positive integer k, we have

L D¢ f(x)]=S“F(s) nis““f

(3.7.1)
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Proof

. . . (. .
recall that in the integer order operations, the Laplace transform of s given by

L{f"}=8"F -8"f (0)-8"*f'(0)~..- {"*(0)

LN

= SPF(s)= 3 S (0)

k

Il
o

(3.7.2)
let P (x)=9 (X)so that L[OIQ‘“g (X)] N S_(n_a)G(S)

where,
n-1
G(s)=L{g(x)l=L{f™(x)=s"F(s)-> s"**fM (0
(5)=L{g (0} = L{ 1" (0} = 8"F(5) - Z 8™ (0) 67
Example 3.8. Consider the initial value problem of the form
y (t)+ 2w,y () + w2y (t) = f(t)
y'(0)=Y¥;,¥(0)=y, and @ = 2 (3.8.1)

Taking the Fourier transform of (3.8.1), gives

Jo (" (©)+ 2w,y (6) + wiy (1))exp(Hat)dt = [ (exp(ciat)dt o p o)

Where,

f: y'(t)exp(—ict)dt =[ y(t)exp(—imt) ] - _[:—ia)y(t)exp(—ia)t)dt
=y, +io[ y(t)exp(-iet)dt 083)

Noting that

limy(t)=0

t—wo

= [ y"(t)exp(-iot)dt = [exp(—iet) y'(t) | ~[ ~iwy’(t)exp(-iot)dt
—y; +imy, +(io)’ I: y(t)exp(—imt)dt (3.8.4)

Substituting, into (3.8.1), gives
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-y +iwy, +(ia))2 f:y(t)exp(—ia)t)d —2nW,. Y, + 27W,. la)'[ t)exp(—iot)dt
+W _[ t)exp(—iot) I: f (t)exp(—iwt)dt
(3.8.5)
= [(ia))2 +2inw,, + W M:y(t)exp(—ia)t)dt = j: f (t)exp(—iot)dt +(y; + 27w, Y, +iwy,)

I:f eXp Ia)t dt y +2nW, Y, +iwy,
(Ia)) +2inwW, + W (Ia)) +2inwW_ + W

'[: y(t)exp(—iot)d
(3.8.6)

Integrating (3.8.6) from —o 10 % on the left hand side to get

Ii...exp(ia)r)g—: — j:exp(iw(r —t))da) = 272'5(2’—1:) - I: y(t)é(t —Z')dt

(3.8.7)
On the right hand side, we have
J‘“’ f(t) J‘w eXp('a’(T t yO +27]W Y, + oY, exp(icoz')da)
° 2z (i) + 2inw, w+ w2 (iw)” + 2inw, w+ w2 27
(3.8.8)
Recall the Residue Theorem (By Contour Integral) and using the fact that
1. .. .
da):Td(la)):Szla)
i
Equation (3.8.8) becomes
exp(s(z—t "4 2 i
}[ﬂ : p( ( ))2 ds+_% y‘): T Yo +|w2y° exp(sz)ds
S° +2nW, S+ W, [ S° +2nwW, S+ W, (3.8.9)

Finding the poles of the denominator

Let S"+2nW,S+Wo =0 — s =—nw, Tiy1-n"w, =-nw, +iw,w,

2 +
Where, 77 is damping coefficient and e [0'1], Wy €l
By Residue theorem,
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1e Yo +2nW,Y, +ioy,
i

Yo+ 20w,y + (v, + i)

2iw
—”exp(—ﬁwm (z—t))sin(w, (r—t)).0(z -t)
Also,
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%[ﬂ exp(s(t-7))

d _ e
s° +2nW, S+ W > J.00(

www.abjournals.org
s 27i| exp(s(z—t))(s+nw, +iw,)
ia))z + 2w W w? i | (s+nw, —iw, )(s+7w, +iw,) .
J{exp(s(r _'t))ZI .0(1’ —t) _ Zﬂ[exp(—nwm (T _t)) N exp(iwd (T_t))
S+ W, +iw, _
S=—1SW-iWy

"o, j.&’(r—t)
exp(sz)ds = Z?i [

Yo + 27 Wi, Yo + (=7 Wy, — W )

'|I||I'|I|

exp(io(z —t))

d

s° +27W, S+ W

—2iw,
21w,

_Zﬂexp(—nwdr)[(

j Yo exp(—nw, 7).exp(iw,7)
Wd

exp(—nw,,z)exp(-iw,7)0(z)

where,

CoSQ = —

_ —27rexp(—nw,7) \/(

Wy

Yo + W, Yo ) SINW, 7 — W, Y, COS(Wdz')]H(T)

Yo + W, Y, )2 +(W, Y, )2 cos(wy,z+¢)0(7)

Wa Yo

\/(y(; +77WmYO)2 +(Wd YO)2

Q(T—t)

2y(2)0(z) > [Ty (t)s(t-r)dt=y(r)0(z)

1, if >t
6’(1 —t) =
is a step function given by

. L +nw
Sln(D:— yO n myO

SO+, v, )+ (W, Yo )’

0, otherwise

"+ W
Y e
d

2'>O:y(r):jr

Where,

T>Oiy(T)=IOTf(t)

exp(—nw, (7 —t))

_J. f(t)exp(—nwm (z-t))
] cos(w,z+¢)6(r)

sin(w, (z—t))6(r —t)dt

") exp(-nw, (7 —t))

" sin(w, (z—t))dt -

Yo
|cos ¢

exp (—nw,,7)cos(W, + )

Wy

sin(w, (7 —t))dt

is a solution due to the function ( )WhiCh makes the equation non-homogeneous and
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r>0:y(r)=— |Cgs°¢| exp (—nw,,z)cos(w, +¢)

is a solution to the ODE satisfied with the initial condition

CONCLUSION

Fractional Fourier transform is a generalisation of the ordinary Fourier transform. Unlike the
other integer order calculus where operations are centred mainly at the integers, fractional
calculus considers every real positive number. This work focuses on understanding the
properties of fractional derivatives and their effectiveness in certain complex variables, while
also constructing non-homogeneous fractional differential equations using the Fourier
transform method.
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