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ABSTRACT: This paper examines the existence of maximal 

solution of the comparison differential system and also 

establishes sufficient conditions for the practical stability of the 

trivial solution of a nonlinear  impulsive Caputo fractional 

differential equations with fixed moments of impulse using the 

vector Lyapunov functions. First, it was discovered that the 

vector form of the Lyapunov function was majorized by the 

maximal solution of the comparison system. From the results 

obtained, it was established that the main system is practically 

stable in the sense of Lyapunov. 

KEYWORDS: practical stability, Caputo derivative, impulse, 
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INTRODUCTION 

The history of fractional calculus has been about 300 years old, and its development is mainly 

focused on the pure mathematical field [27]. The earliest – more or less systematic studies of 

the concept, seem to have been made in the 19th century by Liouville, Riemann, Leibnitz, 

Caputo, etc. [37], and in the last four decades, it was observed that the advancement of 

fractional calculus has enabled the description of complex system behaviors through 

fractional differential systems (including many physical phenomenon having memory and 

genetic characteristics), thus providing new insights into their dynamics. 

One of the trends in the stability theory of solutions of differential equations is the so-called 

practical stability [8, 27, 31, 32, 33]. This aspect of stability was introduced by [24] and it is 

used in estimating the worst-case transient and steady-state responses together with verifying 

point-wise in time constraints imposed on the solution path or the trajectory curve.. 

Fundamental results have been obtained for fractional order derivative using the auxiliary 

Lyapunov’s functions which are analogues of vector Lyapunov functions, by means of the 

comparison method. 

Alongside the development of the theory of practical stability in recent years is the 

mathematical theory of impulsive differential equations which have experienced a massive 

research attention and development. Now, the theory of impulsive differential equations is 

richer than the corresponding theory of differential equations [16] as they constitute very 

important models for describing the true state of several real life processes and phenomena 

since many evolution processes are characterized by the fact that, at certain moments of time, 

they experience a change of state abruptly. These processes are assumed to be subject to short 

term perturbations whose duration is negligible in comparison with the duration of the 

process. Consequently, it is natural to assume that these perturbations act instantaneously, 

that is, in the form of impulses. For instance, many biological phenomena involving 

thresholds, bursting rhythm models in medicine and biology, optimal control models in 

economics, pharmacokinetics and frequency modulated systems do exhibit impulsive effects 

[16]. 

Moreover, the efficient applications of impulsive differential system require the finding of 

criteria for stability of their solutions [35], and one of the most versatile methods in the study 

of the stability properties of impulsive systems is the Lyapunov function (Lyapunov second 

method) The method was originally developed for studying the stability of a fixed point of an 

autonomous or nonautonomous differential equations. However, as was argued in [29], it was 

then extended from fixed points to sets, from differential equation to dynamical systems and 

to stochastic equations. 

Suffice to say that the novelty of the Lyapunov's second method over other methods of 

examining stability properties of impulsive differential systems like the Razumikhin 

technique, the use of matrix inequality, etc. stems from the fact that the method allows us to 

examine the stability of solutions without first solving the given differential equation by 

seeking an appropriate continuously differentiable function (called Lyapunov function) that is 

positive definite and whose time derivative along the trajectory curve is negative 

semidefinite. 
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The stability of the zero solution of impulsive differential equations have been extensively 

studied in [11,30]. Furthermore, the study of stability of fractional order systems is quite 

recent and one of the main difficulties in the application of the Lyapunov function to 

fractional order differential equations is the appropriate definition of its derivative among the 

fractional differential equations. Thus, to allay this problem, [1] adopted the choice of a 

Lyapunov function that is continuously differential, with a re-definition of the Dini derivative 

for the given fractional order system. This choice was necessary because, the choice of the 

Dini derivative for the fractional differential equation as was used in [17-18] had some 

“restrictions and difficulties” (see [1] and the references therein). 

Now, the stability of fractional order systems systems using the scalar Lyapunov function 

have been examined in [1-2,5,9,41]. Using the generalized Caputo fractional Dini derivative 

and scalar impulsive fractional differential equations, [2] established the comparison results 

together with sufficient conditions for the stability properties of impulsive fractional 

differential equations. However, the set-back in this approach arise from the fact that, when 

the system becomes complex or large, the scalar Lyapunov functions lacks a definite 

algorithm for handling such systems. Due to this pitfall, the use of vector Lyapunov functions 

becomes very necessary because of its ability to handle complex systems as well as large 

scale dynamical systems. The method of vector Lyapunov function involves splitting the 

Lyapunov functions into several components, so that each of the components can adequately 

describe the system state. In this way, Lyapunov functions are easily constructed, and the 

conditions ensuring the required stability are less restrictive (see [40] and the references 

therein). Fundamental results for the stability of impulsive Caputo fractional differential 

equations have been examined in [1] and [2].  

In this paper, the existence of maximal solution of the comparison system for vector 

Lyapunov function is established. Again, sufficient condition for the practical stability of 

impulsive Caputo fractional order systems is presented by means of the comparison principle. 

It was discovered that the vector form of the Lyapunov function is majorized by the maximal 

solution of the comparison system. The sufficient conditions for the practical stability of 

impulsive fractional order systems as established stressed the fact that the solution of the 

main system is practically stable. 

Preliminary Notes and Definitions 

Fractional calculus is seen as a natural generalization of the classical calculus of integer order 

and thereby allows for the extension of the traditional concepts of derivative and integral to 

functions with fractional orders. By this extension, functions with noninteger orders are much 

more flexible in describing real world systems (see [14,25,26,34,37]).  

There are several definitions of fractional derivatives and fractional integrals. 

General case. Let the number 0,1 −  nn  be given, where n  is a natural number, 

and (.)  denotes the Gamma function. 

Definition 2.1. 

The Riemann Liouville fractional derivative of order   of )(t  is given by (see [35]) 
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Definition 2.2. 

The Caputo fractional derivative of order   of )(t  is given by (see [35]) 
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The Caputo derivative has many properties that are similar to those of the standard 

derivatives which make them easier to understand and apply. Also, the initial conditions of 

the Caputo fractional order derivative are also easier to interpret in physical context. 

Definition 2.3. 

The Grunwald-Letnikov fractional derivative of order   of )(t  is given by (See [1]) 

 


−

+

=
→

−−=
h

tt

r

r

r

h

GL ttrhtC
h

tD

0

0

0
0

0 ),()1(
1

lim)(  



  

and  

Definition 2.4. The Grunwald-Letnikov fractional Dini derivative of order   of )(t is 

given by (See [1]) 
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where rC  are the binomial coefficients and 






 −

h

tt 0  denotes the integer part of 
h

tt .0−
 

Particular case (when n=1). In most applications, the order of   is often less than 1, so that 

)1,0( . For simplicity of notation, we will use  
DC

 instead of 
DC

t0
 and the Caputo 

fractional derivative of order   of the function )(t  is  
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3. Impulses in fractional differential equations 

Consider the initial value problem (IVP) for the system of fractional differential equations 

(FrDE) with a Caputo derivative for .10    
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Some sufficient conditions for the existence of the global solutions to (3.1) are considered in 

[7,11,22, 23,29,35,42].  

The IVP for FrDE (3.1) is equivalent to the following Volterra integral equation (See [2]), 
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Consider the IVP for the system of impulsive fractional differential equations (IFrDE) with a 

Caputo derivative for ,10    
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(ii)   is locally Lipschitz with respect to its second argument x  and 0)0,(  t  
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In this paper, we define the following sets: 
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Suffice to say that the inequalities between vectors are understood to be component-wise 

inequalities. 

We will use the comparison results for the impulsive Caputo fractional differential equation 

of the type 
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Note that some existence results for (3.5) are given in [11, 13-14].  

Remark 3.3. Lemma 3.2 extends Lemma 1 in [1], where the vectors ),(),( 21  tmandtm  

are compared component-wise. 

In the following, we establish the comparison result for the system (3.3). 
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nRTtPCutttiii  =  be the maximal solution of the IVP for the IFrDE 

system (3.5)  

Then, 

   ,),())(,( 0ttttt         (4.1)   

       where )],,([),,()( 000

NRTtPCttt  =  is any solution of  (3.3) existing on ),,[ 0 t  

provided that  

   000 ),( ut  +          (4.2)  

Proof. 

Let  S  be a small enough arbitrary vector and consider the initial value problem for the 

following  system of fractional differential equations, 

  
,)(

),[,),(

00

0





+=

+=

+ utu

ttforutguDC

      (4.3)

 

for ).,[ 0  tt  

The function ),(  tu  is a solution of (4.3), where  0  the fractional differential equation 

(3.5) if and only if it satisfies the Volterra fractional integral equation, 

.),[,))),(,(()(),(

0

0

1

)(
1

0  +−++= −



t

t

ttdssusgstutu  


    (4.4) 

Let the function ),],([),( 0

NRSTtPCtm +   be defined as ))(,(),( tttm =   

We now prove that 

  ),[),(),( 0  ttfortutm         (4.5) 

Observe that the inequality (4.5) holds whenever ..0 eitt =  

  ),(),(),( 00000   tuuttm =  

Assume that the inequality (4.5) is not true, then there exists a point  01 tt   such that  

),(),(),(),( 11   tutmandtutm =  for  ).,[ 10 ttt  

It follows from Lemma 3.2 that 

..0)),(),(( 11 eitutmDC −+  


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  ),()),(( 11  

 tuDtmD CC

++   

  ),())(,( 111  

 tuDttD CC

++    

and using (4.3) we arrive at 

),(,()),(,())(,( 111111  tutgtutgttDC ++  

Therefore,  

)),(,(),( 111  tutgtmDC +        (4.6) 

From Theorem 4.1, the function ),,()( 00  ttt =  satisfies the IVP (4.3) and the equality 

holdsttfhtSt
h

h

)),(,()]),(()([suplim 0
1

0



→

=−−
+

     (4.7) 

where ),,()( 00  ttt =  is any other solution of (3.5), and  

 0

][

1

1 )()1()),((

0

  −−−= 

=

+



−

rhtChtS r

r

r
h

tt

      (4.8) 

is the Grunwald Letnikov fractional derivative 

Multiply equation (4.7) through by h  

))(,()]),(()([suplim 0
0

ttfhhtSt
h



→

=−−
+

 
 

  ))(,()]()),(([)( 0 ttfhhhtSt  =+−−  

 

)]()),(([))(,()( 0

  hhtSttfht ++=−        (4.9) 

Then for ),,[ 0  tt  we have 
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 

 }),())(,()(,()1(),())(,(

),(),()1(),(),(

00

][

1

1

00

0

][

1

1

0

0

0









tttfhtrhtCttt

tmrhtmCtmtm

r

r

r

r

r

r

h

tt

h

tt

−−−−−−

=−−−−−



=

+

=

+




−

−

 

)]},())(,([)],()()),((),({[)1(

}),())(,()()()1(),())(,(

00

*

000
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1

1

00
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1

1

00

0

0









trhtrhtthhtSrhtC

tttfhtrhtCttt

r

r

r

r

r

r

h

tt

h

tt

−−−−−++−−

+−−−−−−−=



=

+



=

+




−

−

    

(4.10)

 
Since ),( t  is locally Lipschitzian with respect to the second variable, we have that, 

 

,)]()()),(([)()1(

))(,([)]()),((),({[)1(

*

0

][

1

1

*

0

][

1

1

0

0

rhthhtSCL
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h
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h
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r

r

r

r

r

r
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

=

+



=

+




−

−









 

where 0L  is a Lipschitz constant 

 .))(())()),(([)( 0

*

][

1

0

  −−−+ 

=



−

rhthhtSCL
h

tt

r

r                                (4.11) 

Using (4.8), equation (4.11) becomes, 

))(())())([()()1()(( 0

*

0

][

1

][

1

1

0 0

  −−−+−−− 

= =

+ 

− −

rhthrhtCCL
h
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h
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r r

r

r

r  

))(()()])([([)1)(( 0

*

][

1
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1

0
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1

][

1

1

000 0

  −−−+−−−  

−−− −

==



= =

+ rhtChCrhtCCL
h

tt

h

tt

h

tt

h

tt

r

r

r

r

r r

r

r

r

 

.)(]1[)])([()()1(

][

1

][

1

0

][

1

1

000

  hCCrhtCL
h

tt

h

tt

h

tt

r

r

r

r

r

r

r 

−−−

==



=

+ +−+−−−    (4.12) 

Substituting (4.12) into (4.10) we have 
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 

)()1(]1)1()[)(()()1(

),())(,()()()1(),())(,(
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1

][
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1

0

][

1

1

00
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0
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 
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h
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

=

+
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=
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Dividing through by 0h  and taking the +→ 0suplim has  we have, 

 

.)()1(]1)1()[)(()()1(suplim

),())(,()()()1(),())(,(suplim),(

][

1

1

][

1

0

][

1

11

0

00

][

1

1

00
1

0

000

0













hCCrhtCL

tttfhtrhtCttttmD

h

tt

h

tt

h

tt

h

tt

r

r

r

r

r

r

r

r

r

h
h

r

r

r

h
h

C





−−−

+

−

+

=

+

=
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=
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Recall that, 

.0)(suplim1)()1(lim 1
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=−=−
+
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→=

+

→
   handC

h
hr

r
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h
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From (3.6) and (3.7) in [1], we have that 

.0]1)1()[)(()()1())(,(),( 0

][

1

1

0

+−−−−−−+= 

=

+

++ 

−

  rhtCLttDtmD
h

tt

r

r

rCC
 

Using condition (ii) of the Theorem 4.1, we obtain the estimate 

)),,(,())(,(,(),(  tmtgtttgtmDC = 

+                 (4.13) 

Also,  

))(())(()(,(),(),( 00 kkkkkkk tmtItttmandutm  += +++              (4.14) 

Now (4.14) with 1tt =  contradicts (4.6), hence (4.5) is true.    □  

For ],,[ 0 Ttt   we now establish that 
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 ),(),(
21

  tutu 
 
whenever 21                                    (4.15) 

Observe that the inequality (4.15) holds for 0tt =  

Assume that (4.15) is not true. Then there exists a point 1t such that ),(),( 21 21
  tutu =  and 

).,[),(),( 1021
tttfortutu     

By Lemma 3.2, we have that 

0)),(),(( 21 21
−+  

 tutuDC
 

However, 

 )),(),(()),(),(( 2121 2121
 





 tutuDtutuD CC −=− ++  

    ])),(,([)),(,( 211111  +−+= tutgtutg  

    0−= 21   

which is a contradiction, and so (4.15) is true. Thus, equations (4.5) and (4.15) guarantee that 

the family of solutions ],[)},,({ 0 Ttttu   of (4.3) is uniformly bounded, i.e. there exists 

0  with  ),(tu , with bound 
 
on ].,[ 0 Tt  We now show that the family )},({  tu

 
is 

equicontinuous on ].,[ 0 Tt  Let     ,,,),(|:),(|sup 0  −= Ttttgk , where   is the bound 

on the family )}.,({  tu
 

Fix a decreasing sequence   )(
0

t
ii



=
 , such that 0lim =

→
i

i
  and 

consider a sequence of functions )}.,({  tu  Again, let 21021 ],,[, ttwithTttt  , then we have 

the following estimates, 

( )

( ) ||))),(,((
)(

1

))),(,((
)(

1
||),(),(

2

0

2

0

1

10

1

2012














+−


++−

+−


++−





−

−

dssusgstu

dssusgstututu

ii

t

t

i

ii

t

t

i

















 

( ) ( )

( ) ( ) dsstst
k

dstususgstst

t

t

t

t

ii

t

t

t

t














−−−

















−−−








−−

−−

1

0

2

0

1

0

2

0

1

1

1

2

2

1

1

1

2

)(

),()),(,((
)(

1










 



Advanced Journal of Science, Technology and Engineering 

ISSN: 2997-5972 

Volume 4, Issue 4, 2024 (pp. 92-110) 

105  Article DOI: 10.52589/AJSTE-9BWUJX9O 

  DOI URL: https://doi.org/10.52589/AJSTE-9BWUJX9O 

www.abjournals.org 

( ) ( ) ( )

( ) ( ) ( )



−−−

−−−

−+−−−

















−−−+−




2

1

1

0

1

0

1

0

2

1

1

0

1

2

1

1

1

2

1

1

1

2

1

2

)(

)(

t

t

t

t

t

t

t

t

t

t

t

t

dsststst
k

dsststst
k








 

( ) ( ) ( )













−+−−−


 

−−−
dsstdsstst

k
t

t

t

t

t

t

2

1

1

0

1

0

1

2

1

1

1

2
)(




 

( ) ( ) ( ) ( ) 

( ) ( )  ( ) 








−
+

=−+−




−+−−−−−




121212

12120102

)1(

2

)(

)(

tt
k

tttt
k

tttttttt
k

 

provided 




1

12
2

)1(
)( 







 +
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k
tt , proving that the family of solutions )},({  tu  is 

equicontinuous. By the Arzela-Ascoli theorem, )},({  tu
i

 guarantees the existence of a 

subsequence )},({  tu
ij

 which converges uniformly to the function )(t  on ].,[ 0 Tt  Then we 

show that )(t  is a solution of (4.4). Thus, equation (4.4) becomes  

 .),[,))),(,(()(),(

0

0

1

)(
1

0  +−++= −



t

t

iiiii ttdssusgstutu
jjjjjji
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

           (4.16) 

Taking the →jiaslim  in (4.16) yields, 

.),[,))(,(()()(

0

0

1

)(
1

0  −++= −



t

t

i ttdstsgstut
j

 

                        (4.17) 

Hence, )(t  is a solution of (3.5) on ].,[ 0 Tt  We claim that )(t  is the maximal solution of   

(3.5). Then, from (4.5), we have that ].,[)(),(),( 0 Ttonttutm      

Suppose that in Theorem 4.1, ,0),( utg then we have the following results 

Corollary 4.1.  

Assume that Condition (i) of Theorem 4.1 holds and,  

         ++ andRRRPCi
NN ],[)(   such that 

  0),( +  tDC                 

(4.14) holds, and 
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 StttttIt kkkkk =+ ,))),(,(()))((,( and the function NN

k RR ++ →:  is 

nondecreasing for                    ,...2,1=k  

Then for ),,[ 0  tt  the inequality 

       ),())(,( 00  + ttt  holds 

 

MAIN RESULTS 

In this section, we will obtain sufficient conditions for the practical stability of the system 

(3.3). Again we assume .10    

Theorem 5.1. Assume that:  

],[)( nn RRRPCgi ++   is piecewise continuous in ],( 1 kk tt −  and for each 

,...,2,1, = kRu n  and ),(),(lim
),(),(

utgytg k
utyt k

+

→
=

+
 exists, and ),( utg  is quasimonotone 

nondecreasing in u  

 ++ andRRRPCii
NN ],[)(  such that  

    
,),(,)),,(,(),( ++  SRtallforholdsttttgtD k

C 

  

       There exists 00   such that  S0  implies that  StIt kk + ))(()(  and 

      StttttIt kkkkk =+ ,))),(,(()))((,( and the function NN

k RR ++ →:  is        

nondecreasing for ,...2,1=k      

( ) ),,()( 0  tbiii   where Kb  and .),(),,(
1

0 
=

=
N

i

i tt      

   

Then the practical stability of the trivial solution 0=u  of (3.5) implies the practical stability 

of the trivial solution 0=  of (3.3). 

Proof. Let  0  and +Rt0  be given. 

Assume that the solution (3.5) is stable. Then given 0)( b  and +Rt0 , there exists a 

positive function 0),( =  ot  which is continuous in 0t  for each   such that  

  
=


N

i

iu
1

0   implies 
=


N

i

i ttbuttu
1

000 ),(),,(      (5.1) 

where ),,( 00 uttu  is any solution of (3.5). 
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Choose ).,( 000 += tu  

Since ),( xt  is continuous, then by the property of continuity, given 0  there exists a 

positive function 0),(11 =  ot  that is continuous in ot  for each   such that the 

inequalities 

   − ),(),( 00tt  implies 10  −  

and as 0,0),( →→ t
 
then the inequalities  

  ),( 0010 tand         (5.2) 

are satisfied simultaneously. 

We claim that, if 10    then  ),,( 00tt . 

Suppose that this claim is false, then there would exists a point ),[ 01 ttt   and the solution 

),,( 00  tt  with 10    such that 

   = )()( 1 tandt  for  ),[ 10 ttt      (5.3) 

So that using equation (5.3); condition (iii) of Theorem 5.1 reduces to the form 

  ( ) 
=


N

i

i tttb
1

111 ))(,()(  , implying 

  
=


N

i

i ttb
1

11 ))(,()(          (5.4) 

for ),[ 10 ttt  and from Theorem 4.1, 

  )()(,( ttt           (5.5) 

where 
=

=
n

i

i uttt
1

00 ),,()(   is the maximal solution of (3.5). 

Then, using equations (5.4), (5.3), (5.5) and condition (iii) of Theorem 5.1 we arrive at the 

estimate 

  )(),,())(,()(
1

00110  buttttb
N

i

i  
=

 

which leads to a contradiction. 

Hence, the practical stability of the trivial solution 0=u  of (3.5) implies the practical 

stability of the trivial solution 0=  of (3.3). 
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CONCLUSION 

In this paper, the existence of the maximal solution of the comparison system   for vector 

Lyapunov function is established, and sufficient conditions for the practical stability of 

impulsive Caputo fractional order systems are presented by means of the comparison 

principle. It was discovered that the vector form of the Lyapunov function used was 

majorized by the maximal solution of the comparison system. The sufficient conditions for 

the practical stability of the omparison impulsive fractional order system as established went 

further to illustrate the fact that the solution of the main system is practically stable in the 

sense of Lyapunov. 

 

REFERENCES 

[1] R. Agarwal, D. O’Regan, and S. Hristova, “Stability of Caputo Fractional Differential  

Equations”. Applications of Mathematics. 60, No. 6, 653-676, 2015. 

[2] R. Agarwal, S. Hristova and D. O’Regan,  “Stability of Solutions of Impulsive Caputo 

Fractional Differential Equations,” Electronic Journal of Differential Equations, vol. 

2016, No. 58, pp. 1-22, 2016. 

[3] R. Agarwal, D. O’Regan, S. Hristova,  and Cicek, M., (2017). Practical Stability with 

respect to Initial Time Difference for Caputo Fractional Differential Equations. 

Electronic Journal of Differential Equations. Communications in Nonlinear  Science 

and Numerical Simulations, 42, 106, 2017, doi.org/10.1016/j.cnsns.2016.05.005. 

[4] E. P. Akpan and O. Akinyele, “On the 0 -Stability of Comparison Differential 

Systems.” Journal of Mathematical Analysis and Applications, 164(2), 307-324, 1992. 

[5] L. Arnold and B. Schmalfuss, “Lyapunov’s Second Method for Random Dynamical 

Systems.” Journal of Differential Equations, 177(1), 235-265. 

[6] D. Baleanu, and O. G. Mustafa, “On the Global Existence of Solutions to a Class of 

Fractional Differential Equations.” Comput. Math. Appl. 59. 1835-1841, 2010. 

[7] D. D. Bainov and P. S. Simeonov, “Systems with Impulse Effects: Stability, Theory and 

Applications,” Ellis Horwood, Chichester, 1989. 

[8] D. D. Bainov and I. Stamova, “On the Practical Stability of Differential-Difference 

Equations with Variable Impulsive Perturbations.” Journal of Mathematical Analysis 

and Applications, 200, 272-288, 1996.  

[9] T. A. Burton, “Fractional Differential Equations and Lyapunov functionals. “Nonlinear 

Analysis: Theory, Methods and Applications, 74(16), 5648-5662, 2011. 

[10] K. Diethelm, “The Analysis of Fractional Differential Equations. An Application 

Oriented Exposition Using Differential Operators of Caputo type.” Springer, Berlin, 

(2010). 

[11] J. V. Devi, F. A. Mc Rae, and Z. Drici,. “Variational Lyapunov method for Fractional 

Differential Equations,” Comput. Math. Appl, 64, 2982-2989, 2012. 

[12] D. K. Igobi and J. E. Ante, “Results on Existence and Uniqueness of Solutions of 

Impulsive Neutral Integro-Differential System”. Journal of Mathematics Research, Vol 

10, No. 4, 2018, http://doi:10.5539/jmr.v10n4p165. 

[13] D. K. Igobi and M. P. Ineh, “Results on Existence and Uniqueness of Solutions of 

Dynamic Equation on Time Scale via Generalized Ordinary Differential Equations.” 

International Journal of Applied Mathematics, 37, No. 1, 1-20, 2024. 



Advanced Journal of Science, Technology and Engineering 

ISSN: 2997-5972 

Volume 4, Issue 4, 2024 (pp. 92-110) 

109  Article DOI: 10.52589/AJSTE-9BWUJX9O 

  DOI URL: https://doi.org/10.52589/AJSTE-9BWUJX9O 

www.abjournals.org 

[14] A. A. Kilbas, Marichev, O. I. and S. G. Samko, “Fractional Integrals and Derivatives 

(Theory and Applications), Transl. from the Russian. Gordon and Breach, New York, 

1974. 

[15] V. Lakshmikantham, “On the Method of vector Lyapunov Functions,” 1974, Technical 

report No. 16. 

[16] V.  Lakshmikantham, D. D. Bainov and P. S. Simeonov, “The Theory of Impulsive 

Differential Equations. Series in Modern Applied Mathematics, No. 6, 1989,  World 

Scientific Publishing C. Pte, Ltd (2009). 

[17] V. Lakshmikantham and A. S. Vatsala, “Basic Theory of Impulsive Differential 

Equations,” Nonlinear Analysis: Theory, Methods & Applications, 69(8), 2677-2682, 

2008. 

[18] V. Lakshmikantham, S. Leela and M. Sambandham, “Lyapunov Theory for Fractional 

Differential Equations,” Communications in Applied Analysis, 12 (4), 365, 2008. 

[19] V. Lakshmikantham and S. Leela, “Differential and Integral Inequalities”, Theory and 

Application, Vol. 1. Academic Press, Inc. New York and London, 1969. 

[20] V. Lakshmikantham, S. Leela and A. A. Martynyuk, “Practical Stability of nonlinear 

Systems, World Scientific, Singapore, 1960.   

[21] V. Lakshmikantham, S. Leela and J. V. Devi, “Theory of Fractional Dynamic Systems. 

Cambridge Scientific Publishers, 2009.  

[22] V. Lakshmikantham and A. S. Vatsala, “General Uniqueness and Monotone Iterative 

Technique for Fractional Differential Equations,” Applied Mathematics Letters 21, 828-

834, 2007. 

[23] V. Lakshmikantham, V. M. Matrosov and S. Sivasundaram, “On Vector Lyapunov 

Functions and Stability Analysis of Nonlinear System,” Springer Science-Business 

Media Dordrecht, 1991. 

[24] J. Lasalle and S. Lefschetz, “Stability by Liapunov’s Direct Method with Applications,” 

Academic Press, New York, NY, USA, 1961. 

[25] Y. Li, Y. Chen, I. Podlubny, “Stability of fractional order nonlinear dynamic systems: 

Lyapunov Direct Method and Generalized Mittag-leffler Stability.” Comput. Math. 

Appl. 59, 1810-1821, 2010.  

[26] C. Li, D. Qian, Y. Chen, “On Riemann-Liouville and Caputo derivatives.” Discrete 

Dyn. Nat. Soc, Article ID 562494, 15 pages, 2011. 

[27] C. P. Li and F. R. Zhang, “A survey on the Stability of Fractional Differential 

Equations,” Eur. Phys. J. Special Topics 193, 27-47, 2011, doi:10.1140/epjst/e2011-

01379-1. 

[28] Z. Lipcsey, J. A. Ugboh, I. M. Esuabana and I. O. Isaac, “Existence Theorem for 

Impulsive Differential Equations with Measurable Right Side for Handling Delay 

Problems.” Hindawi Journal of Mathematics, Vol. 2020, Article ID 7089313, 17 pages, 

2020 

[29] A. Ludwig, B. Pustal, D. M. Herlach, “General Concept for a Stability Analysis of a 

Planar Interface under Rapid Solidification Conditions in Multi-Component Alloy 

Systems.” Material Science and Engineering: A, 304, 277-280, 2001. 

[30] V. D. Milman and A. D. Myshkis, “On Motion Stability with Shocks,” Sibirsk. Mat Zh. 

1 233-237, 1960, (in Russian). 

[31] A. A. Martynyuk, “Practical Stability of Motion,” Nauka Dumka Kiev, 1983 [Russian]. 

[32] A. A. Martynyuk, “Practical Stability Conditions for Hybrid Systems,” In 12th World 

Congress of IMACS, Paris, pp. 344-347, 1988. 



Advanced Journal of Science, Technology and Engineering 

ISSN: 2997-5972 

Volume 4, Issue 4, 2024 (pp. 92-110) 

110  Article DOI: 10.52589/AJSTE-9BWUJX9O 

  DOI URL: https://doi.org/10.52589/AJSTE-9BWUJX9O 

www.abjournals.org 

[33] A. A. Martynyuk, “On Practical Stability of Hybrid Systems,” Appl. Mech. 25, 101-

107, 1989 [Russian]. 

[34] I. Podlubny, “Fractional differential equations. An Introduction to Fractional 

Derivatives, Fractional Differential Equations to methods of their Solutions and some of 

their Applications. Mathematics in Science and Engineering 198, Academic Press, San 

Diego, 1999. 

[35] Z. Qunli, “A Class of Vector Lyapunov Functions for Stability Analysis of Nonlinear 

Impulsive Differential System,” Hindawi Publishing Corporation. Mathematical 

problems in Engineering, Article ID 649012, 9 pages, 2014. 

[36] B. S. Razumikhin, “Stability of  Systems with Retardation, Nauka, Moskow, [Russian], 

1988. 

[37] S. G. Samko, A. A. Kilbas and O. I. Marichev, “Fractional Integrals and Derivatives : 

Theory and Applications,” (Gordon and Breach, Armsterdam)1993. 

[38] S. K. Srivastava, K. Amanpreet, “A New Approach to Stability of Impulsive 

Differential Equations. Int. Journal of Math. Analysis, Vol. 3, no. 4, 179-185, 2009. 

[39] J. A. Ugboh and I. M. Esuabana, “Existence and Uniqueness Result for a Class of 

Impulsive Delay Differential Equations.” International Journal ofChemistry, 

Mathematics and Physics, Vol. 2, Issue 4, 2018. 

[40] B. Wu, J. Han and X. Cai, “On the Practical Stability of Impulsive Differential 

Equations with Infinite Delay in Terms of Two Measures.” Abstract and Applied 

Analysis, Vol. 2012, 8 pages, 2012, doi:10.1155/2012/434137. 

[41] C. Wu, “A General Comparison Principle for Caputo Fractional-Order Ordinary 

Differential Equations,” Fractals, 28(04), 2050070.  

 

 

 

 


