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ABSTRACT: The probabilities of misclassification associated with logit-normal distribution
are studied in this work by examining the logistic transformation on normally distributed
random variables. The distribution theory and rules in respect of logit-normal distribution
for conditional and expected probabilities of misclassification are also considered. While the
probability density function (pdf) of conditional probability is generated, the expected
probability of misclassification is approximately established.
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INTRODUCTION

The logit normal distribution used for modeling compositional data involves transforming the
composition by taking logs of ratios of the parts. Applying logistic transformation on a
normally distributed random variables gives rise to a logit normal distribution (Emmanuel et
al, 2007).  The Logistic transformation was originally suggested by Johnson (1949) to
analyze responses that are restricted to a finite (0,1) called bounded outcome score.
Probabilities of misclassification of associated with number of distributions have been
studied at different times by various researchers for different purposes (Mahmoud and
Moustafa, 1995; Onyeagu and Adegboye; Awogbemi et al, 2017; Awogbemi, 2020).

In this study, the distribution theory and rules; distributions of conditional and expected
probabilities of misclassification are generated for Logit-normal distribution. The probability
density function for the conditional probability of misclassification for Logit normal
distribution is also being formulated.

Preliminaries

LetZ = w + ¢log (:_;g”), where w, ¢, m,n € R and 6 is a score on the interval (m.n). This

is to ensure that standard normality is established. Assuming m=0, n=1,w =
0 and ¢ =1 and logistic transformation transcends to a Normal (i, o). If Z consists of the
density f(z) which approximates to f(z, 8), then 6 has a density k( 8 )which approximates

0 k(6,B) = fllogit(x)]55—g Where logit(8) = logit (-5) (1)
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Definition 1

A random variable @ is said to be distributed logit normal (u, o2) if its logit transformation,
log( ) 0< 6 < 1isdistributed N(u, o2).

The density function of a random variable 6 is expressed as
1 1
fUO) = ey &P [~ 357 (K~ 7], —e0 <k <0 @
The conditions of equation (2) with —co < u;, < o, ¢# > 0 are satisfied by p, 2.

The density function is obtained of X is obtained by transforming K = log (%) as

f() = mexp [—%(log {%} - uk)z], 0<o<1 (3)

METHODS
Conditional Probability of Misclassification

The conditional probability of misclassification when an observation 6 € m; is misclassified
is expressed as

= = 1 1 1 0 = =
e12(61,02) = f_§1+§2 6(1-8)ox(V2m) exp [_ 202 {log (1—9) - 'u’z‘}] d0,(6, < 0;)  (4)
2

61462 5 _
- fO i 6(1- G)Uk(\/ﬁ p[ log( ) n“k}] do, (6, = 6,) (5)
6
log—— —
When the variable of integration is transformed by taking S = w,
k
— — . [o'e) 1 1 2 — —
e12(01,02) = [ 0,40, | Nor [—55 ]ds, (6, < 62) (6)
log|3=81=b2|_,,
Ok
01+62
log 2_961_62 —Hik
k 1 1 5 = =
=/ ! I zexp [_ES ]ds, (6, = 0,) (7)

Equation (5) can be expressed as

N N (29:};9@2_ k) n n
e12(0,,6,) =1—-@ log—k — Mok |, (61 < 63)
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2—-601-6> k 2) 2)
=1-0 log%—mk (6,2 0) t)

Distribution of Conditional Probability of Misclassification

When 6, < 6, and > explu, — 0, @7 1(2)], €12(04,6,) < z.

Also, when 8, > 6, and % < explux + 0, @~1(2)] , equation (8) holds.
—v1—Ub2

Thus,

Prle;,(6,,6,) < z] = Pr {62 0, > 0,5 02 > exply — oy ‘l(z)]}

+Pr{0, -0, <0, jfgg < explisc + 0,072} ()

—U170U2
Giventhat d, = explu, — 0, @ (z)] and d; = exp[u,+o, P~ 1(2)], then

0, + 6, _ _
7765, >dy =>0, + 0, >2d, — 0,d, — 0,d,
=> 0, +6,d,+ 0, + 0,d, = 2d,

=> (6_1 + 9_2)(1+d0) > Zdo

=~ = 2d
=> (91 + 92) 2 1+;0
=~ = 2d
=>0,, +0, < 1+211 (10)
Equation (8) now results to
_ _ _ —_ d _ _
e1,[(8,,8,) < z] when (8, + 8,) > 12+—d°0 0, < 05,)
_ —_ Zd _ _
or (8; +6,) < =, (6, = 6) (11)
1
Prle,,(6:,8,) < 2] = Pr{f, —8,> 0,6, +6,) ==
~ ~ 2d1
+Pr{92—91S0,Sle} (12)
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Probability Density Function of e;,(6,05)

IfA = 9_1 _9_2 andB = 9_1 +9_2,then

Prles,(8,,8,) < z] = Pr {A >0, B > 12‘1;} +Pr {A <0, B< 12+d§1 } (13)

0

By Standardizing the variables A and B,

2dq
_ A B =Ly,
Prle;;(6,0;) < z] =Pr {U_ﬂa >kte 20 > b }

a Oaq Op Op

Zdl
A- B- Td; HMb
+PT{¢<—&, #bS1+1 }
Oa Oaq Op Op

2dq 2dq

—Hb —Hb

=P1’{zl>—@,2221+d1 }+Pr{zl<—@,zzg&} (14)
Oa Op Oq Obp

Approximating the distributions of 8,8, by the normal distribution, and considering large
sample sizes, equation (14) becomes

O 1+d, Oq op

where p *= % (2) ~SBVN [(8) ) <p1* p1*>]

02 o- 0.2 02
Hg = Up — Uy, Up = U + U, O'g =(n—1+—2)=0'bz, O-C%b =(_1__2)

n;

2dq
-  [ka : o Trdy b
Pr[elz (91' 02) S Z] = _]p* I:H_ll'l'b 2d0 ] +_]p* l_u_ $‘|’ (15)

Equation (15) results to

Prlei;(6,,6,) < z] = L[j11'j21, P*] + L[jlz»jzz, P*] (16)
-1
- (n1+u2) 2€xp[u1k__gkq> _ @]
where j,, =82 —_j .-  j, = [ erp(iy o 8],
niy ny

2{2exp[pqp+o, 0" 1(2)]}
1+exp(u1k—ak¢‘1(Z))—(u1+uz)

J22 = —
,ﬂ+"_2
nq, ny

If L(zy,2, p*) =]p* (2, 23 ), then the distribution of e;,(8;,8,) can be expressed as

Q(2) = f_]Z(Z) f_]:; f(2zq, 2z;)dz,dz, + f_]Z(Z) f__ojon (24, z;)dz,dz, (17)
The pdf of e;,(8,,0,) is now expressed as

q(z) = Q' (2) (18)
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' . . -f . .
where q(2) = [72 f[ 21,1 (D31 (2 dzy +[_ 1" fl21,j22 (D322
Equation (18) is strictly an intractable function of z.

Expected Probability of Misclassification of e;,(084,0;)

The expected probability of misclassification is expressed as

6,+2

Ele12(6,6,)] = Pr{(6, — 61) > 0,X — == > 0/0emy}
+Pr{(8, - 6,) <0, — 222 < 0/6er, (19)

— 2 _ 2
By Central Limit Theorem, 6, ~N (ul,—l), 6,~N (Mz, 2) and with

o o
n, n,
-t _1 2 I\ itributi
9(6) = TR exP{ 0% [log (1_9) uk]}, 0 < @ < 1, the distribution of

0,0, and 6 are independent. Thus, the first term by the right-hand side of equation
(19) becomes

Pri@,-0,)>0,6 —2(8,+0,) 20} = [ Pr{(8, - 6:) > 0,(6; + 6,) <
26\0}g(6)} do (20)

Let the probability in the integrand be denoted by

P(6) = Pr{A > 0,B < 26}, (1)
2
where (g) ~ BVN [(Z;‘) <Zab Z?)l
a

By standardizing the variables, the probability

29—[l.b

- 0 =P
: ﬂb} = f—l:_—a f—ogb ],D(Zl'ZZ)dzleZ

P(0) = Pr {zl >t . <

Hbp Op

ba 29—#b
= f_oo‘é J g J-p (21,27)dz,dz,

o 20—
=1 5 52 (22)
The last term of equation (19) becomes
Pr{f,— 8, <0,0,+8, >26 }= [ p'(6)g(6)db, (23)

where p1(9) - PI‘{(A) <0,B =< 29} =Pr {Z1 < %;Zz = _219—#1;}

Op

Mo o
= f_og“ f29-_#b J-p (z1, z;)dz,dz,
op
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_Ha _20-mp
= f_og“ f_oogb J-p (21,2,)dz,dz,

=/ [_‘;_aa' M] (24)

Ob

Thus, the approximation for the probability of misclassification is given as

Elern (8, = 0] ~ [;” g(0) |- &, 220 | 4 ), |-, 220 | ag, (25)

oa’  Op

where g(8) = mexp {—%a,f [log (1%) — ,uk]}, 0<f <o

CONCLUSION

Probabilities of misclassification associated with logit-normal distribution have been
considered in respect of distribution theory, conditional and expected probabilities of
misclassification. While the probability density function of conditional probability of
misclassification was generated, the approximation of the expected probability of
misclassification is effectively established.
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