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ABSTRACT: The probabilities of misclassification associated with logit-normal distribution 

are studied in this work by examining the logistic transformation on normally distributed 

random variables. The distribution theory and rules in respect of logit-normal distribution 

for conditional and expected probabilities of misclassification are also considered. While the 

probability density function (pdf) of conditional probability is generated, the expected 

probability of misclassification is approximately established. 
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INTRODUCTION 

The logit normal distribution used for modeling compositional data involves transforming the 

composition by taking logs of ratios of the parts. Applying logistic transformation on a 

normally distributed random variables gives rise to a logit normal distribution (Emmanuel et 

al, 2007).   The Logistic transformation was originally suggested by Johnson (1949) to 

analyze responses that are restricted to a finite (0,1) called bounded outcome score. 

Probabilities of misclassification of associated with number of distributions have been 

studied at different times by various researchers for different purposes (Mahmoud and 

Moustafa, 1995; Onyeagu and Adegboye; Awogbemi et al, 2017; Awogbemi, 2020). 

In this study, the distribution theory and rules; distributions of conditional and expected 

probabilities of misclassification are generated for Logit-normal distribution. The probability 

density function for the conditional probability of misclassification for Logit normal 

distribution is also being formulated. 

Preliminaries 

Let 𝑍 = 𝜔 + 𝜑 log (
 θ −𝑚

𝑛− θ 
), where 𝜔, 𝜑, 𝑚, 𝑛 ∈ 𝑅 𝑎𝑛𝑑  θ  is a score on the interval (m.n). This 

is to ensure that standard normality is established. Assuming 𝑚 = 0, 𝑛 = 1, 𝜔 =
0 𝑎𝑛𝑑   𝜑 = 1 and logistic transformation transcends to a Normal (𝜇, 𝜎). If Z consists of the 

density 𝑓(𝑧) which approximates to 𝑓(𝑧, 𝛽), then θ has a density 𝑘( θ )which approximates 

to 𝑘( θ , 𝛽) = 𝑓[𝑙𝑜𝑔𝑖𝑡(𝑥)]
1

 θ (1− θ )
, where 𝑙𝑜𝑔𝑖𝑡( θ ) = 𝑙𝑜𝑔𝑖𝑡 (

 θ 

1− θ 
)                          (1) 
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Definition 1 

A random variable 𝜃 is said to be distributed logit normal (𝜇, 𝜎2) if its logit transformation, 

𝐾 = 𝑙𝑜𝑔 (
 θ 

1− θ 
) , 0 <  θ < 1 is distributed  𝑁(𝜇, 𝜎2). 

The density function of a random variable θ is expressed as  

       𝑓(𝑘) =
1

(√2𝜋)𝜎𝑘
exp [−

1

2𝜎𝑘
2 (𝑘 − 𝜇𝑘)2], −∞ < 𝑘 < ∞                                                    (2) 

The conditions of equation (2) with  −∞ < 𝜇𝑘 < ∞,   𝜎𝑘
2 > 0 are satisfied by  𝜇𝑘, 𝜎𝑘

2. 

The density function is obtained of X is obtained by transforming 𝐾 = 𝑙𝑜𝑔 (
 θ 

1− θ 
) as  

        𝑓(𝜃) =
1

 θ (1− θ )𝜎𝑘(√2𝜋)
𝑒𝑥𝑝 [−

1

2𝜎𝑘
2 (𝑙𝑜𝑔 {

 θ 

1− θ 
} − 𝜇𝑘)

2
],  0 <  θ < 1                            (3) 

 

METHODS 

Conditional Probability of Misclassification 

The conditional probability of misclassification when an observation 𝜃 ∈ 𝜋1 is misclassified 

is expressed as 

 𝑒12(𝜃̅1, 𝜃̅2) = ∫
1

𝜃(1−𝜃)𝜎𝑘(√2𝜋)
𝑒𝑥𝑝

1
𝜃̅1+𝜃̅2

2

[−
1

2𝜎𝑘
2 {𝑙𝑜𝑔 (

𝜃

1−𝜃
) − 𝜇𝑘

2}] 𝑑𝜃, (𝜃̅1 < 𝜃̅2)      (4) 

                                 = ∫
1

𝜃(1−𝜃)𝜎𝑘(√2𝜋)
𝑒𝑥𝑝

𝜃̅1+𝜃̅2
2

0
[−

1

2𝜎𝑘
2 {𝑙𝑜𝑔 (

𝜃

1−𝜃
) − 𝜇𝑘

2}] 𝑑𝜃, (𝜃̅1 ≥ 𝜃̅2)  (5) 

            When the variable of integration is transformed by taking  𝑆 =
𝑙𝑜𝑔

𝜃

1−𝜃
 −𝜇𝑘

𝜎𝑘
,  

               𝑒12(𝜃̅1, 𝜃̅2) = ∫
1

√2𝜋
𝑒𝑥𝑝 [−

1

2
𝑠2] 𝑑𝑠

∞

𝑙𝑜𝑔[

𝜃̅1+𝜃̅2
2−𝜃̅1−𝜃̅2

𝜎𝑘
]−𝜇1𝑘

,    (𝜃̅1 < 𝜃̅2)               (6) 

                                 = ∫
1

√2𝜋
𝑒𝑥𝑝 [−

1

2
𝑠2] 𝑑𝑠

𝑙𝑜𝑔[

𝜃̅1+𝜃̅2
2−𝜃̅1−𝜃̅2

𝜎𝑘
]−𝜇1𝑘

−∞
,  (𝜃̅1 ≥ 𝜃̅2)                              (7) 

              Equation (5) can be expressed as  

               𝑒12(𝜃̅1, 𝜃̅2) = 1 − Ф [log
(

𝜃̅1+𝜃̅2
2−𝜃̅1−𝜃̅2

−μk)

σk
− μ2k], (𝜃̅1 < 𝜃̅2) 
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                        = 1 −  Ф [log
(

𝜃̅1+𝜃̅2
2−𝜃̅1−𝜃̅2

−μk)

σk
− μ2k], (𝜃̅1 ≥ 𝜃̅2)                                                (8) 

Distribution of Conditional Probability of Misclassification  

When 𝜃̅1 < 𝜃̅2 and 
𝜃̅1+𝜃̅2

2−𝜃̅1−𝜃̅2
  > 𝑒𝑥𝑝[𝜇𝑘 − 𝜎𝑘Ф−1(𝑧)] , 𝑒12(𝜃̅1, 𝜃̅2) ≤ z. 

 

Also, when  𝜃̅1 ≥ 𝜃̅2  and   
𝜃̅1+𝜃̅2

2−𝜃̅1−𝜃̅2
 ≤ 𝑒𝑥𝑝[𝜇𝑘 + 𝜎𝑘Ф−1(𝑧)] , equation (8) holds. 

Thus, 

 𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝑃𝑟 {𝜃̅2 − 𝜃̅1 > 0,
𝜃̅1+𝜃̅2

2−𝜃̅1−𝜃̅2
≥ 𝑒𝑥𝑝[𝜇𝑘 − 𝜎𝑘Ф−1(𝑧)]} 

                                         + 𝑃𝑟 {𝜃̅2 − 𝜃̅1 ≤ 0,
𝜃̅1+𝜃̅2

2−𝜃̅1−𝜃̅2
≤ 𝑒𝑥𝑝[𝜇𝑘 + 𝜎𝑘Ф−1(𝑧)]}   (9) 

 

Given that 𝑑0 =  𝑒𝑥𝑝[𝜇𝑘 − 𝜎𝑘Ф−1(𝑧)] and 𝑑1 =  𝑒𝑥𝑝[𝜇𝑘+𝜎𝑘Ф−1(𝑧)], then 

 

𝜃̅1 + 𝜃̅2

2 − 𝜃̅1 − 𝜃̅2

≥ 𝑑0 => 𝜃̅1 + 𝜃̅2 ≥ 2𝑑0 − 𝜃̅1𝑑0 − 𝜃̅2𝑑0 

=> 𝜃̅1 + 𝜃̅1𝑑0 + 𝜃̅2 + 𝜃̅2𝑑0 ≥ 2𝑑0 

                                     => 𝜃̅1(1 + 𝑑0) + 𝜃̅2(1 + 𝑑0) ≥ 2𝑑0 

                                     => (𝜃̅1 + 𝜃̅2)(1+𝑑0) ≥ 2𝑑0 

                                                  => (𝜃̅1 + 𝜃̅2) ≥
2𝑑0

1+𝑑0
                                 

                                               => 𝜃̅11
+ 𝜃̅2 ≤

2𝑑1

1+21
  when ≤ 𝑑1                                    (10) 

                 Equation (8) now results to  

                 𝑒12[(𝜃̅1, 𝜃̅2) ≤ 𝑧]  when (𝜃̅1 + 𝜃̅2) ≥
2𝑑0

1+𝑑0
, (𝜃̅1 < 𝜃̅2)   

                          or (𝜃̅1 + 𝜃̅2) ≤ 
2𝑑1

1+𝑑1
, (𝜃̅1 ≥ 𝜃̅2)                                             (11) 

             𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝑃𝑟 {𝜃̅2 − 𝜃̅1 > 0, (𝜃̅1 + 𝜃̅2)  ≥
2𝑑0

1+𝑑0
} 

                                                         + 𝑃𝑟 {𝜃̅2 − 𝜃̅1 ≤ 0, ≤  
2𝑑1

1+𝑑1
  }                           (12) 
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Probability Density Function of  𝒆𝟏𝟐(𝜽̅𝟏, 𝜽̅𝟐) 

If 𝐴 = 𝜃̅1 − 𝜃̅2 and 𝐵 = 𝜃̅1 + 𝜃̅2, then  

             𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝑃𝑟 {𝐴 > 0, 𝐵 ≥
2𝑑0

1+𝑑0
}  + 𝑃𝑟 {𝐴 < 0, 𝐵 ≤  

2𝑑1

1+𝑑1
  }           (13) 

          By Standardizing the variables A and B, 

 𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝑃𝑟 {
𝐴−𝜇𝑎

𝜎𝑎
>

𝜇𝑎

𝜎𝑎
,

𝐵−𝜇𝑏

𝜎𝑏
≥

2𝑑1
1+𝑑1

−𝜇𝑏

𝜎𝑏
} 

                                                      +𝑃𝑟 {
𝐴−𝜇𝑎

𝜎𝑎
< −

𝜇𝑎

𝜎𝑎
,

𝐵−𝜇𝑏

𝜎𝑏
≤

2𝑑1
1+𝑑1

−𝜇𝑏

𝜎𝑏
}                                  

   = 𝑃𝑟 {𝑧1 > −
𝜇𝑎

𝜎𝑎
, 𝑧2 ≥

2𝑑1
1+𝑑1

−𝜇𝑏

𝜎𝑏
} + 𝑃𝑟 {𝑧1 < −

𝜇𝑎

𝜎𝑎
, 𝑧2 ≤

2𝑑1
1+𝑑1

−𝜇𝑏

𝜎𝑏
}   (14) 

Approximating the distributions of  𝜃̅1, 𝜃̅2  by the normal distribution, and considering large        

sample sizes, equation (14) becomes  

                   𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝑗𝜌∗ [
𝜇𝑎

𝜎𝑎
, 𝜇𝑏 −

2𝑑0

1+𝑑0
] + 𝑗𝜌∗ [−

𝜇𝑎

𝜎𝑎
,

2𝑑1
1+𝑑1

−𝜇𝑏

𝜎𝑏
],                    (15) 

  where  𝜌 ∗=
𝜎𝑎𝑏

𝜎𝑎𝜎𝑏
,    (

𝑧1

𝑧2
) ~𝑆𝐵𝑉𝑁 [(

0
0

) , (
1 𝜌 ∗

𝜌 ∗ 1
)] 

   𝜇𝑎 = 𝜇2 − 𝜇1, 𝜇𝑏 = 𝜇2 + 𝜇1,  𝜎𝑎
2 = (

𝜎1
2

𝑛1
+

𝜎2
2

𝑛2
) = 𝜎𝑏

2,   𝜎𝑎𝑏
2 = (

𝜎1
2

𝑛1
−

𝜎2
2

𝑛2
)  

      Equation (15) results to  

                   𝑃𝑟[𝑒12(𝜃̅1, 𝜃̅2)  ≤  z] = 𝐿[𝑗11, 𝑗21, 𝜌
∗] + 𝐿[𝑗12, 𝑗22, 𝜌

∗]                                     (16) 

      where    𝑗11 =
𝜇1−𝜇2

√𝜎𝑎
2

= −𝑗12;          𝑗21 =
(𝜇1+𝜇2)−

2𝑒𝑥𝑝[𝜇1𝑘−𝜎𝑘Ф−1(𝑧)]

{1+𝑒𝑥𝑝(𝜇1𝑘−𝜎𝑘Ф−1(𝑧))}

√
𝜎1

2

𝑛1
+

𝜎2
2

𝑛2

; 

                    𝑗22 =

2{2𝑒𝑥𝑝[𝜇1𝑘+𝜎𝑘Ф−1(𝑧)]}

1+𝑒𝑥𝑝(𝜇1𝑘−𝜎𝑘Ф−1(𝑧))−(𝜇1+𝜇2)

√
𝜎1

2

𝑛1
+

𝜎2
2

𝑛2

 

       If  𝐿(𝑧1, 𝑧2 ,   𝜌
∗) = 𝐽𝜌∗( 𝑧1,  𝑧2 ), then the distribution of  𝑒12(𝜃̅1, 𝜃̅2) can be expressed as  

         𝑄(𝑧) = ∫ ∫ 𝑓( 𝑧1,  𝑧2 )𝑑𝑧1𝑑𝑧2
𝑗11

−∞

𝑗21(𝑧)

−∞
 + ∫ ∫ 𝑓( 𝑧1,  𝑧2 )𝑑𝑧1𝑑𝑧2

−𝑗11

−∞

𝑗22(𝑧)

−∞
                    (17) 

        The pdf of 𝑒12(𝜃̅1, 𝜃̅2)  is now expressed as 

                 𝑞(𝑧) = 𝑄1(𝑧)                                                                (18) 
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       where  𝑞(𝑧) = ∫ 𝑓[ 𝑧1, 𝑗21(𝑧)]𝑗21
1 (𝑧)𝑑𝑧1

𝑗11

−∞
 +∫ 𝑓[𝑧1, 𝑗22(𝑧)]𝑗22

1 𝑑𝑧1
−𝑓11

−∞
 

       Equation (18) is strictly an intractable function of z. 

Expected Probability of Misclassification of  𝒆𝟏𝟐(𝜽̅𝟏, 𝜽̅𝟐) 

The expected probability of misclassification is expressed as  

𝐸[𝑒12(𝜃̅1, 𝜃̅2)] = Pr {(𝜃̅2 − 𝜃̅1) > 0, 𝑋 −
𝜃̅1+2

2
≥ 0/𝜃𝜖𝜋1}  

                                                        + Pr {(𝜃̅2 − 𝜃̅1) ≤ 0, 𝜃 −
1

2

𝜃̅1+2

2
< 0/𝜃𝜖𝜋1                    (19) 

     By Central Limit Theorem, 𝜃̅1~𝑁 (𝜇1,
𝜎1

2

𝑛1
) ,  𝜃̅2~𝑁 (𝜇2,

𝜎2
2

𝑛2
)  𝑎𝑛𝑑 with  

    𝑔(𝜃) =
1

𝜃(1−𝜃)𝜎𝑘√2𝜋

𝑒𝑥𝑝 {−
1

2
𝜎𝑘

2 [log (
𝜗

1−𝜃
) − 𝜇𝑘]},  0 < 𝜃 < 1, the distribution of   

𝜃̅1, 𝜃̅2 𝑎𝑛𝑑  𝜃 𝑎𝑟𝑒 𝑖𝑛𝑑𝑒𝑝𝑒𝑛𝑑𝑒𝑛𝑡. Thus, the first term by the right-hand side of equation 

(19) becomes 

        𝑃𝑟 {(𝜃̅2 − 𝜃̅1 ) > 0, 𝜃 −
1

2
(𝜃̅1 + 𝜃̅2 ) ≥ 0} = ∫ 𝑃𝑟{(𝜃̅2 − 𝜃̅1 ) > 0, (𝜃̅1 + 𝜃̅2 ) ≤

1

0

2𝜃\𝜃}𝑔(𝜃)} 𝑑𝜃             (20) 

       Let the probability in the integrand be denoted by 

                         𝑃(𝜃) = 𝑃𝑟{𝐴 > 0, 𝐵 ≤ 2𝜃},                                                                  (21) 

       where  (
𝐴
𝐵

) ≅ 𝐵𝑉𝑁 [(
𝜇𝑎

𝜇𝑏
) (

𝜎𝑎
2 𝜎𝑎𝑏

𝜎𝑎𝑏 𝜎𝑏
2 )] 

       By standardizing the variables, the probability 

                  𝑃(𝜃) = 𝑃𝑟 {𝑧1 >
𝜇𝑎

𝜇𝑏
, 𝑧2 <

2𝜃−𝜇𝑏

𝜎𝑏
}  = ∫

∞

−
𝜇𝑎  
𝜎𝑎

∫ 𝑗𝜌(
2𝜃−𝜇𝑏

𝜎𝑏
−∞

𝑧1, 𝑧2)d𝑧1d𝑧2 

                                                                           = ∫
𝜇𝑎  
𝜎𝑎

−∞
∫ 𝑗−𝜌

2𝜃−𝜇𝑏
𝜎𝑏

−∞
(𝑧1, 𝑧2)d𝑧1d𝑧2                                  

                                                                          = 𝐽−𝜌 [
𝜇𝑎  

𝜎𝑎
,

2𝜃−𝜇𝑏

𝜎𝑏
 ]                                 (22) 

The last term of equation (19) becomes  

                        𝑃𝑟{𝜃̅2 − 𝜃̅1 ≤ 0, 𝜃̅2 + 𝜃̅1 ≥ 2𝜃  } = ∫ 𝑝1(𝜃)𝑔(𝜃)
1

0
𝑑𝜃,                          (23) 

where  𝑝1(𝜃) = Pr{(𝐴) ≤ 0, 𝐵 ≤ 2𝜃} = Pr {𝑧1 ≤
𝜇𝑎

𝜎𝑎
, 𝑧2 ≥

2𝜗−𝜇𝑏

𝜎𝑏
} 

                                                                = ∫
−

𝜇𝑎  
𝜎𝑎

−∞
∫  𝑗−𝜌

∞
2𝜃−𝜇𝑏

𝜎𝑏

(𝑧1, 𝑧2)d𝑧1d𝑧2 
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                                                                = ∫
−

𝜇𝑎  
𝜎𝑎

−∞
∫ 𝑗−𝜌

−
2𝜃−𝜇𝑏

𝜎𝑏
−∞

(𝑧1, 𝑧2)d𝑧1d𝑧2 

                                                                = 𝐽−𝜌 [−
𝜇𝑎  

𝜎𝑎
,

𝜇𝑏−2𝜃

𝜎𝑏
 ]                                         (24) 

Thus, the approximation for the probability of misclassification is given as  

𝐸[𝑒12(𝜃̅2 − 𝜃̅1)] ≈ ∫ 𝑔(𝜃) [𝐽−𝜌 〈
𝜇𝑎  

𝜎𝑎
,

2𝜃−𝜇𝑏

𝜎𝑏
〉]

∞

0
+ 𝐽−𝜌 [−

𝜇𝑎  

𝜎𝑎
,

𝜇𝑏−2𝜃

𝜎𝑏
 ] 𝑑𝜃,                        (25) 

 where    𝑔(𝜃) =
1

𝜃(1−𝜃)𝜎𝑘√2𝜋

𝑒𝑥𝑝 {−
1

2
𝜎𝑘

2 [log (
𝜗

1−𝜃
) − 𝜇𝑘]},  0 < 𝜃 < ∞                                                   

 

CONCLUSION 

Probabilities of misclassification associated with logit-normal distribution have been 

considered in respect of distribution theory, conditional and expected probabilities of 

misclassification. While the probability density function of conditional probability of 

misclassification was generated, the approximation of the expected probability of 

misclassification is effectively established. 
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