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ABSTRACT: This paper develops a deterministic model to 

analyze the transmission dynamics and control measures of avian 

influenza, with a specific emphasis on bird-to-human 

transmission. The model innovatively integrates key intervention 

measures, including vaccination, treatment, and quarantine, while 

categorizing the human population into seven distinct classes and 

the bird population into four. A dynamic analysis is conducted to 

elucidate the epidemiological characteristics and potential 

control measures for avian influenza outbreaks. The qualitative 

properties of the model are rigorously assessed using the Jacobian 

matrix, and the basic reproductive ratios are calculated utilizing 

the next-generation matrix approach. A stability analysis of the 

equilibrium states is performed through the trace and determinant 

of the Jacobian matrix, revealing the existence of two key 

equilibria: the disease-free equilibrium and an endemic 

equilibrium. Simulation experiments show that the synergistic 

application of all three control measures significantly reduces 

infection rates compared to the implementation of individual or 

paired strategies. Furthermore, a sensitivity analysis highlights 

the most influential parameters affecting control outcomes, 

enhancing the understanding of effective management strategies. 

This research provides valuable insights into managing avian 

influenza transmission, contributing to the broader discourse on 

infectious disease control in avian and human populations.  
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INTRODUCTION 

Avian influenza, commonly referred to as bird flu, is a severe and highly contagious viral 

infection that predominantly targets the respiratory system. The disease has seasonal outbreaks 

each year, leading to significant illness and causing the deaths of hundreds of thousands of 

individuals globally. Modnak [26] and David et al. [14] classify influenza A viruses that infect 

birds into two categories: Low Pathogenic Avian Influenza (LPAI) and High Pathogenic Avian 

Influenza (HPAI). There are four types of influenza viruses: A, B, C, and D. Types A and B 

are responsible for seasonal flu outbreaks in humans, type C is uncommon and usually causes 

mild respiratory symptoms without leading to epidemics, and type D primarily affects cattle. 

Between 21 September and 6 December 2024, 657 highly pathogenic avian influenza (HPAI) 

A(H5N1) and A(H5N5) virus detections were reported in domestic (341) and wild (316) birds 

across 27 countries in Europe [7]. 

Avian influenza is highly severe, with a mortality rate of about 60%, resulting in numerous 

hospitalizations, deaths, and significant economic impacts. Infected birds usually show 

symptoms within two to seven days, depending on the virus strain [14, 26]. A 2012 publication 

by the Centers for Disease Control and Prevention (CDCP) [11, 12] states that influenza in 

humans can range from mild to severe illness and, in some cases, can be fatal. Common 

symptoms of the flu include fever or chills, cough, sore throat, runny or stuffy nose, muscle or 

body aches, headaches, fatigue, and shortness of breath. Between 21 September and 11 

December 2024, 56 new human cases of avian influenza virus infection were reported from 

North America (45 A(H5N1) cases), Viet Nam (one A(H5)) and China (10 A(H9N2) cases). 

Most of North America’s A(H5) human cases (95.6%, 𝑛 = 43/45) had reported exposure to 

poultry, live poultry markets, or dairy cattle before avian influenza virus detection or onset of 

illness [7].According to Gubar and Quanyan [18], prevention or suppression of avian influenza 

in infected patients can be achieved through non-pharmaceutical interventions, such as 

isolation and quarantine, as well as pharmaceutical measures, including the use of antivirals 

and vaccines. The most effective prevention strategy is to avoid exposure to sources of the flu. 

Since different types of bird flu can cause varying symptoms, treatment approaches may differ 

accordingly. As a highly communicable disease, avian influenza presents significant challenges 

to both bird and human populations globally. Therefore, implementing control and prevention 

strategies is essential to combat the threat posed by avian influenza infections. 

Over the past two decades, numerous epidemiological models have been developed based on 

the classical Susceptible-Infected-Removed (SIR) framework to predict the spread of 

influenza. 

Evirgen 𝑒𝑡 𝑎𝑙. [16] introduced a novel model for influenza A dynamics utilizing the Caputo-

Fabrizio fractional derivative operator, focusing on distinct contact rates between exposed and 

infected individuals. They established the existence and uniqueness of the solution, derived a 

series solution for all compartments via the Laplace transform method, and analyzed the 

reproduction number to assess contact rate effectiveness. By applying the predictor-corrector 

method, they demonstrated the effectiveness of the fractional derivative in accurately 

predicting disease dynamics, highlighting its potential to improve disease modeling and 

enhance understanding of influenza A mechanisms. 

Tingting 𝑒𝑡 𝑎𝑙. [34] developed a time-periodic reaction-diffusion model to analyze avian 

influenza virus transmission among birds, poultry, and humans, incorporating environmental 
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transmission and spatial heterogeneity. Their study confirmed the well-posedness of solutions 

and characterized the basic reproduction number 𝑅0 as a threshold for global dynamics. They 

demonstrated the existence of an endemic equilibrium and its global attractiveness in the 

autonomous model. Additionally, numerical simulations illustrated the theoretical results and 

assessed the impact of various parameters on 𝑅0. 

Hayama 𝑒𝑡 𝑎𝑙. [19] assert the critical importance of early detection in effectively controlling 

outbreaks of highly pathogenic avian influenza (HPAI) on poultry farms. Through a thorough 

analysis of daily mortality data from twelve broiler chicken farms during the 2020-2021 H5N8 

outbreak in Japan, the authors applied a Susceptible-Exposed-Infectious-Removed (SEIR) 

model to rigorously assess transmission dynamics. Their results reveal a median transmission 

rate of 1.449 per day, with a significant time window of 14.0 days from the introduction of the 

virus to the notification. Furthermore, the stochastic model demonstrates that this window can 

extend to 21 days, with a range of 12 to 34 days. Importantly, the study identifies that older 

birds correspond to lower transmission rates and longer notification delays (p-value = 0.02). 

This research unequivocally provides essential insights that will enhance early detection efforts 

and strengthen tracing protocols for managing avian influenza outbreaks effectively. 

In the paper by Imran [20], a deterministic model is developed to explore the transmission 

dynamics of influenza, highlighting the significance of hospitalization effects and diffusion. 

The model is represented as a system of partial differential equations, solved using some 

numerical techniques. The study also calculates the basic reproduction number, ensuring local 

stability of a disease-free equilibrium in the absence of diffusion. Additionally, various 

numerical simulations illustrate how different input parameter values influence the steady-state 

conditions across the population compartments, particularly emphasizing the impact of the 

effective contact rate. 

Putri and Syafwan [28] explore the application of mathematical modeling as a strategic tool for 

controlling epidemics in their study. They develop a foundational model to analyze the bird flu 

epidemic, emphasizing vaccination as a key method for disease management. The authors 

reformulate their bird flu model to account for the effects of vaccination, representing the 

system using ordinary differential equations. Their work also includes a discussion on the 

stability of both models, linking stability to a threshold number that determines whether a 

population remains free of the bird flu virus or becomes infected. To validate their analytical 

findings, the authors present numerical solutions illustrated on a phase plane. 

Alexander 𝑒𝑡 𝑎𝑙. [8] developed a mathematical model to explore the transmission dynamics of 

influenza and evaluate the impact of immunization using a partially effective vaccine. The 

model includes the recruitment of infected individuals, which is identified as a critical factor 

in understanding the transmission dynamics of the disease. Their analysis considers two 

scenarios: one where the population does not admit new infected individuals and another where 

there is an inflow of infective individuals. The model incorporates vaccination with a known 

efficacy, highlighting the importance of immunization in controlling the spread of influenza 

within the population. 

Tchuenche et al. [30] developed and analyzed an influenza pandemic model incorporating 

vaccination and treatment, considering two preventive scenarios with varying vaccine uptake: 

increasing and decreasing. The model uses a Susceptible-Vaccinated-Infected-Treatment-

Recovered (𝑆 − 𝑉 − 𝐼 − 𝑇 − 𝑅) framework to capture the dynamics of the pandemic. 

Given the need for a deeper understanding of the history, transmission, and control strategies 
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of avian influenza, this paper expands the classification of avian influenza infection to include 

a broader range of classes. The study employs both analytical and numerical methods to address 

the transmission dynamics and control of the flu from birds to humans using a deterministic 

model. This model extends the traditional Susceptible-Infected-Recovered (𝑆 − 𝐼 − 𝑅) 

framework in an open population [5, 6, 22] to include the following additional compartments: 

Susceptible birds (𝑆𝑏), Vaccinated birds (𝑉𝑏), Exposed birds (𝐸𝑏), Infected birds (𝐼𝑏), 

Susceptible humans (𝑆ℎ), Vaccinated humans (𝑉ℎ), Exposed humans (𝐸ℎ), Infected humans 

(𝐼ℎ), Quarantined individuals (Q), Treated individuals (T), and Recovered individuals (R). The 

paper then discusses the qualitative properties of the solution and presents numerical 

simulations to support the findings. 

 

MATHEMATICAL FORMULATION OF THE MODEL 

Assumptions of Avian influenza Model 

The model formulation is based on the following assumptions: 

● Infection occurs due to human contact with infected birds. 

● Entry into both the bird and human population is open, and the way of exit is through 

mortality from natural causes or death caused by infection. 

● A proportion of the recruited individuals are either immunized or not against avian 

influenza. 

● Vaccination of both susceptible birds and humans is done at the initial stage. 

● The people with active immunity in the susceptible compartment moved directly to the 

recovered compartment without being infected. 

● The avian influenza disease is assumed to confer temporary immunity. Therefore, 

individuals in this category recovered and became susceptible again. 

● The people in each compartment have an equal mortality or natural death rate 𝜇. 

Model Description 

In this section, a mathematical model is formulated to describe the dynamics and transmission 

of avian influenza from birds to the human population. The model is both compartmental and 

deterministic, encompassing compartments for birds (𝑆𝑏 − 𝑉𝑏 − 𝐸𝑏 − 𝐼𝑏) and humans (𝑆ℎ −
𝑉ℎ − 𝐸ℎ − 𝐼ℎ − 𝑄 − 𝑇 − 𝑅). It incorporates epidemiological features that capture the infection 

dynamics between birds and humans in an open population using a system of ordinary 

differential equations and bilinear incidence. 

The model builds on the basic Susceptible-Infected-Recovered (𝑆 − 𝐼 − 𝑅) framework from 

Kermack but extends it to an open population by including recruitment into both human and 

bird populations, with additional compartments for vaccination, exposure, quarantine, and 

treatment. 
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The total population of both humans and birds at any time t is represented by 𝑁ℎ(𝑡) and 𝑁𝑏(𝑡) 

given as 𝑁ℎ(𝑡) = 𝑆ℎ + 𝑉ℎ + 𝐸ℎ + 𝐼ℎ + 𝑄 + 𝑇 + 𝑅 and 𝑁𝑏(𝑡) = 𝑆𝑏 + 𝑉𝑏 + 𝐸𝑏 + 𝐼𝑏. It is 

important to note that when an individual comes into contact with an infected bird or consumes 

uncooked parts of an infected bird, the virus begins to multiply within the cells. 

Considering the above factors, the schematic flow diagram for the avian influenza model is 

presented in Figure 1. 

 

Figure 1: Flowchart of avian influenza transmission model with intervention 

     Table 1: Parameters of the avian influenza model  

Symbol Description 

∧ℎ Human recruitment rate 

∧𝑏 Bird recruitment rate 

𝛽ℎ Effective contact rate from human-to-human 

𝛽𝑏 Effective contact rate from bird-to-bird 

𝛽 Effective contact rate from bird-to human 

ε Immunity gain 

𝜎ℎ Progression rate from exposed human to 

infectious human class 

𝜎𝑏 Progression rate from exposed bird to 

infectious bird class 

𝛾1 Rate at which infected human recovered 

naturally 

𝛾2 Recovery rate of human due to treatment 

𝜙ℎ Death rate of human due to avian influenza 
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𝜙𝑏 Death rate of birds due to avian influenza 

ϕ Death rate due to quarantine of infected 

humans 

𝜇ℎ Natural death/mortality rate of human from 

each class 

𝜇𝑏 Natural death/mortality rate of birds from 

each class 

α Rate of immunity loss 

ρ The proportion of susceptible human to be 

vaccinated 

𝜌𝑏 The proportion of susceptible bird to be 

vaccinated 

𝜓ℎ Rate at which human vaccine-based immunity 

wanes 

𝜓𝑏 Rate at which bird vaccine-based immunity 

wanes 

k Progression rate of human from infectious 

class to quarantine class 

η Rate at which infectious is being treated 

δ Quarantined human treatment rate 

 

Model Equations 

With the above assumptions depicted by the flowchart in Figure 1 and descriptions in Table 1, 

the following system of nonlinear ordinary differential equations describes the evolutionary 

dynamics of an avian influenza infection with a combination of interventions, and this is a new 

deterministic model: 

𝑑𝑆ℎ

𝑑𝑡
=∧ℎ− 𝛽𝑆ℎ𝐼𝑏 − 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ + 𝛼𝑅 + 𝜓ℎ𝑉ℎ  

𝑑𝑉ℎ

𝑑𝑡
= 𝜌𝑆ℎ − (𝜓ℎ + 𝜇ℎ)𝑉ℎ  

𝑑𝐸ℎ

𝑑𝑡
=

𝛽𝑆ℎ𝐼𝑏 + 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ  
𝑑𝐼ℎ

𝑑𝑡
= 𝜎ℎ𝐸ℎ − (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)𝐼ℎ  

𝑑𝑄

𝑑𝑡
= 𝑘𝐼ℎ − (𝛿 + 𝜇ℎ +

𝜙)𝑄 
𝑑𝑇

𝑑𝑡
= 𝜂𝐼ℎ + 𝛿𝑄 − (𝜇ℎ + 𝛾2+)𝑇 

𝑑𝑅

𝑑𝑡
= 𝛾2𝑇 + 𝛾1𝐼ℎ + 𝜀𝑆ℎ − (𝜇ℎ + 𝛼)𝑅 

𝑑𝑆𝑏

𝑑𝑡
=∧𝑏−

𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜇𝑏 + 𝜌𝑏)𝑆𝑏 + 𝜓𝑏𝑉𝑏  
𝑑𝑉𝑏

𝑑𝑡
= 𝜌𝑏𝑆𝑏 − (𝜓𝑏 + 𝜇𝑏)𝑉𝑏  

𝑑𝐸𝑏

𝑑𝑡
= 𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜎𝑏 +

𝜇𝑏)𝐸𝑏  
𝑑𝐼𝑏

𝑑𝑡
= 𝜎𝑏𝐸𝑏 − (𝜇𝑏 + 𝜙𝑏)𝐼𝑏 }                        (2.1)  

with initial conditions 𝑆ℎ(0) > 0, 𝑉ℎ(0) ≥ 0, 𝐸ℎ(0) ≥ 0, 𝐼ℎ(0) ≥ 0, 𝑄(0) ≥ 0, 𝑇(0) ≥
0, 𝑅(0) ≥ 0, 𝑆𝑏(0) > 0, 𝑉𝑏(0) ≥ 0, 𝐸𝑏(0) ≥ 0, 𝐼𝑏(0), where 

𝑁ℎ(𝑡) = 𝑆ℎ + 𝑉ℎ + 𝐸ℎ + 𝐼ℎ + 𝑄 + 𝑇 + 𝑅 and 𝑁𝑏(𝑡) = 𝑆𝑏 + 𝑉𝑏 + 𝐸𝑏 + 𝐼𝑏 

Feasibility Region and Positivity of Solutions of the Model 

In this section, the basic properties of the model system (2.1) are employed to establish the 

criteria for positivity of solutions and well-posedness of the system. 
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Feasibility region of the model 

The region in which the solution of model (2.1) lies is investigated because of its biological 

import. 

Theorem 1.  Let every solution, 𝛺, of model (2.1) with initial conditions in 𝑅+
11 (set of vectors 

with 11 non-negative components) for which changes in both humans and birds population 

hold, approach and stays in the domain of the solution as 𝑡 → ∞. Then, the feasible solution for 

the model is a positively invariant set given by 𝛺 = 𝛺ℎ × 𝛺𝑏 =

{(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏 , 𝐸𝑏 , 𝐼𝑏) ∈ 𝑅+
11: 𝑁ℎ(𝑡) ≤

∧ℎ

𝜇ℎ
, 𝑁𝑏(𝑡) ≤

∧𝑏

𝜇𝑏
 }. 

Proof. For human population in (2.1), changes of 𝑁ℎ leads to changes of all variables in the 

population (i.e., 𝑁ℎ = 𝑆ℎ + 𝑉ℎ + 𝐸ℎ + 𝐼ℎ + 𝑄 + 𝑇 + 𝑅) we have 

𝑑𝑁ℎ

𝑑𝑡
=

𝑑𝑆ℎ

𝑑𝑡
+

𝑑𝑉ℎ

𝑑𝑡
+

𝑑𝐸ℎ

𝑑𝑡
+

𝑑𝐼ℎ

𝑑𝑡
+

𝑑𝑄

𝑑𝑡
+

𝑑𝑇

𝑑𝑡
+

𝑑𝑅

𝑑𝑡
       (2.2) 

𝑑𝑁ℎ

𝑑𝑡
=∧ −𝜇ℎ𝑁ℎ(𝑡) − 𝜙ℎ𝐼ℎ − 𝜙𝑄,             (2.3) 

In the absence of the disease (𝜙ℎ = 𝜙 = 0), (2.3) reduces to 

 

𝑑𝑁ℎ

𝑑𝑡
=∧ −𝜇ℎ𝑁ℎ(𝑡).      (2.4) 

Noting from Table 1 that 𝜙ℎ and 𝜙 are non-negative real numbers leads to 

𝑑𝑁ℎ

𝑑𝑡
=∧ −𝜇ℎ𝑁ℎ(𝑡) − 𝜙ℎ𝐼ℎ − 𝜙𝑄 ≤∧ −𝜇ℎ𝑁ℎ(𝑡). (2.5) 

Thus, 

𝑑𝑁ℎ

𝑑𝑡
≤∧ −𝜇ℎ𝑁ℎ(𝑡),      (2.6) 

which implies that 

𝑑𝑁ℎ

𝑑𝑡
+ 𝜇ℎ𝑁ℎ(𝑡) ≤∧ℎ.     (2.7) 

Solving inequality (2.7) by the integrating factor approach yields 

𝑁ℎ(𝑡) ≤ 𝑁ℎ(0)𝑒−𝜇ℎ𝑡 +
∧ℎ

𝜇
(1 − 𝑒−𝜇ℎ𝑡).  (2.8) 

Hence as 𝑡 → ∞, the population size, 𝑁ℎ, approaches 
∧ℎ

𝜇
, 

which implies that 0 ≤ 𝑁ℎ ≤
∧ℎ

𝜇ℎ
, meaning that the trajectories of model (2.1) are bounded. 

Therefore, all feasible solutions of the human population of the model system (2.1) enter the 

region 

𝛺ℎ = {(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅) ∈ 𝑅+
7 : 𝑁ℎ(𝑡) ≤

∧ℎ

𝜇ℎ

 }. 
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Similarly, for the birds population, 

𝑑𝑁𝑏

𝑑𝑡
=

𝑑𝑆𝑏

𝑑𝑡
+

𝑑𝑉𝑏

𝑑𝑡
+

𝑑𝐸𝑏

𝑑𝑡
+

𝑑𝐼𝑏

𝑑𝑡
.     (2.9) 

The case of the bird population in (2.1) is bounded as 0 ≤ 𝑁𝑏 ≤
∧𝑏

𝜇𝑏
. 

Thus, the feasible solutions of the bird population also enters the region 

𝛺𝑏 = {(𝑆𝑏, 𝑉𝑏 , 𝐸𝑏 , 𝐼𝑏) ∈ 𝑅+
4 : 𝑁𝑏(𝑡) ≤

∧𝑏

𝜇𝑏
 }, 

Hence, the feasible solution set for the system (2.1) is given by 

𝛺 = {(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏, 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏) ∈ 𝑅+
11; 𝑁ℎ(𝑡) ≤

∧ℎ

𝜇ℎ

, 𝑁𝑏(𝑡) ≤
∧𝑏

𝜇𝑏
 } 𝑄𝐸𝐷. 

Furthermore, whenever 𝑁ℎ >
∧ℎ

𝜇ℎ
, then by (2.4), 

𝑑𝑁ℎ

𝑑𝑡
< 0, similarly, whenever 𝑁𝑏 >

∧𝑏

𝜇𝑏
, then 

𝑑𝑁𝑏

𝑑𝑡
< 0. This means that the host population reduces asymptotically to its carrying capacity. 

Thus, every solution with initial condition in 𝑅+
11 remains in that region 𝛺 for 𝑡 > 0, which is 

a positively invariant set under the flow induced by model (2.1). Hence, the system (2.1) is 

mathematically well-posed in the interior of the domain of 𝛺. 

 Positivity of solutions 

Definition 1.  : The solution to model (2.1) is said to be positive if all the state variables in the 

model take non-negative values. 

For model (2.1) to be epidemiologically meaningful, it is important to prove that all its state 

variables are non-negative for all time 𝑡. It has to be shown that solution of model (2.1) with 

positive initial data remains positive for all time 𝑡 > 0. The result is presented below. 

Lemma 1.  : Let the initial value of the system in (2.1) be 

{(𝑆ℎ(0), 𝑉ℎ(0), 𝐸ℎ(0), 𝐼ℎ(0), 𝑄(0), 𝑇(0), 𝑅(0), 𝑆𝑏(0), 𝑉𝑏(0), 𝐸𝑏(0), 𝐼𝑏(0)) ≥ 0} ∈ 𝛺. 

Then, the solution set {𝑆ℎ(𝑡), 𝑉ℎ(𝑡), 𝐸ℎ(𝑡), 𝐼ℎ(𝑡), 𝑄(𝑡), 𝑇(𝑡), 𝑅(𝑡), 𝑆𝑏(𝑡), 𝑉𝑏(𝑡)), 𝐸𝑏(𝑡), 𝐼𝑏(𝑡)} of 

(2.1) is positive for all 𝑡 > 0. 

Proof. Consider the first equation in (2.1), that is, 

𝑑𝑆ℎ

𝑑𝑡
=∧ℎ− 𝛽𝑆ℎ𝐼𝑏 − 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ + 𝛼𝑅 + 𝜓ℎ𝑉ℎ.   𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝛽 ∈ [0,1)  𝑎𝑛𝑑  𝛽ℎ

≤
∧ℎ

𝑆ℎ𝐼ℎ

,  

then 

𝑑𝑆ℎ

𝑑𝑡
≥ −(𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ,  

implying that 
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∫
1

𝑆ℎ

𝑑𝑆ℎ ≥ −(𝜇ℎ + 𝜌 + 𝜀)∫ 𝑑𝑡.  

i.e., 

𝑆ℎ(𝑡) ≥ 𝐴𝑒−(𝜇ℎ+𝜌+𝜀)𝑡,    𝑤ℎ𝑒𝑟𝑒 𝐴 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  

Setting t = 0 and applying the initial conditions, yields 

𝑆ℎ(𝑡) ≥ 𝑆ℎ(0)𝑒−(𝜇ℎ+𝜌+𝜀+)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇ℎ + 𝜌 + 𝜀) > 0.    (2.10) 

Hence, 𝑆ℎ is always positive for 𝑡 > 0. 

Similarly, other state variables in (2.1) are obtained as follows: 

𝑉ℎ(𝑡) ≥ 𝑉ℎ(0)𝑒−(𝜓ℎ+𝜇ℎ)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜓ℎ + 𝜇ℎ) > 0.     (2.11) 

𝐸ℎ(𝑡) ≥ 𝐸ℎ(0)𝑒−(𝜇ℎ+𝜎ℎ)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇ℎ + 𝜎ℎ) > 0.     (2.12) 

𝐼ℎ(𝑡) ≥ 𝐼ℎ(0)𝑒−(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ) > 0.  (2.13) 

𝑄(𝑡) ≥ 𝑄(0)𝑒−(𝛿+𝜇ℎ+𝜙)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝛿 + 𝜇ℎ + 𝜙) > 0.     (2.14) 

𝑇(𝑡) ≥ 𝑇(0)𝑒−(𝜇ℎ+𝛾2)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇ℎ + 𝛾2) > 0.      (2.15) 

𝑅(𝑡) ≥ 𝑅(0)𝑒−(𝜇ℎ+𝛼)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇ℎ + 𝛼) > 0.      (2.16) 

𝑆𝑏(𝑡) ≥ 𝑆𝑏(0)𝑒−(𝜇𝑏+𝜌𝑏)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇𝑏 + 𝜌𝑏) > 0.     (2.17) 

𝑉𝑏(𝑡) ≥ 𝑉𝑏(0)𝑒−(𝜓𝑏+𝜇𝑏)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜓𝑏 + 𝜇𝑏) > 0.     (2.18) 

𝐸𝑏(𝑡) ≥ 𝐸𝑏(0)𝑒−(𝜎𝑏+𝜇𝑏)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜎𝑏 + 𝜇𝑏) > 0.     (2.19) 

𝐼𝑏(𝑡) ≥ 𝐼𝑏(0)𝑒−(𝜇𝑏+𝜙𝑏)𝑡 ≥ 0,   𝑠𝑖𝑛𝑐𝑒  (𝜇𝑏 + 𝜙𝑏) > 0.     (2.20) 

The inequalities in (2.10) to (2.20) show that the variables 𝑆ℎ(𝑡), 𝑉ℎ(𝑡),𝐸ℎ(𝑡), 𝐼ℎ(𝑡),Q(t), T(t), 

R(t), 𝑆𝑏(𝑡), 𝑉𝑏(𝑡), 𝐸𝑏(𝑡) and 𝐼𝑏(𝑡) are positive for all 𝑡 > 0. Hence, the proof of Lemma 1 is 

completed QED. 

 

EXISTENCE OF EQUILIBRIUM STATES  

Let 𝐸ℎ and 𝐸𝑏 denote the equilibrium points of the respective components 

𝐸ℎ(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅) = 𝛺ℎ and 𝐸𝑏(𝑆𝑏, 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏) = 𝛺𝑏 of the system described by (2.1). 

The equilibrium states are obtained by invoking the conditions 

𝑑𝑆ℎ

𝑑𝑡
=

𝑑𝑉ℎ

𝑑𝑡
=

𝑑𝐸ℎ

𝑑𝑡
=

𝑑𝐼ℎ

𝑑𝑡
=

𝑑𝑄

𝑑𝑡
=

𝑑𝑇

𝑑𝑡
=

𝑑𝑅

𝑑𝑡
= 0, 𝑎𝑛𝑑 

𝑑𝑆𝑏

𝑑𝑡
=

𝑑𝑉𝑏

𝑑𝑡
=

𝑑𝐸𝑏

𝑑𝑡
=

𝑑𝐼𝑏

𝑑𝑡
= 0.     (3.1) 

The equilibrium states are obtained as follows: 

∧ℎ− 𝛽𝑆ℎ𝐼𝑏 − 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ + 𝛼𝑅 + 𝜓ℎ𝑉ℎ = 0 𝜌𝑆ℎ − (𝜓ℎ +
𝜇ℎ)𝑉ℎ                                            = 0 𝛽𝑆ℎ𝐼𝑏 + 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ                             =
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0 𝜎ℎ𝐸ℎ − (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)𝐼ℎ                           = 0 𝑘𝐼ℎ − (𝛿 + 𝜇ℎ +
𝜙)𝑄                                          = 0 𝜂𝐼ℎ + 𝛿𝑄 − (𝜇ℎ + 𝛾2)𝑇                                       =
0 𝛾2𝑇 + 𝛾1𝐼ℎ + 𝜀𝑆ℎ − (𝜇ℎ + 𝛼)𝑅                             = 0 ∧𝑏− 𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜇𝑏 + 𝜌𝑏)𝑆𝑏 +
𝜓𝑏𝑉𝑏                           = 0 𝜌𝑏𝑆𝑏 − (𝜓𝑏 + 𝜇𝑏)𝑉𝑏                                             = 0 𝛽𝑏𝑆𝑏𝐼𝑏 −
(𝜎𝑏 + 𝜇𝑏)𝐸𝑏                                          = 0 𝜎𝑏𝐸𝑏 − (𝜇𝑏 +
𝜙𝑏)𝐼𝑏                                             = 0. }    (3.2) 

Then by direct calculation, it can be shown that (3.2) has the following two equilibria states in 

𝑅+
11: 

Disease-free equilibrium 𝐸𝑏,ℎ
+ = (𝑆ℎ

+, 𝑉ℎ
+, 𝐸ℎ

+, 𝐼ℎ
+, 𝑄+, 𝑇+, 𝑅+, 𝑆𝑏

+, 𝑉𝑏
+, 𝐸𝑏

+, 𝐼𝑏
+) ∈ 𝛺ℎ,𝑏

+  

and 

Endemic equilibrium  𝐸ℎ,𝑏
∗ = (𝑆ℎ

∗, 𝑉ℎ
∗, 𝐸ℎ

∗, 𝐼ℎ
∗, 𝑄∗, 𝑇∗, 𝑅∗, 𝑆𝑏

∗, 𝑉𝑏
∗, 𝐸𝑏

∗, 𝐼𝑏
∗) ∈ 𝛺ℎ,𝑏

∗  

Disease-Free equilibrium state 

The disease-free equilibrium (DFE) state is the state at which there are no infections in the 

population or total eradication of the disease. 

Solving the system of equations (3.2) simultaneously, the disease-free equilibrium state for 

both human and bird population of the avian influenza model in (2.1) is obtained as below. 

 

𝐸𝑏,ℎ
+ = (𝑆ℎ

+, 𝑉ℎ
+, 𝐸ℎ

+, 𝐼ℎ
+, 𝑄+, 𝑇+, 𝑅+, 𝑆𝑏

+, 𝑉𝑏
+, 𝐸𝑏

+, 𝐼𝑏
+)

=  (
(𝜓ℎ + 𝜇ℎ)(𝜇ℎ + 𝛼) ∧ℎ

𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜇ℎ + 𝜓ℎ) + 𝜌(𝜇 + 𝛼)]
,

∧ℎ 𝜌(𝜇ℎ + 𝛼)

𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜇ℎ + 𝜓ℎ) + 𝜌(𝜇 + 𝛼)]
, 0,0,0, 0, 

∧ℎ𝜀(𝜓ℎ+𝜇ℎ)

𝜇ℎ[(𝜇ℎ+𝛼+𝜀+)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]
,

∧𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)
,

𝜌𝑏∧𝑏

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)
, 0,0).       (3.3) 

Endemic equilibrium state 

Endemic-equilibrium state is the state where the disease cannot be totally eradicated but 

persists in the population. Then, all the state variables in (2.1) must not be zero at the 

equilibrium state, i.e., 𝐸(𝑏,ℎ)
∗ = (𝑆ℎ

∗, 𝑉ℎ
∗, 𝐸ℎ

∗, 𝐼ℎ
∗, 𝑄∗, 𝑇∗, 𝑅∗, 𝑆𝑏

∗, 𝑉𝑏
∗, 𝐸𝑏

∗, 𝐼𝑏
∗)𝛺 ≠

(0,0,0,0,0,0,0,0,0,0,0). 

 

∧ℎ− 𝛽𝑆ℎ
∗𝐼𝑏

∗ − 𝛽ℎ𝑆ℎ
∗𝐼ℎ

∗ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ
∗ + 𝛼𝑅∗ + 𝜓ℎ𝑉ℎ

∗ = 0, 𝜌𝑆ℎ − (𝜓ℎ + 𝜇ℎ)𝑉ℎ
∗ = 0, 𝛽𝑆ℎ

∗𝐼𝑏
∗ +

𝛽ℎ𝑆ℎ
∗𝐼ℎ

∗ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ
∗ = 0 𝜎ℎ𝐸ℎ

∗ − (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)𝐼ℎ
∗ = 0 𝑘𝐼ℎ

∗ − (𝛿 + 𝜇ℎ + 𝜙)𝑄∗ =
0 𝜂𝐼ℎ

∗ + 𝛿𝑄∗ − (𝜇ℎ + 𝛾2)𝑇∗ = 0 𝛾2𝑇∗ + 𝛾1𝐼ℎ
∗ + 𝜀𝑆ℎ

∗ − (𝜇ℎ + 𝛼)𝑅∗ = 0 ∧𝑏− 𝛽𝑏𝑆𝑏
∗𝐼𝑏

∗ − (𝜇𝑏 +
𝜌𝑏)𝑆𝑏

∗ + 𝜓𝑏𝑉𝑏
∗ = 0 𝜌𝑏𝑆𝑏

∗ − (𝜓𝑏 + 𝜇𝑏)𝑉𝑏
∗ = 0 𝛽𝑏𝑆𝑏

∗𝐼𝑏
∗ − (𝜎𝑏 + 𝜇𝑏)𝐸𝑏

∗ = 0 𝜎𝑏𝐸𝑏
∗ − (𝜇𝑏 +

𝜙𝑏)𝐼𝑏
∗ = 0 }      (3.4) 

To obtain the endemic equilibrium state, each equation (3.4) is equated to zero and solved 

simultaneously in terms of 𝑅0 following the idea used in [2, 5, 6, 9, 29, 32] . 

𝑆𝑏
∗ =

𝑆𝑏
+

𝑅0
𝑏,      (3.5) 

where 𝑆𝑏
+ =

∧𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)
,   𝑎𝑛𝑑  𝑅0

𝑏 =
𝛽𝑏∧𝑏𝜎𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)(𝜇𝑏+𝜙𝑏)(𝜎𝑏+𝜇𝑏)
 



African Journal of Mathematics and Statistics Studies   

ISSN: 2689-5323    

Volume 8, Issue 3, 2025 (pp. 136-161) 

146  Article DOI: 10.52589/AJMSS-KSUGFI1Z 

   DOI URL: https://doi.org/10.52589/AJMSS-KSUGFI1Z 

www.abjournals.org 

⟹ 𝑆𝑏
∗ =

∧𝑏 (𝜓𝑏 + 𝜇𝑏)

𝜇𝑏(𝜓𝑏 + 𝜇𝑏 + 𝜌𝑏)𝑅0
𝑏 

Substituting these expressions into the system (3.4), yield: 

𝐸∗ = {𝑆ℎ
∗ =

∧ℎ(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)

𝜇ℎ[(𝜇ℎ+𝛼+𝜀)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]𝑅0
ℎ  𝑉ℎ

∗ =
∧ℎ𝜌(𝜇ℎ+𝛼)

𝜇ℎ[(𝜇ℎ+𝛼+𝜀)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]𝑅0
ℎ  𝐸ℎ

∗ =

𝛽∧ℎ𝜇𝑏(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0
𝑏−1][𝐴+𝛽ℎ𝜎ℎ∧ℎ(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)]

𝛽𝑏(𝜓𝑏+𝜇𝑏)(𝜇ℎ+𝜎ℎ)𝐵𝐴
 𝐼ℎ

∗ =

𝜎ℎ𝛽∧ℎ𝜇𝑏(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0
𝑏−1]

𝛽𝑏(𝜓𝑏+𝜇𝑏)[𝐴𝑅0
ℎ−∧ℎ𝜎ℎ𝛽ℎ(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)]

 𝑇∗ =

𝜎ℎ𝛽∧ℎ𝜇𝑏(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0
𝑏−1][𝜂(𝛿+𝜇ℎ+𝜙)+𝛿𝑘]

𝛽𝑏(𝜇ℎ+𝛾2)(𝛿+𝜇ℎ+𝜙)(𝜓𝑏+𝜇𝑏)[𝐴𝑅0
ℎ−∧ℎ𝜎ℎ𝛽ℎ(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)]

 𝑄∗ =

𝜎ℎ𝛽∧ℎ𝜇𝑏𝑘(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅𝑐
𝑏−1]

𝛽𝑏(𝛿+𝜇ℎ+𝜙)(𝜓𝑏+𝜇𝑏)[𝐴𝑅0
ℎ−∧ℎ𝜎ℎ𝛽ℎ(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)]

 𝑅∗ =

𝐵(𝛾2+)𝜎ℎ𝛽∧ℎ𝜇𝑏(𝜓ℎ+𝜇ℎ)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0
𝑏−1]𝐶+(𝜇ℎ+𝛾2)(𝛿+𝜇ℎ+𝜙)𝐴[𝐵+𝜓𝑏+𝜇𝑏]

𝛽𝑏(𝜇ℎ+𝛾2+)(𝛿+𝜇ℎ+𝜙)(𝜓𝑏+𝜇𝑏)𝐴∧ℎ(𝜀+)(𝜓ℎ+𝜇ℎ)
 𝑆𝑏

∗ =
∧𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)𝑅0
𝑏  𝑉𝑏

∗ =

𝜌𝑏∧𝑏

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)𝑅0
𝑏  𝐸𝑏

∗ =
𝜇𝑏(𝜇𝑏+𝜙𝑏)(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0

𝑏−1]

𝛽𝑏𝜎𝑏(𝜓𝑏+𝜇𝑏)
 𝐼𝑏

∗ =
𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)[𝑅0

𝑏−1]

𝛽𝑏(𝜓𝑏+𝜇𝑏)
,     

 (3.6) 

where, 

𝐴 = [𝜇ℎ(𝜇ℎ + 𝜎ℎ)(𝑘 + +𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)[(𝜇ℎ + 𝛼 + 𝜀)(𝜇ℎ + 𝜓ℎ) + 𝜌(𝜇 + 𝛼)]𝑅0
ℎ

−∧ℎ 𝜎ℎ𝛽ℎ(𝜓ℎ + 𝜇ℎ)(𝜇ℎ + 𝛼)]𝐵 = 𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜇ℎ + 𝜓ℎ) + 𝜌(𝜇 + 𝛼)]𝑅0
ℎ 

𝐶 = [𝜂(𝛿 + 𝜇ℎ + 𝜙) + 𝛿𝑘]. 

Thus, if 𝑅0
𝑏 > 1 and 𝑅0

ℎ > 1, then, 𝐼ℎ
∗ > 0   and   𝐼𝑏

∗ > 0 and model [1] has endemic equilibrium 

point given by 

𝐸∗ = (𝑆ℎ
∗, 𝑉ℎ

∗, 𝐸ℎ
∗, 𝐼ℎ

∗, 𝑇∗, 𝑄∗, 𝑅∗, 𝑆𝑏
∗, 𝑉𝑏

∗, 𝐸𝑏
∗, 𝐼𝑏

∗) in the presence of infection (i. e 𝐼𝑏,ℎ ≠ 0). 

Therefore, to ensure the existence of a positive endemic-equilibrium, we require 𝑅0
ℎ,𝑏 > 1. 

Substituting 𝑅0
𝑏,ℎ > 1 into each component in (33) yield 𝑆ℎ

∗, > 0, 𝑉ℎ
∗, > 0, 𝐸ℎ

∗, > 0, 𝐼∗ℎ, >
0, 𝑇∗, > 0, 𝑄∗, > 0, 𝑅∗, > 0, 𝑆𝑏

∗, > 0, 𝑉𝑏 ∗, > 0, 𝐸𝑏
∗, > 0 and 𝐼𝑏

∗ > 0. Thus , the endemic-

equilibrium 𝐸∗ is positive and 𝐼𝑏,ℎ
∗ > 0 when 𝑅0

𝑏,ℎ > 1. 

This is the condition for the existence and uniqueness of the endemic-equilibrium for the 

system [1]. The proof of Uniqueness of the endemic equilibrium. 

Basic Reproductive Number 

In this section, we compute the basic reproductive number 𝑅0 using the next generation 

approach as described in [15, 31]. 

For any epidemic model, the basic reproduction number is the average number of secondary 

infectious cases produced by a single infection in the total susceptible population. The basic 

reproduction number is calculated by 𝑅0 = 𝜌(𝐹𝑉−1) where 𝜌 is the spectral radius of the matrix 

𝐹𝑉−1, 𝐹 and 𝑉 are the matrices of new infection terms and the remaining transmission terms 

respectively given by. 
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𝐹𝑖 = (𝛽𝑆ℎ𝐼ℎ + 𝛽ℎ𝑆ℎ𝐼ℎ  0  0  0  𝛽𝑏𝑆𝑏𝐼𝑏  0    ), 𝑉𝑖 = ((𝜇ℎ + 𝜎ℎ)𝐸ℎ  (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)𝐼ℎ −
𝜎ℎ𝐸ℎ  (𝛿 + 𝜇ℎ + 𝜙)𝑄 − (𝑘+)𝐼ℎ  (𝜇ℎ + 𝛾2+)𝑇 − 𝜂𝐼ℎ − 𝛿𝑄  (𝜎𝑏 + 𝜇𝑏)𝐸𝑏   (𝜇𝑏 + 𝜙𝑏)𝐼𝑏 −
𝜎𝑏𝐸𝑏 ), (3.7) 

Jacobian matrices of 𝐹 and 𝑉 at the DFE are obtained as 

𝐹 = (0 𝛽ℎ𝑆ℎ 0 0 0 𝛽𝑆ℎ  0 0 0 0 0 0  0 0 0 0 0 0  0 0 0 0 0 0  0 0 0 0 0 𝛽𝑏𝑆𝑏  0 0 0 0 0 0         )   

  (3.8) 

and 

𝑉 = ((𝜇ℎ + 𝜎ℎ) 0 0 0 0 0  − 𝜎ℎ (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ) 0 0 0   0 − (𝑘) (𝛿 + 𝜇ℎ +
𝜙) 0 0 0  0 − 𝜂 − 𝛿 (𝜇ℎ + 𝛾2+) 0 0  0 0 0 0 (𝜎𝑏 + 𝜇𝑏) 0  0 0 0 0 − 𝜎𝑏  𝜇𝑏 + 𝜙𝑏 ) (3.9) 

𝐹𝑉−1

=  ( 𝛽ℎ𝑆ℎ𝜗1 𝛽ℎ𝑆ℎ𝜗2 0 0 𝛽𝑆ℎ𝜗8  
𝛽𝑆ℎ

𝜇𝑏 +  𝜙𝑏

  0 0 0 0 0 0  0 0 0 0 0 0  0 0 0 0 0 0  0 0 0 0 𝛽𝑏𝑆𝑏𝜗8  
𝛽𝑏𝑆𝑏

𝜇𝑏 + 𝜙𝑏

  0 0 0 0 0 0 ) 

Solving 𝐹𝑉−1, the effective reproductive number for bird population, 𝑅0
𝑏 and human 

population, 𝑅0
ℎ are respectively obtained as 

where 

𝜗1 =
𝜎ℎ

(𝜇ℎ+𝜎ℎ)(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)
, 𝜗2 =

1

(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)
, 𝜗3 =

𝑘𝜎ℎ

(𝜇ℎ+𝜎ℎ)(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)(𝛿+𝜇ℎ+𝜙)
, 𝜗4 =

𝑘

(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)(𝛿+𝜇ℎ+𝜙)
, 𝜗5 =

𝜎ℎ(𝜂 𝛿+𝜂 𝜇ℎ+𝜂 𝜙−𝛿 𝑘)

(𝜇ℎ+𝜎ℎ)(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)(𝛿+𝜇ℎ+𝜙)(𝜇ℎ+𝛾3)
, 𝜗6 =

𝜂 𝛿+𝜂 𝜇ℎ+𝜂 𝜙−𝛿 𝑘

(𝑘+𝛾1+𝜂+𝜇ℎ+𝜙ℎ)(𝛿+𝜇ℎ+𝜙)(𝜇ℎ+𝛾3)
, 𝜗7 =

𝛿

(𝛿+𝜇ℎ+𝜙)(𝜇ℎ+𝛾3)
, 𝜗8 =

𝜎𝑏

(𝜎𝑏+𝜇𝑏)(𝜇𝑏+𝜙𝑏)
    

       (3.11) 

𝑅0
𝑏,ℎ = 𝜌(𝐹𝑉−1) = 𝑚𝑎𝑥 {

𝛽𝑏𝑆𝑏𝜎𝑏

(𝜎𝑏+𝜇𝑏)(𝜇𝑏+𝜙𝑏)
,

𝛽ℎ𝑆ℎ𝜎ℎ

(𝑘++𝛾1+𝜂+𝜇ℎ+𝜙ℎ)(𝜇ℎ+𝜎ℎ)
}     

 (3.12) 

After substituting, 𝑆𝑏 =
∧𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)
 and 𝑆ℎ =

∧ℎ(𝜇ℎ+𝜓ℎ)(𝜇ℎ+𝛼)

𝜇ℎ[(𝜇ℎ+𝛼+𝜀)(𝜓ℎ+𝜇ℎ)+𝜌 (𝜇ℎ+𝛼)]
 into (3.12) we have 

𝑅0
𝑏 =

𝛽𝑏∧𝑏𝜎𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)(𝜇𝑏+𝜙𝑏)(𝜎𝑏+𝜇𝑏)
 and 

𝑅0
ℎ =

𝛽ℎ ∧ℎ 𝜎ℎ(𝜓ℎ + 𝜇ℎ)(𝜇ℎ + 𝛼)

𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜓ℎ + 𝜇ℎ) + 𝜌 (𝜇ℎ + 𝛼)](𝜇ℎ + 𝜎ℎ)(𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)
 

Hence, the interface of basic reproductive number for both bird and human populations is 

obtained as 

𝑅0
𝑏,ℎ =

𝛽𝑏∧𝑏𝜎𝑏𝛽ℎ∧ℎ𝜎ℎ(𝜓𝑏+𝜇𝑏)(𝜇ℎ+𝜓ℎ)(𝜇ℎ+𝛼)

𝐺
      (3.13) 

G = 𝜇𝑏(𝜓𝑏 + 𝜇𝑏 + 𝜌𝑏)(𝜎𝑏 + 𝜇𝑏)(𝜇𝑏 + 𝜙𝑏)𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜓ℎ + 𝜇ℎ) + 𝜌 (𝜇ℎ + 𝛼)](𝜇ℎ +
𝜎ℎ)(𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ) 

Remark 1.  Epidemiologically, 
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● if 𝑅0
𝑏,ℎ < 1, the occurrence of the disease will decrease and eventually be eliminated. 

● if 𝑅0
𝑏,ℎ = 1, the disease’s occurrence will remain constant. 

● if 𝑅0
𝑏,ℎ > 1 the occurrence of the disease will increase and persist. 

Local stability of the disease-free equilibrium state 

To determine the stability or otherwise of the system (2.1) at the disease-free equilibrium point 

𝐸+, the behavior of the model population near the equilibrium point is examined to determine 

the satisfaction of the conditions that must be met for the disease-free equilibrium state to be 

stable and at the same time to be totally eradicated from the population. 

Theorem 2: The disease-free equilibrium point 𝐸+ of the model system (2.1) is locally 

asymptotically stable if 𝑅0
𝑏,ℎ < 1 and unstable if 𝑅0

𝑏,ℎ > 1 

Lemma 2: Subject to the assumptions of theorem 2, the disease-free equilibrium point 𝐸+ is 

locally asymptotically stable if and only if 𝑡𝑟(𝐽𝐸+) < 0 𝑑𝑒𝑡(𝐽𝐸+) > 0, and unstable if 𝑅0
𝑏,ℎ > 1 

for 𝑡𝑟(𝐽𝐸+) > 0 and 𝑑𝑒𝑡(𝐽𝐸+) < 0 following. 

Proof. The proof of the theorem can be established by constructing a Jacobian matrix for the 

model system (2.1) evaluated at the DFE (𝐸+). 

Let, 𝛹1 = (𝜇ℎ + 𝜌 + 𝜀), 𝛹2 = (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ), 𝛹3 = (𝛿 + 𝜇ℎ + 𝜙), 𝛹4 = (𝜇ℎ +
𝛾2+), 𝛹5 = (𝜇𝑏 + 𝜌𝑏) 

At the disease-free equilibrium point 𝐸+, the Jacobian matrix 

 𝐽𝐸+   = (−𝛽𝐼𝑏
+ − 𝛽ℎ𝐼ℎ

+ − 𝛹1 𝜓ℎ 0 − 𝛽ℎ𝑆ℎ
+ 0 0 𝛼 0 0 0 − 𝛽𝑆ℎ

+ 𝜌 − (𝜓ℎ +
𝜇ℎ) 0 0 0 0 0 0 0 0 0 𝛽𝐼𝑏

+ + 𝛽ℎ𝐼ℎ
+ 0 − (𝜇ℎ + 𝜎ℎ) 𝛽ℎ𝑆ℎ

+ 0 0 0 0 0 0 𝛽𝑆ℎ
+ 0 0 𝜎ℎ  −

𝛹2 0 0 0 0 0 0 0 0 0 0 (𝑘)  − 𝛹3 0 0 0 0 0 0 0 0 0 𝜂 𝛿 − 𝛹4 0 0 0 0 0 (𝜀+) 0 0 𝛾1 0 (𝛾2+) −
(𝜇ℎ + 𝛼) 0 0 0 0 0 0 0 0 0 0 0 − 𝛽𝑏𝐼𝑏

+ − 𝛹5 𝜓𝑏 0 − 𝛽𝑏𝑆𝑏
+ 0 0 0 0 0 0 0 𝜌𝑏  − (𝜓𝑏 +

𝜇𝑏) 0 0 0 0 0 0 0 0 0 𝛽𝑏𝐼𝑏
+  − (𝜎𝑏 + 𝜇𝑏) 0 𝛽𝑏𝑆𝑏

+ 0 0 0 0 0 0 0 0 0 𝜎𝑏  − (𝜇𝑏 + 𝜙𝑏) ) (3.14) 

After substituting 𝐼𝑏
+ = 𝐼ℎ

+ = 0 into (3.14), this will result in 

𝐽𝐸+ = (−𝐴1 𝜓ℎ 0 − 𝐿 0 0 𝛼 0 0 0 − 𝑃 𝜌 − 𝐴2 0 0 0 0 0 0 0 0 0 0 0 − 𝐴3 𝐿 0 0 0 0 0 0 𝑃 0 0 −
𝜎ℎ  − 𝐴4 0 0 0 0 0 0 0 0 0 0 𝐴5  − 𝐴6 0 0 0 0 0 0 0 0 0 𝜂 𝛿 − 𝐴7 0 0 0 0 0 𝐴8 0 0 𝛾1 0 𝐴9  −
𝐴10 0 0 0 0 0 0 0 0 0 0 0 − 𝐵1 𝜓𝑏 0 − 𝑀 0 0 0 0 0 0 0 𝜌𝑏  − 𝐵2 0 0 0 0 0 0 0 0 0 0 0 −
𝐵3 𝑀 0 0 0 0 0 0 0 0 0 𝜎𝑏  − 𝐵4 )   (3.15) 

We now want to show that Matrix 𝐽𝐸+ in (3.15) is stable if its trace is negative, i.e., 𝑡𝑟(𝐽𝐸+) <
0 and its determinant is non-negative, i.e., 𝑑𝑒𝑡(𝐽𝐸+) > 0. The trace of the matrix 𝐽𝐸+ is obtained 

as: 

𝑡𝑟(𝐽𝐸+) = −𝐴1 − 𝐴2 − 𝐴3 − 𝐴4 − 𝐴6 − 𝐴7 − 𝐴10 − 𝐵1 − 𝐵2 − 𝐵3 − 𝐵4                     
= −(𝐴1 + 𝐴2 + 𝐴3 + 𝐴4 + 𝐴6 + 𝐴7 + 𝐴10 + 𝐵1 + 𝐵2 + 𝐵3 + 𝐵4)  
= −(𝛼 + 𝑘 + 𝜓ℎ + 𝜌 + 𝜀 + 7 𝜇ℎ + 𝑢1 + 4 𝜇𝑏 + 𝜓𝑏 + 𝜂 + 𝜎ℎ + 𝛾1 + 𝜙ℎ + 𝜙
+ 𝛿 + 𝛾2 + 𝜌𝑏 + 𝜎𝑏 + 𝜙𝑏)  ∴        𝑡𝑟(𝐽+)
< 0 𝑠𝑖𝑛𝑐𝑒 𝑒𝑎𝑐ℎ 𝑜𝑓 𝑡ℎ𝑒 𝑞𝑢𝑎𝑛𝑡𝑖𝑡𝑖𝑒𝑠 𝑒𝑛𝑐𝑙𝑜𝑠𝑒𝑑 𝑖𝑛 𝑡ℎ𝑒 𝑏𝑟𝑎𝑐𝑘𝑒𝑡𝑠 𝑖𝑠 𝑛𝑜𝑛
− 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒.   
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Also, the determinant of matrix 𝐽𝐸+  is generated as 

𝑑𝑒𝑡(𝐽𝐸+) = 𝐴6𝐴7(𝐴3𝐴4 + 𝐿𝜎ℎ)(𝐵1𝐵2 − 𝜌𝑏𝜓𝑏)(𝐵3𝐵4 − 𝑀𝜎𝑏)(𝐴10𝜌 𝜓ℎ + 𝐴8𝛼 𝐴2

− 𝐴10𝐴2𝐴1)  

𝐻𝑒𝑛𝑐𝑒,      𝑑𝑒𝑡(𝐽𝐸+) > 0 𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑 𝜌𝑏𝜓𝑏 < 𝐵1𝐵2, 𝑀𝜎𝑏 < 𝐵3𝐵4  𝑎𝑛𝑑  𝐴10𝐴2𝐴1 < (𝐴10𝜌𝜓 +
𝐴8𝐴2𝛼), 

where 

𝐴1 = (𝜇ℎ + 𝜌 + 𝜀), 𝐴2 = (𝜓ℎ + 𝜇ℎ), 𝐴3 = (𝜇ℎ + 𝜎ℎ), 𝐴4 = (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ), 𝐴5 =
𝑘, 𝐴6 = (𝛿 + 𝜇ℎ + 𝜙), 𝐴7 = (𝜇ℎ + 𝛾2), 𝐴8 = 𝜀, 𝐴9 = 𝛾2, 𝐴10 = (𝜇ℎ + 𝛼), 𝐵1 = (𝜇𝑏 +

𝜌𝑏), 𝐵2 = (𝜓𝑏 + 𝜇𝑏), 𝐵3 = (𝜎𝑏 + 𝜇𝑏), 𝐵4 = (𝜇𝑏 + 𝜙𝑏), 𝐿 =
𝐶1

𝐶2
, 𝑃 =

𝐶3

𝐶2
, 𝑀 =

𝑑1

𝑑2
, 𝐶1 =

𝛽ℎ ∧ℎ (𝜓ℎ + 𝜇ℎ)(𝜇ℎ + 𝛼), 𝐶2 = 𝜇ℎ[(𝜇ℎ + 𝛼 + 𝜀)(𝜇ℎ + 𝜓ℎ) + 𝜌(𝜇 + 𝛼)], 𝐶3 = 𝛽 ∧ℎ (𝜓ℎ +
𝜇ℎ)(𝜇ℎ + 𝛼), 𝑑1 = 𝛽𝑏 ∧𝑏 (𝜓𝑏 + 𝜇𝑏), 𝑑2 = 𝜇𝑏(𝜓𝑏 + 𝜇𝑏 + 𝜌𝑏). 

𝑑𝑒𝑡(𝐽𝐸+) = 𝐴6𝐴7𝐴3𝐴4𝐵1𝐵2[𝐵1𝐵2 − 𝜌𝑏𝜓𝑏][𝐴10𝜌 𝜓ℎ + 𝐴2𝐴8𝛼 − 𝐴10𝐴2𝐴1][1 + 𝑅0
ℎ][1 − 𝑅0

𝑏]  

Hence, the result proves that the disease-free equilibrium point is locally asymptotically stable. 

Biologically, this means that the disease will die out. 

Global stability of disease-free equilibrium 

In this subsection, global stability of the disease-free equilibrium (𝐸+) will be ascertained. The 

result is obtained by means of the Lyapunov function in [5, 6, 32]. 

Theorem 3.  For 𝑅0 ≤ 1, the disease-free equilibrium of the system (2.1) is stable globally 

asymptotically if 𝑆ℎ = 𝑆ℎ
0, 𝑆𝑏 = 𝑆𝑏

0 and unstable if 𝑅0 > 1. 

𝑉(𝑡) = 𝑑1(𝑆ℎ − 𝑆ℎ
0) + 𝑑2𝑉ℎ + 𝑑3𝐸ℎ + 𝑑4𝐼ℎ + 𝑑5𝑄 + 𝑑6𝑇 + 𝑑7𝑅 + 𝑑8(𝑆𝑏 − 𝑆𝑏

0) + 𝑑9𝑉𝑏

+ 𝑑10𝐸𝑏 + 𝑑11𝐼𝑏 , 𝑉̇(𝑡)
= 𝑑1𝑆ℎ̇ + 𝑑2𝑉ℎ̇ + 𝑑3𝐸ℎ̇ + 𝑑4𝐼ℎ̇ + 𝑑5𝑄̇ + 𝑑6𝑇̇ + 𝑑7𝑅̇ + 𝑑8𝑆𝑏̇ + 𝑑9𝑉𝑏̇ + 𝑑10𝐸𝑏̇

+ 𝑑11𝐼𝑏̇  
= 𝑑1[∧ℎ− 𝛽𝑆ℎ𝐼𝑏 − 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ + 𝛼𝑅 + 𝜓ℎ𝑉ℎ] + 𝑑2[𝜌𝑆ℎ − (𝜓ℎ

+ 𝜇ℎ)𝑉ℎ] +  𝑑3[𝛽𝑆ℎ𝐼𝑏 + 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ] + 𝑑4𝜎ℎ𝐸ℎ − (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ

+ 𝜙ℎ)𝐼ℎ + 𝑑5𝑘𝐼ℎ  − (𝛿 + 𝜇ℎ + 𝜙)𝑄 + 𝑑6𝜂𝐼ℎ + 𝛿𝑄 − (𝜇ℎ + 𝛾2)𝑇 + 𝑑7𝛾2𝑇
+ 𝛾1𝐼ℎ + 𝜀𝑆ℎ − (𝜇ℎ + 𝛼)𝑅 + 𝑑8 ∧𝑏− 𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜇𝑏 + 𝜌𝑏)𝑆𝑏 + 𝜓𝑏𝑉𝑏

+ 𝑑9𝜌𝑏𝑆𝑏 − (𝜓𝑏 + 𝜇𝑏)𝑉𝑏 + 𝑑10𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜎𝑏 + 𝜇𝑏)𝐸𝑏 + 𝑑11𝜎𝑏𝐸𝑏  − (𝜇𝑏

+ 𝜙𝑏)𝐼𝑏  
= (𝑑3 − 𝑑1)[𝛽𝐼𝑏 + 𝛽ℎ𝐼ℎ]𝑆ℎ + (𝑑1 − 𝑑2)(𝜓ℎ𝑉ℎ) + (𝑑7 − 𝑑1)𝜀𝑆ℎ + (𝑑2

− 𝑑1)𝜌𝑆ℎ + (𝑑4 − 𝑑3)𝜎ℎ𝐸 +  (𝑑1 − 𝑑7)(𝛼𝑅) + (𝑑5 − 𝑑4)𝑘𝐼ℎ + (𝑑6 − 𝑑4)𝜂𝐼ℎ

+ (𝑑7 − 𝑑4)𝛾1𝐼ℎ + (𝑑6 − 𝑑5)𝛿𝑄 + (𝑑7 − 𝑑6)𝛾2𝑇 +  𝑑1 ∧ℎ− 𝑑1(𝜇ℎ)𝑆ℎ

− 𝑑2𝜇ℎ𝑉ℎ − 𝑑3𝜇ℎ𝐸ℎ − 𝑑4(𝜇ℎ + 𝜙ℎ)𝐼ℎ − 𝑑5(𝜇ℎ + 𝜙)𝑄 − 𝑑6𝜇ℎ𝑇 − 𝑑7𝜇ℎ𝑅
+ 𝑑8 ∧𝑏+  (𝑑10 − 𝑑8)(𝛽𝑏𝑆𝑏𝐼𝑏) + (𝑑9 − 𝑑8)(𝜌𝑏𝑆𝑏) + (𝑑11 − 𝑑10)𝜎𝑏𝐸𝑏 + (𝑑8

− 𝑑9)(𝜓𝑏)𝑉𝑏 − 𝑑8𝜇𝑏𝑆𝑏 − 𝑑9𝜇𝑏𝑉𝑏 − 𝑑10𝜇𝑏𝐸𝑏  − 𝑑11(𝜇𝑏 + 𝜙)𝐼𝑏 .  

From (3.3), 

𝑆ℎ
+ =

(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)∧ℎ

𝜇ℎ[(𝜇ℎ+𝛼+𝜀)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]
 ⟹∧ℎ=

𝜇ℎ[(𝜇ℎ+𝛼+𝜀)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]𝑆ℎ
+

(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)
 and 𝑆𝑏

+ =
∧𝑏(𝜓𝑏+𝜇𝑏)

𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)
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⟹∧𝑏=
𝜇𝑏(𝜓𝑏+𝜇𝑏+𝜌𝑏)𝑆𝑏

+

(𝜓𝑏+𝜇𝑏)
 

Thus, 

𝑉̇(𝑡) = −(𝑑1 − 𝑑3)[𝛽𝐼𝑏 + 𝛽ℎ𝐼ℎ]𝑆ℎ + (𝑑2 − 𝑑1)𝜓ℎ𝑉ℎ + (𝑑1 − 𝑑7)𝜀𝑆ℎ + (𝑑1 − 𝑑2)𝜌𝑆ℎ +
(𝑑3 − 𝑑4)𝜎ℎ𝐸 +  (𝑑7 − 𝑑1)𝛼𝑅 + (𝑑4 − 𝑑5)𝑘𝐼ℎ + (𝑑4 − 𝑑5)𝜂𝐼ℎ + (𝑑4 − 𝑑7)𝛾1𝐼ℎ + (𝑑5 −

𝑑6)𝛿𝑄 + (𝑑6 − 𝑑7)𝛾2𝑇 +  𝑑1𝜇ℎ [
(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)𝑆ℎ−[(𝜇ℎ+𝛼+𝜀)(𝜇ℎ+𝜓ℎ)+𝜌(𝜇+𝛼)]𝑆ℎ

+

(𝜓ℎ+𝜇ℎ)(𝜇ℎ+𝛼)
] + 𝑑2𝜇ℎ𝑉ℎ +

𝑑3𝜇ℎ𝐸ℎ − 𝑑4(𝜇ℎ + 𝜙ℎ)𝐼ℎ − 𝑑5(𝜇ℎ + 𝜙)𝑄 + 𝑑6𝜇ℎ𝑇 + 𝑑7𝜇ℎ𝑅 +

𝑑8𝜇𝑏 [
(𝜓𝑏+𝜇𝑏)𝑆𝑏−(𝜓𝑏+𝜇𝑏+𝜌𝑏)𝑆𝑏

+

(𝜓𝑏+𝜇𝑏)
] + (𝑑8 − 𝑑10)(𝛽𝑏𝑆𝑏𝐼𝑏) + (𝑑8 − 𝑑9)(𝜌𝑏𝑆𝑏) +  (𝑑10 −

𝑑11)𝜎𝑏𝐸𝑏 + (𝑑9 − 𝑑8)(𝜓𝑏)𝑉𝑏 + 𝑑9𝜇𝑏𝑉𝑏 + 𝑑10𝜇𝑏𝐸𝑏 + 𝑑11(𝜇𝑏 + 𝜙)𝐼𝑏    (3.16) 

Hence 𝑉̇ ≤ 0, if each of (𝑑1 − 𝑑3), (𝑑2 − 𝑑1), (𝑑1 − 𝑑7), (𝑑1 − 𝑑2), (𝑑3 − 𝑑4), (𝑑7 −
𝑑1), (𝑑4 − 𝑑5), (𝑑4 − 𝑑7), (𝑑5 − 𝑑6), (𝑑6 − 𝑑7) ≥ 0. 

Therefore, the largest compact invariant set in (𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏)𝛺: 

𝑉̇(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏, 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏) = 0 is the singleton 𝐸+, which 𝐸+ is disease-free 

equilibrium. Therefore, every solution that starts in 𝛺 approaches 𝐸+ as 𝑡 → ∞: This shows 

that 𝐸+ is globally asymptotically stable in 𝛺. 

Global stability of endemic equilibrium of the model 

Herein, we study the global behavior of the endemic equilibrium 𝐸∗ for the model (2.1), in the 

sense of ([1, 5, 6, 10]). 

Theorem 4.  If 𝑅0 > 1, the unique endemic equilibrium 𝐸∗ is globally asymptotically stable on 

𝛺. 

Proof. Define 𝐿: {(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏, 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏) ∈ 𝛺: 𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏 , 𝐸𝑏 , 𝐼𝑏 >
0} → 𝑅 by 

𝐿(𝑡) = 𝑆ℎ
∗ (

𝑆ℎ

𝑆ℎ
∗ − 𝑙𝑛

𝑆ℎ

𝑆ℎ
∗) + 𝑉ℎ

∗ (
𝑉ℎ

𝑉ℎ
∗ − 𝑙𝑛

𝑉ℎ

𝑉ℎ
∗) + 𝐸ℎ

∗ (
𝐸ℎ

𝐸ℎ
∗ − 𝑙𝑛

𝐸ℎ

𝐸ℎ
∗) + 𝑃1𝐼ℎ

∗ (
𝐼ℎ

𝐼ℎ
∗ − 𝑙𝑛

𝐼ℎ

𝐼ℎ
∗)  + 𝑃2𝑄∗ (

𝑄

𝑄∗
−

𝑙𝑛
𝑄

𝑄∗
) + 𝑃3𝑇∗ (

𝑇

𝑇∗
− 𝑙𝑛

𝑇

𝑇∗
) + 𝑃4𝑅∗ (

𝑅

𝑅∗
− 𝑙𝑛

𝑅

𝑅∗
) + 𝑆𝑏

∗ (
𝑆𝑏

𝑠𝑏
∗ − 𝑙𝑛

𝑆𝑏

𝑆𝑏
∗) + 𝑉𝑏

∗ (
𝑉𝑏

𝑉𝑏
∗ − 𝑙𝑛

𝑉𝑏

𝑉𝑏
∗) +

𝐸𝑏
∗ (

𝐸𝑏

𝐸𝑏
∗ − 𝑙𝑛

𝐸𝑏

𝐸𝑏
∗) + 𝑃5𝐼𝑏

∗ (
𝐼𝑏

𝐼𝑏
∗ − 𝑙𝑛

𝐼𝑏

𝐼𝑏
∗)   (3.17) 

and the time derivative of L along the solutions of system of (2.1), is defined and continuous 

for all 

𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏 , 𝐸𝑏 , 𝐼𝑏 > 0 and satisfies 

𝑑𝐿

𝑑𝑡
=

𝜕𝐿

𝜕𝑆ℎ

𝑑𝑆ℎ

𝑑𝑡
+

𝜕𝐿

𝜕𝑉ℎ

𝑑𝑉ℎ

𝑑𝑡
+

𝜕𝐿

𝜕𝐸ℎ

𝑑𝐸ℎ

𝑑𝑡
+

𝜕𝐿

𝜕𝐼ℎ

𝑑𝐼ℎ

𝑑𝑡
+

𝜕𝐿

𝜕𝑄

𝑑𝑄

𝑑𝑡
+

𝜕𝐿

𝜕𝑇

𝑑𝑇

𝑑𝑡
+

𝜕𝐿

𝜕𝑅

𝑑𝑅

𝑑𝑡
+

𝜕𝐿

𝜕𝑆𝑏

𝑑𝑆𝑏

𝑑𝑡
 

+
𝜕𝐿

𝜕𝑉𝑏

𝑑𝑉𝑏

𝑑𝑡
+

𝜕𝐿

𝜕𝐸𝑏

𝑑𝐸𝑏

𝑑𝑡
+

𝜕𝐿

𝜕𝐼𝑏

𝑑𝐼𝑏

𝑑𝑡
,  

which becomes 
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𝐿̇(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏 , 𝐸𝑏 , 𝐼𝑏) = (1 −
𝑆ℎ

∗

𝑆ℎ
) 𝑆ℎ̇ + (1 −

𝑉ℎ
∗

𝑉ℎ
) 𝑉ℎ̇ + (1 −

𝐸ℎ
∗

𝐸ℎ
) 𝐸ℎ̇ + 𝑃1 (1 −

𝐼ℎ
∗

𝐼ℎ
) 𝐼ℎ̇  + 𝑃2 (1 −

𝑄∗

𝑄
) 𝑄̇ + 𝑃3 (1 −

𝑇∗

𝑇
) 𝑇̇ + 𝑃4 (1 −

𝑅∗

𝑅
) 𝑅̇ + (1 −

𝑆𝑏
∗

𝑆𝑏
) 𝑆𝑏̇  + (1 −

𝑉𝑏
∗

𝑉𝑏
) 𝑉𝑏̇ + (1 −

𝐸𝑏
∗

𝐸𝑏
) 𝐸𝑏̇ + 𝑃5 (1 −

𝐼𝑏
∗

𝐼𝑏
) 𝐼𝑏̇ . (3.18) 

On substituting the derivative in (2.1) into (3.18), 

𝐿̇ = (1 −
𝑆ℎ

∗

𝑆ℎ
) [∧ℎ− 𝛽𝑆ℎ𝐼𝑏 − 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ + 𝛼𝑅 + 𝜓ℎ𝑉ℎ]  + (1 −

𝑉ℎ
∗

𝑉ℎ
) [𝜌𝑆ℎ −

(𝜓ℎ + 𝜇ℎ)𝑉ℎ] + (1 −
𝐸ℎ

∗

𝐸ℎ
) [𝛽𝑆ℎ𝐼𝑏 + 𝛽ℎ𝑆ℎ𝐼ℎ − (𝜇ℎ + 𝜎ℎ)𝐸ℎ]  + 𝑃1 (1 −

𝐼ℎ
∗

𝐼ℎ
) [𝜎ℎ𝐸ℎ − (𝑘 + 𝛾1 +

𝜂 + 𝜇ℎ + 𝜙ℎ)𝐼ℎ] + 𝑃2 (1 −
𝑄∗

𝑄
) [𝑘𝐼ℎ − (𝛿 + 𝜇ℎ + 𝜙)𝑄]  + 𝑃3 (1 −

𝑇∗

𝑇
) [𝜂𝐼ℎ + 𝛿𝑄 − (𝜇ℎ +

𝛾2)𝑇] + 𝑃4 (1 −
𝑅∗

𝑅
) [𝛾2𝑇 + 𝛾1𝐼ℎ + 𝜀𝑆ℎ − (𝜇ℎ + 𝛼)𝑅]  + (1 −

𝑆𝑏
∗

𝑆𝑏
) [∧𝑏− 𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜇𝑏 +

𝜌𝑏)𝑆𝑏 + 𝜓𝑏𝑉𝑏] + (1 −
𝑉𝑏

∗

𝑉𝑏
) [𝜌𝑏𝑆𝑏 − (𝜓𝑏 + 𝜇𝑏)𝑉𝑏]  + (1 −

𝐸𝑏
∗

𝐸𝑏
) [𝛽𝑏𝑆𝑏𝐼𝑏 − (𝜎𝑏 + 𝜇𝑏)𝐸𝑏] +

𝑃5 (1 −
𝐼𝑏

∗

𝐼𝑏
) [𝜎𝑏𝐸𝑏 − (𝜇𝑏 + 𝜙𝑏)𝐼𝑏], (3.19) 

where 

∧ℎ= 𝛽𝑆ℎ
∗𝐼𝑏

∗ + 𝛽ℎ𝑆ℎ
∗𝐼ℎ

∗ + (𝜇ℎ + 𝜌 + 𝜀)𝑆ℎ
∗ − 𝛼𝑅∗ − 𝜓ℎ𝑉ℎ

∗, 

𝜌 = (𝜓ℎ + 𝜇ℎ)
𝑉ℎ

∗

𝑆ℎ
∗, 

(𝜎𝑏 + 𝜇𝑏) =
𝛽𝑏𝑆𝑏

∗𝐼𝑏
∗

𝐸𝑏
∗ , 

𝜎ℎ = (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)
𝐼ℎ

∗

𝐸ℎ
∗, 

(𝜇ℎ + 𝜎ℎ) =
𝛽𝑆ℎ

∗𝐼𝑏
∗+𝛽ℎ𝑆ℎ

∗𝐼ℎ
∗

𝐸 ℎ

∗

, 

𝑘 = (𝛿 + 𝜇ℎ + 𝜙)
𝑄∗

𝐼ℎ
∗ , 

∧𝑏= 𝛽𝑏𝑆𝑏
∗𝐼𝑏

∗ + (𝜇𝑏 + 𝜌𝑏)𝑆𝑏
∗ − 𝜓𝑏𝑉𝑏

∗, 

𝜎𝑏 =
(𝜇𝑏+𝜙𝑏)𝐼𝑏

∗

𝐸𝑏
∗ , 

(𝜇ℎ + 𝛾2) =
𝜂𝐼ℎ

∗+𝛿𝑄∗

𝑇∗ ,(𝜇ℎ + 𝛼) =
[𝛾2𝑇∗+𝛾1𝐼ℎ

∗+𝜀𝑆ℎ
∗]

𝑅∗  

and 𝜌𝑏 =
(𝜓𝑏+𝜇𝑏)𝑉𝑏

∗

𝑆𝑏
∗ . 

Substituting the values above into (3.19) and after simplification, 

𝐿̇ ≤ −[(1 −
𝑆ℎ

∗

𝑆ℎ
) [(𝛽(𝑆ℎ𝐼𝑏 − 𝑆ℎ

∗𝐼𝑏
∗) + 𝛽ℎ(𝑆ℎ𝐼ℎ − 𝑆ℎ

∗𝐼ℎ
∗) + (𝜇ℎ + 𝜌 + 𝜀)(𝑆ℎ − 𝑆ℎ

∗)  + 𝜓ℎ(𝑉ℎ
∗ −

𝑉ℎ) + 𝛼(𝑅∗ − 𝑅)] + (𝜓ℎ + 𝜇ℎ) (1 −
𝑉ℎ

∗

𝑉ℎ
) [

(𝑉ℎ𝑆ℎ
∗−𝑉ℎ

∗𝑆ℎ)

𝑆ℎ
∗ ]  + (1 −

𝐸ℎ
∗

𝐸ℎ
) [

𝛽(𝑆ℎ
∗𝐼𝑏

∗𝐸ℎ−𝑆ℎ𝐼𝑏𝐸ℎ
∗)+𝛽ℎ(𝑆ℎ

∗𝐼ℎ
∗𝐸ℎ−𝑆ℎ𝐼ℎ𝐸ℎ

∗)

𝐸ℎ
∗ ]  + (𝑘 + 𝛾1 + 𝜂 + 𝜇ℎ + 𝜙ℎ)𝑃1 (1 −

𝐼ℎ
∗

𝐼ℎ
) [

(𝐼ℎ𝐸ℎ
∗−𝐼ℎ

∗𝐸ℎ)

𝐸ℎ
∗ ]  +

(𝛿 + 𝜇ℎ + 𝜙)𝑃2 (1 −
𝑄∗

𝑄
) [

(𝑄𝐼ℎ
∗−𝑄∗𝐼ℎ)

𝐼ℎ
∗ ] + 𝑃3 (1 −

𝑇∗

𝑇
) [

(𝜂𝐼ℎ
∗+𝛿𝑄∗)𝑇−(𝜂𝐼ℎ+𝛿𝑄)𝑇∗

𝑇∗ ]  + 𝑃4 (1 −

𝑅∗

𝑅
) [

[𝛾2𝑇∗+𝛾1𝐼ℎ
∗+𝜀𝑆ℎ

∗]𝑅−[𝛾2𝑇+𝛾1𝐼ℎ+𝜀𝑆ℎ]𝑅∗

𝑅∗
]  + (1 −

𝑆𝑏
∗

𝑆𝑏
) [(𝜇𝑏 + 𝜌𝑏)(𝑆𝑏 − 𝑆𝑏

∗) + 𝜓𝑏(𝑉𝑏
∗ − 𝑉𝑏) +
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𝛽𝑏(𝑆𝑏𝐼𝑏 − 𝑆𝑏
∗𝐼𝑏

∗)] + (𝜓𝑏 + 𝜇𝑏) (1 −
𝑉𝑏

∗

𝑉𝑏
) [

(𝑉𝑏𝑆𝑏
∗−𝑉𝑏

∗𝑆𝑏)

𝑆𝑏
∗ ]  + (1 −

𝐸𝑏
∗

𝐸𝑏
) [

𝛽𝑏(𝑆𝑏
∗𝐼𝑏

∗𝐸𝑏−𝑆𝑏𝐼𝑏𝐸𝑏
∗)

𝐸𝑏
∗ ] +

𝑃5 (1 −
𝐼𝑏

∗

𝐼𝑏
) [

(𝜇𝑏+𝜙𝑏)(𝐼𝑏𝐸𝑏
∗−𝐼𝑏

∗𝐸𝑏)

𝐸𝑏
∗ ]]. (3.20) 

Hence, 𝐿̇ < 0 if and only if 𝑃1, 𝑃2, 𝑃3, 𝑃4, 𝑃5 > 0. Note that, 𝐿̇ = 0 if and only if 𝑆ℎ = 𝑆ℎ
∗, 𝑉ℎ =

𝑉ℎ
∗, 𝐸ℎ = 𝐸ℎ

∗, 𝐼ℎ = 𝐼ℎ
∗, 𝑄 = 𝑄∗, 𝑇 = 𝑇∗, 𝑅 = 𝑅∗, 𝑆𝑏 = 𝑆𝑏

∗, 𝑉𝑏 = 𝑣𝑏
∗, 𝐸𝑏 = 𝐸𝑏

∗, and 𝐼𝑏 = 𝐼𝑏
∗. 

Therefore the largest compact invariant set in {(𝑆ℎ, 𝑉ℎ, 𝐸ℎ, 𝐼ℎ, 𝑄, 𝑇, 𝑅, 𝑆𝑏 , 𝑉𝑏, 𝐸𝑏 , 𝐼𝑏) ∈ 𝛺 : 𝐿̇ =
0} is the singleton 𝐸∗, where 𝐸∗ is the endemic equilibrium of the system (2.1), By LaSalle’s 

invariance principle, it implies that 𝐸∗ is globally asymptotically stable in the interior of 𝛺. 

 

SENSITIVITY ANALYSIS AND NUMERICAL SIMULATION 

Sensitivity Analysis of the Model 

Preamble 

Here we observe the changes happening in avian influenza infection transmission dynamics by 

computing the sensitivity indices of the reproductive number. Sensitivity analysis and 

simulations are important to discover how best we can minimize the effect of influenza, by 

studying the relative importance of different factors responsible for its transmission and 

prevalence with respect to the parameter values in the model. With the Sensitivity analysis we 

can determine the parameters which have high impact on reproductive number and can be used 

to estimate the relative change in the parameter with relative change in the reproductive 

number. The normalized forward sensitivity index of a variable to a parameter is the ratio of 

the relative change in the variable to the relative change in the parameter. Using the approach 

in [2, 13], we derived the analytical expression for sensitivity index of 𝑅0
𝑏,ℎ

 to each parameter. 

The parameter values used in this section are shown in Table 1 , chosen from the realistic ranges 

for illustrative purpose. 

Sensitivity indices of 𝑹𝟎
𝒃,𝒉

 

Since we have the explicit expressions for 𝑅0
𝑏,ℎ

, we can derive an analytical expression for its 

sensitivity to each parameter using the normalized forward sensitivity index as described below 

Definition 2.  The normalized forward sensitivity index of a variable Q that depends, 

differentially, on a parameter m , is defined as: 𝑍𝑚
𝑄 =

𝜕𝑄

𝜕𝑚
×

𝑚

𝑄
 

We derive the sensitivity indices of various reproductive numbers 𝑅0
𝑏,ℎ

 corresponding to the 

following parameters: ∧ℎ, ∧𝑏, 𝛽ℎ, 𝛽𝑏, 𝜀, 𝜎ℎ, 𝜎𝑏, 𝛾1, 𝜙ℎ, 𝜙𝑏, 𝜇ℎ, 𝜇𝑏, 𝛼, 𝜂, 𝜌, 𝜌𝑏, 𝜓ℎ, 𝜓𝑏, 𝑘 as 

follows, for example: 

𝑓𝑜𝑟 𝑒𝑥𝑎𝑚𝑝𝑙𝑒,      𝑍𝑚
𝑅0 =

𝜕𝑅0

𝜕𝑚
×

𝑚

𝑅0

 

Therefore, the sensitivity index of 𝑅0
𝑏,ℎ

 with respect to ∧ℎ, ∧𝑏, 𝛽ℎ and 𝛽𝑏 are obtained using the 

data in Table 1, as follows: 
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𝑍∧ℎ

𝑅0
𝑏,ℎ

=
𝜕𝑅0

𝑏,ℎ

𝜕 ∧ℎ

×
∧ℎ

𝑅0
𝑏,ℎ

= +1.00000 𝑍∧𝑏

𝑅0
𝑏,ℎ

=
𝜕𝑅0

𝑏,ℎ

𝜕 ∧𝑏
×

∧𝑏

𝑅0
𝑏,ℎ

= +1.00000 𝑍
𝛽ℎ

𝑅0
𝑏,ℎ

=
𝜕𝑅0

𝑏,ℎ

𝜕𝛽ℎ

×
𝛽ℎ

𝑅0
𝑏,ℎ

= +1.00000 𝑍
𝛽𝑏

𝑅0
𝑏,ℎ

=
𝜕𝑅0

𝑏,ℎ

𝜕𝛽𝑏
×

𝛽𝑏

𝑅0
𝑏,ℎ

= +1.00000 𝑍𝜀

𝑅0
𝑏,ℎ

=
𝜕𝑅0

𝑏,ℎ

𝜕𝜀
×

𝜀

𝑅0
𝑏,ℎ

= −0.19196 }  

The remaining indices are generated via the same method and presented in Table 3 

The sensitivity results of the model parameters of 𝑅0
𝑏,ℎ

 is given in Table 3 and the graphical 

illustration is given in Figure 2. 

Table 2: Parameter values of avian influenza model 

 

 

 

 

 

 

 

 

 

Table 3: Sensitivity indices for 𝐑𝟎
𝐛,𝐡

 

Parameters Value Sensitivity indices to 𝑅0
𝑏,ℎ

 Parameters Value Sensitivity indices to 𝑅0
𝑏,ℎ

 

∧ℎ 1.000000000 𝜇ℎ -0.5207168550 

∧𝑏 1.000000000 𝜇𝑏 -0.2422008282 

𝛽ℎ 1.000000000 𝛼 0.1411460687 

𝛽𝑏 1.000000000 𝜂 -0.4265402843 

𝜀 -0.1919606864 𝜌 -0.7769608783 

𝜎ℎ 0.2857142853 𝜌𝑏 -0.9471585237 

𝜎𝑏 1.000000001 𝜓ℎ 0.06249999995 

𝛾1 -0.2369668246 𝜓𝑏 0.05361274665 

𝜙ℎ -0.03791469194 𝑘 -0.2843601895 

𝜙𝑏 -0.9230769225   

 

Symbol Estimated value Reference Symbol Estimated value Reference 

∧ℎ 1000 Assumed 𝜙 0.01 Assumed 

∧𝑏 30 Assumed 𝜇ℎ 0.033 Assumed 

𝛽ℎ 0.1025 [30] 𝜇𝑏 0.333 Assumed 

𝛽𝑏 0.012 [27] 𝛼 0.699 [26] 

𝛽 0.2 [21] 𝜌 [0 - 1.0] Assumed 

𝜀 [0 - 1.0] Assumed 𝜌𝑏 [0 - 1.0] Assumed 

𝜎ℎ 0.05 Assumed 𝜓ℎ 0.002 Assumed 

𝜎𝑏 0.85 Assumed 𝜓𝑏 0.003 Assumed 

𝛾1 0.3 Assumed 𝑘 [0 - 1.0] Assumed 

𝛾2 0.7 [17, 30] 𝜂 [0 - 1.0] Assumed 

𝜙ℎ 0.03 [26] 𝛿 0.6 Assumed 

𝜙𝑏 0.75 [3]    
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Figure 2: Plot showing the sensitivity indices of the model reproductive ratio with respect to 

parameters 

Table 3 shows the sensitivity indices of 𝑅0 with respect to each of the nineteen parameters 

involved. The highly sensitive parameters to the reproductive number include, 

𝜌𝑏 , 𝜙𝑏 , 𝜌, 𝜇ℎ, 𝜂, 𝑘, 𝜇𝑏 , 𝛾1, 𝜀, 𝜙ℎ, while the minimum sensitive parameter, which is the contact rate 

𝛽ℎ, 𝛽𝑏 and the recruitment rate for both humans and birds ∧ℎ,∧𝑏, followed by 𝜎𝑏 , 𝜎ℎ, 𝛼, 𝜓ℎ, 𝜓𝑏. 

From Table 3, the indices with positive signs show that the value of 𝑅0
𝑏,ℎ

 increases when the 

corresponding parameters are increased and indices with negative signs indicate that the value 

of 𝑅0
𝑏,ℎ

 decreases with an increase in the corresponding parameters. This analysis is done to 

ascertain which parameters dominate the results of our analysis. 

Therefore, it is clear from Table 3 above that it 𝑅0
𝑏,ℎ

 will decrease with increases in the values 

of the relevant parameters, since the sensitivity indices of these parameters are negative. 

Numerical Simulation and Remark 

Numerical simulation 

The numerical simulation was conducted for the model via the fourth-order Runge-Kutta 

scheme in Maple and Matlab programming software. The aim of the exercise is to validate 

numerically the analytic results earlier obtained for model (2.1). For each simulation phase, the 

corresponding parameter value(s) indicated in Table 1 is/are employed with the initial state 

variables chosen as, 𝑆ℎ(0) = 2548, 𝑉ℎ(0) = 20, 𝐸ℎ(0) = 400, 𝐼ℎ(0) = 10, 𝑄(0) = 6, 𝑇(0) =
6, 𝑅(0) = 10, 𝑆𝑏(0) = 335, 𝑉𝑏(0) = 50, 𝐸𝑏(0) = 100 and 𝐼𝑏(0) = 15. The vaccination rates 

(𝜌𝑏 , 𝜌), quarantine rate (𝑘), treatment rate (𝜂) and immunity gain (𝜀) are used to compute the 

value of 𝑅0
𝑏,ℎ

, and the numerical results are presented in Tables 4 - 8 . In addition, the simulation 

graphs are drawn for various values of the key parameters and presented in Figures 5 to 8. 
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Table 4: Effect of varying the parameters 𝝆 against 𝝆𝒃, 𝒌, 𝜼, 𝜺 on 𝑹𝟎
𝒃,𝒉

 

𝜌 𝜌𝑏 𝑘 𝜂 𝜀 𝑅0
𝑏,ℎ

 

0.0 0.95 0.9 0.9 0.7 7.59 

0.2 0.95 0.9 0.9 0.7 1.93 

0.4 0.95 0.9 0.9 0.7 1.11 

0.6 0.95 0.9 0.9 0.7 0.78 

0.8 0.95 0.9 0.9 0.7 0.60 

1.0 0.95 0.9 0.9 0.7 0.49 

 

Table 5: Effect of varying the parameters 𝝆𝒃 against 𝝆, 𝒌, 𝜼, 𝜺 on 𝑹𝟎
𝒃,𝒉

 

𝜌𝑏 𝜌 𝑘 𝜂 𝜀 𝑅0
𝑏,ℎ

 

0.0 0.8 0.9 0.9 0.7 2.29 

0.2 0.8 0.9 0.9 0.7 1.43 

0.4 0.8 0.9 0.9 0.7 1.04 

0.6 0.8 0.9 0.9 0.7 0.82 

0.8 0.8 0.9 0.9 0.7 0.68 

1.0 0.8 0.9 0.9 0.7 0.58 

 

Table 6: Effect of varying the parameters 𝒌 against 𝝆𝒃, 𝝆, 𝜼, 𝜺 on 𝑹𝟎
𝒃,𝒉

 

𝑘 𝜌𝑏 𝜌 𝜂 𝜀 𝑅0
𝑏,ℎ

 

0.0 0.8 0.6 0.9 0.7 1.42 

0.2 0.8 0.6 0.9 0.7 1.25 

0.4 0.8 0.6 0.9 0.7 1.12 

0.6 0.8 0.6 0.9 0.7 1.01 

0.8 0.8 0.6 0.9 0.7 0.92 

1.0 0.8 0.6 0.9 0.7 0.84 

Table 7: Effect of varying the parameters 𝜼 against 𝝆𝒃, 𝝆, 𝒌, 𝜺 on 𝑹𝟎
𝒃,𝒉

 

𝜂 𝜌𝑏 𝜌 𝑘 𝜀 𝑅0
𝑏,ℎ

 

0.0 0.75 0.7 0.9 0.7 1.29 

0.2 0.75 0.7 0.9 0.7 1.14 

0.4 0.75 0.7 0.9 0.7 1.02 

0.6 0.75 0.7 0.8 0.7 0.92 

0.8 0.75 0.7 0.9 0.7 0.84 

1.0 0.75 0.7 0.9 0.7 0.77 
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Table 8: Effect of varying the parameters 𝜺 against 𝝆𝒃, 𝝆, 𝒌, 𝜼 on 𝑹𝟎
𝒃,𝒉

 

𝜀 𝜌𝑏 𝜌 𝑘 𝜂 𝑅0
𝑏,ℎ

 

0.0 0.8 0.6 0.85 0.7 1.04 

0.2 0.8 0.6 0.85 0.7 1.02 

0.4 0.8 0.6 0.85 0.7 1.01 

0.6 0.8 0.6 0.85 0.7 0.99 

0.8 0.8 0.6 0.85 0.7 0.98 

1.0 0.8 0.6 0.85 0.7 0.96 

 

 

 

 

 

 

 

 

Figure 3: Plot showing behaviour of the    Figure 4: Plot showing behaviour 

of the  human state variables         bird state variables 

 

   

       

 

 

 

 

 

 

 

Figure 5: Graphs showing the effect of varying           Figure 6: Graphs showing the effect of 

varying values of 𝜂 on infected humans      values of 𝜌 on infected humans. 
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Figure 7: Graphs showing the effect of varying         Figure 8: Graphs showing the effect 

of values of 𝑘 on infected humans                   varying values of 𝜀 on infected humans 

     

 

 

 

 

 

 

Figure 9: Graph of infected bird with varying                 Figure 10: Graph displaying the infected 

human  bird-to-bird contact rate 𝛽𝑏                         with varying human-to-human contact rate 𝛽ℎ 

 

 

 

 

 

 

 

 

Figure 11: Graph displaying the infected human with varying bird-to-human contact rate 𝛽 

 

 



African Journal of Mathematics and Statistics Studies   

ISSN: 2689-5323    

Volume 8, Issue 3, 2025 (pp. 136-161) 

158  Article DOI: 10.52589/AJMSS-KSUGFI1Z 

   DOI URL: https://doi.org/10.52589/AJMSS-KSUGFI1Z 

www.abjournals.org 

Remarks on results from numerical simulation 

Table 4 demonstrates that the vaccination rate significantly impacts the reproductive ratio. 

Specifically, 𝑅0
𝑏,ℎ > 1 when the human population is not vaccinated against avian influenza 

(𝜌 = 0%), indicating that the disease can spread in an unvaccinated population. However, when 

at least 60% of the human population is vaccinated, 𝑅0
𝑏,ℎ < 1, signifying that vaccination 

effectively reduces the transmission potential, ultimately leading to disease control or 

eradication. Table 5 illustrates that vaccinating at least 60% of the bird population against avian 

influenza, with parameters 𝜌 = 80%, 𝑘 = 90%, 𝜂 = 90%, and 𝜀 = 70%, results in 𝑅0
𝑏,ℎ < 1. 

This indicates that under these vaccination conditions, the spread of avian influenza can be 

effectively controlled within both bird and human populations, reducing the potential for an 

outbreak. 

Table 6 demonstrates that if at least 80% of infected humans with avian influenza are 

quarantined, along with vaccination rates of 𝜌𝑏 = 80% in birds and 𝜌 = 60% in humans, and 

parameters 𝜂 = 90% and the reproductive ratio 𝑅0
𝑏,ℎ < 1. This indicates that effective 

quarantine measures, combined with vaccination efforts, can significantly reduce the spread of 

avian influenza, controlling the infection within both bird and human populations. 

Table 7 shows that when at least 60% of infected humans with avian influenza receive 

treatment, combined with vaccination rates of 𝜌𝑏 = 60% in birds, 𝜌 = 70% in humans, and 

parameters immunity gain 𝜀 = 70%, the reproductive ratio 𝑅0
𝑏,ℎ < 1. This indicates that an 

effective treatment strategy, alongside vaccination, plays a crucial role in controlling the spread 

of avian influenza and reducing the risk of an outbreak. 

Table 8 indicates that at the initial stage, when human immunity is 0%, 𝑅0
𝑏,ℎ > 1, meaning the 

disease can spread widely. However, when at least 60% of the human population possesses 

immunity at the initial stage (𝜀 = 60%), along with vaccination rates of 𝜌𝑏 = 80% in birds, 

𝜌 = 60% in humans, and parameters 𝑘 = 85% and 𝜂 = 80%, the reproductive ratio 𝑅0
𝑏,ℎ < 1. 

This demonstrates that achieving a sufficient level of initial immunity in humans, together with 

vaccination, significantly reduces the transmission of avian influenza, preventing an outbreak. 

Therefore, it is evident from Tables 4 to 8 that the reproductive ratio 𝑅0
𝑏,ℎ

 decreases as the rates 

of vaccination, quarantine, treatment, and initial immunity increase. This highlights the critical 

role these interventions play in reducing the spread of avian influenza across both human and 

bird populations. 

Figure 5 demonstrates that increasing vaccination coverage (𝜌) significantly reduces the 

infected human population over time. Figure 6 demonstrates how different treatment rates (𝜂) 

impact the infected human population (𝐼ℎ) over time. As the treatment rate increases from 0 to 

1.0, the number of infected individuals decreases significantly. Without treatment (𝜂 = 0), the 

infected population grows rapidly and stabilizes at a high level (approximately 650). As 

treatment rates increase, the infection spreads more slowly, and the total number of infected 

individuals drops, with the highest treatment rate (𝜂 = 1.0), keeping the infected population 

below 200. This highlights the importance of treatment in controlling avian influenza 

infections, showing that higher treatment rates lead to a substantial reduction in the infected 

population over time, preventing large-scale outbreaks. 

The graph in Figure 7 illustrates the impact of quarantine (𝑘) on the infected human population 

(𝐼ℎ) over time. When no quarantine is implemented (𝑘 = 0), the infected population grows 
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rapidly, stabilizing at a high level (approximately 700) over time. As quarantine measures are 

gradually introduced, with 𝑘 increasing from 0 to 1.0, the infected population drops drastically. 

At the highest quarantine level (𝑘 = 1.0), the infected population is significantly reduced, 

stabilizing below 400. This sharp decline demonstrates that quarantine is highly effective in 

controlling the spread of infection by isolating individuals and preventing further transmission. 

Figure 8 illustrates that increasing the initial immunity level in the population reduces both the 

peak and the long-term number of infected individuals. 

Hence, in Figures 4 to 11, it was found that an increase in immunity at the initial stage, through 

vaccination of both birds and humans, and treatment provided to humans, results in a lower 

infection rate in both bird and human populations. Similarly, a higher contact rate, whether 

from bird to bird, bird to human, or human to human (𝛽, 𝛽𝑏, 𝛽ℎ) correlates with an increased 

rate of infection. 

 

CONCLUSION 

In this work, a deterministic bird-human avian influenza model for an open population is 

formulated and analyzed for the dynamics of avian influenza transmission from birds to 

humans. The model includes vaccination, quarantine, and treatment as strategies to reduce 

infection. In addition, the model incorporates the recruitment of new individuals into the 

susceptible class through birth or immigration, with the possibility that immigrant individuals 

exposed to the disease can also enter the susceptible class. Prevention strategies, including 

vaccination, quarantine, and treatment, are integrated into the model to assess their potential 

impact on the transmission dynamics of the disease. The positivity of the solutions to the state 

variables in the model equations has been affirmed, indicating that the deterministic model 

aligns with reality. The model equilibria are discussed along with their stability properties. 

Formulae for computing the basic reproductive ratio (𝑅0
𝑏,ℎ

) have been derived. Another 

analytical result obtained in this study is that the model is asymptotically stable when the trace 

of the Jacobian matrix obtained for the state equations is negative and its determinant is 

positive. This is implying 𝑅0
𝑏,ℎ < 1. In conducting a sensitivity analysis of the model, the 

normalized sensitivity indices of 𝑅0
𝑏,ℎ

 show that the most sensitive parameters are with a 

negative sign, which shows that increasing the rate of controlling infected individuals reduces 

the value, 𝑅0
𝑏,ℎ

 while the least sensitive parameters are with a positive sign, which indicates 

that reducing the contact rate of exposed individuals reduces the value of 𝑅0
𝑏,ℎ

. Numerical 

simulations are conducted with the model, and it is found that the infection will be reduced and 

the disease will die out if the rate of vaccination, quarantine and treatment is high. Likewise, if 

individuals possess strong immunity at the initial stage, then the disease will be minimized in 

the populace. 

The results obtained are graphically illustrated for a better understanding of the scenarios 

through MATLAB computer programming. The results suggest that increasing the effort on 

the following control parameters—vaccination rates (𝜌, 𝜌𝑏), quarantine rate (𝑘), treatment rate 

(𝜂), immunity gain at the initial stage (𝜀), and effective contact rates (𝛽𝑏 , 𝛽ℎ, 𝛽) is more effective 

in reducing avian influenza disease in society. 
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