
British Journal of Computer, Networking and Information Technology  

ISSN: 2689-5315 

Volume 4, Issue 1, 2021 (pp. 13-20) 

 

13 Article DOI: 10.52589/BJCNIT-LSFCMVLI 

  DOI URL: https://doi.org/10.52589/BJCNIT-LSFCMVLI 

www.abjournals.org 

 

ANALYTICAL MODELS FOR THE COMPUTATION OF ERROR PROBABILITY 

OF MULTI-LEVEL PHASE SHIFT KEYING MODULATION SCHEME 

Isaac A. Ezenugu1 and Dike Happiness Ugochi2 

Department of Electrical/Electronic Engineering, Imo State University (IMSU), Owerri, 

Nigeria. E-mail: isaac.ezenugu@yahoo.com 

Department of Electrical/Electronic Engineering, Imo State University (IMSU), Owerri, 

Nigeria 

 

 

ABSTRACT: In this paper, analytical models for the 

computation of error probability (BER) of the Multi-level Phase 

Shift Keying  (MPSK) modulation scheme is presented. Analytical 

models for computing MPSK bit error probability based on Q 

function, error function (erf) and complementary error function 

(erfc)  are presented. Also, an analytical model for computing the 

symbol error rate for MPSK is presented. Furthermore, a 

generalized analytical expression for BER as a function of 

modulation order (M) and energy per bit to noise power density 

ratio (Eb/No) is presented. The BER was computed for various 

values of M (2 ≤ M ≤ 256) and Eb/No (0 dB  ≤ Eb/No ≤ 14  Db).  

The results showed that at Eb/No   =12 dB, a BER of 9.006E-09   

is realized for M =2 and M =4 whereas BER of 1.056E-01  is 

realized for M = 256. Also, for the same M = 2 , the value of BER 

decreased from 1.2501E-02 at  Eb/No   = 4 dB to  9.0060E-09at  

Eb/No   =12 dB. Generally, the results showed that for the MPSK 

modulation scheme, for a given value of Eb/No, the lower 

modulation order (M) has a lower BER and for a given 

modulation order, (M) the BER decreases as Eb/No increases.   

KEYWORDS: Error Probability, Phase Shift Keying, Q 

function, Error Function (erf), Complementary Error Function 

(ERFC), Symbol Error Rate 
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INTRODUCTION 

Phase shift keying (PSK) is a form of digital modulation scheme in which data is conveyed by 

altering the phase of the carrier wave [1,2,3,4,5]. In practice, there are so many ways that the 

carrier signal phase can be altered to represent data and this gives rise to different forms of 

PSK modulation schemes. The binary phase-shift keying (BPSK) is the simplest form of PSK 

where there are two possible phases for the carrier signal, where logic 1 data is resented by one 

phase and logic 0 is represented by the other phase [6,7,8,9,10,11]. Consequently, as the in-

coming digital signal state changes state from 0 to 1 the outgoing carrier signal phase shifts 

between two angles which are separated by 180°.    

On the contrary, in the Multi-level  Phase Shift Keying (MPSK ) modulation scheme, instead 

of two-phase variations, multiple phase variations are used to represent the digital data. 

Specifically, in BPSK only one bit (n =1) is represented,  however in MPSK  there is M number 

of different signal phases that are used to represent n bits of digital data, where n =(𝑀)  
[12,13,14,15,16,17]. 

Generally, the MPSK modulation scheme affords a higher data rate along with enhanced 

bandwidth efficiency [18,19,20]. Consequently, it is considered one of the most proficient 

digital data transmission scheme. The BPSK and different forms of QPSK are used in 

wireless communication, mobile communication, deep space telemetry and 

satellite communication. In this paper, analytical models for the computation of error 

probability of Multi-Level Phase Shift Keying   (MPSK) modulation scheme is presented. 

Particularly, the different analytical approaches that can be used to determine the Bit Error 

Probability (PEB) and Symbol Error Probability (SEB) of the MPSK modulation scheme are 

presented.  Numerical examples are also presented. 

 

ANALYTICAL MODEL FOR MPSK BIT ERROR PROBABILITY AND SYMBOL 

ERROR  PROBABILITY 

MPSK BIT Error Probability 

The Q function-based analytical model for computing MPSK bit error probability, denoted as 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑄𝑓𝑛) is given as; 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑄) = (
2

(𝑀) 
) 𝑄 (𝑆𝑖𝑛 (

𝜋

𝑀
) √(2((𝑀) ) (

𝜀𝑏

𝑁0
))) 𝑀 > 4   (1) 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑄) = 𝑄 (√2 (
𝜀𝑏

𝑁0
))  𝑓𝑜𝑟 𝑀 = 2 𝑎𝑛𝑑 𝑀 = 4 (2) 

where  M is the modulation order, 𝑁0 is the noise power density and  𝜀𝑏 is the energy per bit.  

The complementary error function (erfc)-based model for computing MPSK bit error 

probability, denoted as 𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) , is given as;   
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𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = (
1

(𝑀) 
) 𝑒𝑟𝑓𝑐 (𝑆𝑖𝑛 (

𝜋

𝑀
) √(((𝑀) ) (

𝜀𝑏

𝑁0
)))   𝑓𝑜𝑟 𝑀 > 4  (3) 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = (
1

2
) 𝑒𝑟𝑓𝑐 (√

𝜀𝑏

𝑁0
)  𝑓𝑜𝑟 𝑀 = 2 𝑎𝑛𝑑 𝑀 = 4   (4) 

The error function (erf)-based MPSK bit error probability, denoted as 𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓), is given 

as;   

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓) = (
1

(𝑀) 
) (1 − 𝑒𝑟𝑓 (𝑆𝑖𝑛 (

𝜋

𝑀
) √(((𝑀) ) (

𝜀𝑏

𝑁0
))))   𝑓𝑜𝑟 𝑀 > 4     (5) 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓) = (
1

2
) (1 − 𝑒𝑟𝑓 (√

𝜀𝑏

𝑁0
))  𝑓𝑜𝑟 𝑀 = 2 𝑎𝑛𝑑 𝑀 = 4            (6) 

MPSK Symbol Error Probability   

The energy per symbol (𝜀𝑠) and the energy per bit (𝜀𝑏) are related as follows; 

𝜀𝑠 = 𝜀𝑏((𝑀) )        (7) 

Hence, the MPSK modulation probability of symbol error using the Q function is denoted as 

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑄),  where; 

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑄) = 𝑃𝑏𝑀−𝑃𝑆𝐾(𝑄)((𝑀) ) = (2)𝑄 (𝑆𝑖𝑛 (
𝜋

𝑀
) √(2 (

𝜀𝑠

𝑁0
)))    𝑀 > 4        (8) 

Similarly, using the erfc function,  MPSK modulation probability of symbol error,  denoted as 

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) is given as;   

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = 𝑒𝑟𝑓𝑐 (𝑆𝑖𝑛 (
𝜋

𝑀
) √

𝜀𝑠

𝑁0
)   𝑓𝑜𝑟 𝑀 > 4  (9) 

Again, using the erf function, the MPSK modulation probability of symbol error, denoted as 

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓) becomes; 

𝑃𝑠𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓) = 1 − 𝑒𝑟𝑓 (𝑆𝑖𝑛 (
𝜋

𝑀
) √

𝜀𝑠

𝑁0
)  𝑓𝑜𝑟 𝑀 > 4 (10) 

Generalized Formula for Computing MPSK Modulation Probability Of BIT Error  

A generalized formula for computing the MPSK modulation probability of bit error using the 

𝑒𝑟𝑓𝑐 function is expressed as; 
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𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = (𝐴𝑒𝑟𝑓𝑐)𝑒𝑟𝑓𝑐 ((𝐶𝑒𝑟𝑓𝑐)√(𝐵𝑒𝑟𝑓𝑐) (
𝜀𝑏

𝑁0
))   (11) 

Where  

𝐴𝑒𝑟𝑓𝑐 =
1

(𝑀) 
  (12) 

𝐵𝑒𝑟𝑓𝑐 = (𝑀)    (13) 

𝐶𝑒𝑟𝑓𝑐 = 𝑆𝑖𝑛(
𝜋

𝑀
)     where 

𝜋

𝑀
  is in radians  (14) 

Notably, the  MPSK modulation probability of bit error for M= 2 and M=4  are equal and they 

are denoted as 𝑃𝑏2−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) 𝑎𝑛𝑑 𝑃𝑏4−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) respectively and are given as; 

𝑃𝑏2−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = 𝑃𝑏4−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = (
1

2
) 𝑒𝑟𝑓𝑐 (√(

𝜀𝑏

𝑁0
)) (15) 

 

RESULTS AND DISCUSSION 

The generalized formula was used to compute the MPSK modulation probability of bit error 

(BER) for modulation order ranging from 2 to 256 and for Eb/No values in the range of 0 dB 

to 24 dB. The results for the model parameters, Aerfc, Berfc and Cerfc are shown in Table 1 

while Table 2 and Figure 1 show the BER for the various Eb/No and modulation order.  

Also, the results of the BER versus modulation order for various values of Eb/No are shown in 

Table 3 and Figure 2.  

The results show that at Eb/No   =12 dB , a BER of 9.006E-09   is realized for M =2 and 

M =4 whereas  BER of 1.056E-01  is realized for M = 256. Also, for the same M = 2 , the value 

of BER decreased from 1.2501E-02 at  Eb/No   = 4 dB to  9.0060E-09at  Eb/No   =12 dB (as 

shown in Table 2 and Table 3). Generally, the results showed that for the MPSK modulation,  

for a given value of Eb/No, the lower modulation order (M) has lower BER  and for a given 

modulation order, (M) the BER decreases as Eb/No increases  (as shown in Figure 1 and Figure 

2).  

Table 1: Values of Aerfc, Berfc and Cerfc  for the MPSK probability of bit error using 

the generalized formula based on error function (𝒆𝒓𝒇𝒄) 

𝑃𝑏𝑀−𝑃𝑆𝐾(𝑒𝑟𝑓𝑐) = (𝐴𝑒𝑟𝑓𝑐)𝑒𝑟𝑓𝑐 ((𝐶𝑒𝑟𝑓𝑐)√(𝐵𝑒𝑟𝑓𝑐) (
𝜀𝑏

𝑁0
)) 

Modulation Order, M K (Bits Per Symbol) Aerfc Berfc Cerfc 

2 1 1/2 1 1.0000 

4 2 1/2 1 1.0000 

8 3 1/3 3 0.3827 
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16 4 1/4 4 0.1951 

32 5 1/5 5 0.0980 

64 6 1/6 6 0.0491 

128 7 1/7 7 0.0245 

256 8 1/8 8 0.0123 

 

Table 2 The MPSK  BER versus Eb/No (dB)    

Modula

tion 

Order, 

M  

2 4 8 16 32 64 128 256 

K 

(bits/sy

mbol) 

1 2 3 4 5 6 7 8 

Eb/No 

(dB) 

MPSK   

BER 

For 

M=2 

MPSK   

BER 

For 

M=4 

MPSK   

BER 

For 

M=8 

MPSK   

BER For 

M=16 

MPSK   

BER For 

M=32 

MPSK   

BER For 

M=64 

MPSK   

BER For 

M=128 

MPSK   

BER For 

M=256 

0 
7.865E-

02 

7.865E-

02 

1.162E-

01 

1.453E-

01 

1.513E-

01 

1.442E-

01 

1.324E-

01 

1.201E-

01 

2 
3.751E-

02 

3.751E-

02 

7.932E-

02 

1.218E-

01 

1.393E-

01 

1.384E-

01 

1.297E-

01 

1.188E-

01 

4 
1.250E-

02 

1.250E-

02 

4.579E-

02 

9.546E-

02 

1.247E-

01 

1.313E-

01 

1.263E-

01 

1.172E-

01 

6 
2.388E-

03 

2.388E-

03 

2.048E-

02 

6.773E-

02 

1.073E-

01 

1.224E-

01 

1.221E-

01 

1.152E-

01 

8 
1.909E-

04 

1.909E-

04 

6.181E-

03 

4.143E-

02 

8.725E-

02 

1.116E-

01 

1.168E-

01 

1.127E-

01 

10 
3.872E-

06 

3.872E-

06 

1.011E-

03 

2.025E-

02 

6.540E-

02 

9.849E-

02 

1.102E-

01 

1.096E-

01 

12 
9.006E-

09 

9.006E-

09 

6.338E-

05 

7.010E-

03 

4.344E-

02 

8.310E-

02 

1.021E-

01 

1.056E-

01 

14 
6.810E-

13 

6.810E-

13 

8.756E-

07 

1.421E-

03 

2.406E-

02 

6.571E-

02 

9.219E-

02 

1.007E-

01 

16 
0.000E+

00 

0.000E+

00 

1.110E-

09 

1.246E-

04 

1.010E-

02 

4.725E-

02 

8.033E-

02 

9.460E-

02 

18 
0.000E+

00 

0.000E+

00 

3.209E-

14 

2.925E-

06 

2.763E-

03 

2.949E-

02 

6.654E-

02 

8.708E-

02 

20 
0.000E+

00 

0.000E+

00 

0.000E+

00 

8.573E-

09 

3.876E-

04 

1.486E-

02 

5.121E-

02 

7.794E-

02 

22 
0.000E+

00 

0.000E+

00 

0.000E+

00 

9.346E-

13 

1.907E-

05 

5.394E-

03 

3.538E-

02 

6.708E-

02 

24 
0.000E+

00 

0.000E+

00 

0.000E+

00 

0.000E+0

0 

1.799E-

07 

1.177E-

03 

2.080E-

02 

5.457E-

02 

 



British Journal of Computer, Networking and Information Technology  

ISSN: 2689-5315 

Volume 4, Issue 1, 2021 (pp. 13-20) 

 

18 Article DOI: 10.52589/BJCNIT-LSFCMVLI 

  DOI URL: https://doi.org/10.52589/BJCNIT-LSFCMVLI 

www.abjournals.org 

 

Figure 1  The MPSK modulation BER versus Eb/No (dB)   

 

Table 3 BER Versus M for selected values of   Eb/No   

Modulation Order, 

M  

BER for  Eb/No = 4 

dB 

BER for  Eb/No = 8 

dB 

BER for  Eb/No = 12 

dB 

2 1.2501E-02 1.9091E-04 9.0060E-09 

4 1.2501E-02 1.9091E-04 9.0060E-09 

8 4.5791E-02 6.1811E-03 6.3379E-05 

16 9.5456E-02 4.1432E-02 7.0096E-03 

32 1.2465E-01 8.7246E-02 4.3443E-02 

64 1.3127E-01 1.1157E-01 8.3101E-02 

128 1.2633E-01 1.1680E-01 1.0210E-01 

256 1.1725E-01 1.1273E-01 1.0563E-01 

 

 

Figure 2 BER Versus M for selected values of   Eb/No   

B
ER

Eb/No (dB)

M-PSK  BER For M=2
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M-PSK  BER For M=64

M-PSK  BER For M=128

M-PSK  BER For M=256

B
ER

 in
 L

o
g 

 S
ca

le

Modulation Order, M

BER for  Eb/No = 4 dB BER for  Eb/No = 8 dB BER for  Eb/No = 12 dB
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CONCLUSION 

A generalized formula for the computation of the MPSK modulation Probability of Bit Error 

(BER) is presented along with BER   expressed in terms of Q function, error function (erf) and 

complementary error function (erfc). Also, the formula for the symbol error rate of the MPSK 

modulation scheme is presented. A simulation result of the BER for various modulation order 

and energy per bit to noise power density ratio (Eb/No) is presented. The results showed general 

relationships that exist among modulation order, BER and Eb/No for the MPSK modulation 

scheme. 
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